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PREFACE 


Scheduling is a field in which there are some intriguing problems and some interesting 

answers. So far, however, the subject has not received the attention it deserves; work 

on it has been fragmented at best, and the published material on scheduling is to be 

h k n lh na "“wr f dlfferent discipIines - When one reads this published material. 

La r/ tS C ° ntent 3nd fr ° m * he different papers the a “*ors cite 

that investigators are often unaware of similar work along the same lines done by 

other people. This, then, is a first attempt to organize the work that has been done 
on scheduling. Also, since the field has long needed consistency of terminology and 
a reasonable taxonomy, we hope that this book will provide a start in that direction 
We have tried to summarize much of what has been done in scheduling, to identify 
some of the interesting problems that have not yet been dealt with, and to place 
them in context with existing work. If this book encourages scholars to do enough 
research in scheduling to render the book itself obsolescent as a summary of accom¬ 
plishment, it will have served well. 

The theory of scheduling can be compared with inventory theory, although un¬ 
questionably it is less well developed and less coherent. The theory of scheduling 
as not yet attracted the attention of scholars comparable to Dvoretsky, Kiefer and 

wlfiph nnd 7 ^ a Kar1 '^ ^ Scarf; perhaps beCause the math ematical model 
h n n ^ the ° ry ° f schedulm g Probably cannot compare in elegance with 
hat which underlies inventory theory. However, there is at least as much practical 
n entive to solve the problems of sequence as there is to solve those of inventory. 

e would also argue that there is in the theory of scheduling—even in its primitive 
state-as much of immediate practical value as there is in the much larger literature 
on inventories. Of course, few practical problems are explicitly solved by either 
eory (one-machme shops are no commoner than one-product inventories) but both 
theories contain implications and suggestions that are of value to industrial practi¬ 
tioners. Certainly the recurring themes of the effects of processing times and due-dates 
on sequence are useful. 

m „ W , e or § an f ed * e b °°k primarily according to the type of scheduling problem 

wouldha h th e techld que of its solution. Had we done otherwise, it 

would have been more readily apparent that there are basically three types of attack 
on scheduling problems: algebraic, probabilistic, and Monte Carlo simulation by 
computer. Even readers who do not have a substantial mathematical background 
t if ! gebraiC work) smce 1115 comparatively simple. The second approach 

nd ti* H'ffl n P I S V t0cbastic process - To full y appreciate the results obtained 
nd the difficulties that face further progress, the reader should have had a course in 
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advanced probability. The results obtained by using the third approach—computer 
simulation—are easily stated and readily understood, but the difficulty of obtaining 
significant results in this manner is underestimated. Much of the work described 
here was accomplished with machines and languages that were barely equal to t e 
task. The work was done by people who were not only studying scheduling procedures 
but also pioneering in the art of simulation. Some of this experimental investigation 
of scheduling could hardly be considered strikingly successful, yet we considered it 
worth while to report the results in some detail. The reason we considered it so is 
that the basic set of procedures and experiments conceived by one would-be in¬ 
vestigator is almost identical to that conceived by others. Until someone takes the 
trouble to report results fully, the pointless replication will continue. 

We have used preliminary versions of this manuscript as the basis for a one- 
semester graduate course in Cornell’s operations research program. Although these 
students have strong backgrounds in stochastic processes and simulation procedures, 
one semester is not enough time to fully explore all the material. However, it is 
appropriate to include some selected material in production courses for studen s 
majoring in either industrial engineering or business administration. 

We began to be interested in problems of scheduling as early as 1 . ui 

inquiry has received support from a number of sources, among them the OAM O 
Naval Research (Task NR 047-023), the National Science Foundation (GP 2729), 
the General Electric Company (Production Control Services), the Western Electric 
Company (Engineering Research Center), and Touche, Ross, Bailey, an ™ ar 
(Management Sciences Group). Each of us has pursued the work in both Ithaca 
and Santa Monica; both Cornell and The RAND Corporation have provided gen- 

erous support and encouragement. ^ A 

We are deeply indebted to a long procession of Cornell graduate students whose 
investigations represent a significant part of the scheduling literature. In something 
approaching chronological order, these graduate students are: B. M. J ° hnson ’^ 
Ginsberg, J. P. Evans, C. E. Nugent, E. J. Ignall, L. E. Schrage, T. B. Crabill, A. 

Lalchandani, P. Everett, A. N. Bakhru, M. R. Rao, , WayS ° n ’ J '^., ° 

G L Orkin, J. Soden, W. Walker, H. A. Neimeier, M. Mehra, and M. Naik. Much 
of the material in Chapters 8, 9, and 10 developed out of our association with Dr. 
Benjamin Avi-Itzhak of the Israel Institute of Technology during his stay as a visiting 

professor at Cornell. , 

The appearance of this book has long been delayed, since, early in our work on 
it, we recognized the properties of sequencing according to processing-time, and a 
our other tasks were shorter than this one. 


Ithaca, N.Y. 
April 1967 


R.W.C. 
W. L. M. 
L. W. M. 
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CHAPTER 1 


PROBLEMS OF SEQUENCE 


Sequencing problems are very common occurrences. They exist whenever there is a 
choice as to the order in which a number of tasks can be performed. A problem could 
involve: jobs in a manufacturing plant, aircraft waiting for landing clearances, bank 
customers at a row of tellers’ windows, programs to be run at a computing center, 
or just Saturday afternoon chores at home. Our basic thesis is that, regardless of the 
character of the particular tasks to be ordered, there is a fundamental similarity to the 
problems of sequence. 

Sequencing problems obviously get solved, since most of the tasks are performed: 
the aircraft land, the bank customers transact their business and at least some of the 
Saturday chores are completed. However, most of these problems are solved quite 
casually or automatically without explicit recognition that a problem even existed, 
much less that a solution was obtained. Sometimes an ordering is determined essen¬ 
tially by chance; more often tasks are performed in the order in which they arise. 
An inherent sense of fair play has elevated the “first-come, first-served” solution of 
sequencing problems to an eminence out of all proportion to its basic virtue. It may 
be appropriate for patrons in a box-office line, but it need not necessarily be applied 
to inanimate jobs on a factory floor. 

The formal statement and solution of a sequencing problem is probably a rare 
occurrence. It would read as follows: 

1) a is the aggregate consequence of performing task A first, followed by B. 

2) is the aggregate consequence of performing task B first, followed by A. 

3) Since a is preferable to (3 the ordering “A, then B” is selected. 

We are not, of course, arguing that this formal analysis is appropriate for the ubiqui¬ 
tous sequencing problems of everyday life, but there are problems in industry, trans¬ 
portation, and governmental and institutional activities in which the results of 
sequence are nontrivial and systematic consideration is worth while. Yet all too often 
these problems are solved by default rather than design. The factory machine oper¬ 
ator who decides which of several waiting jobs to process next often uses criteria j 
which have little to do with the company’s objectives. Programs may be run on a 
computer in the order submitted, a procedure that is undeniably fair, but far from 
optimal from anyone’s point of view. It will be clearly demonstrated in the following 
chapters, by algebraic arguments, numerical examples, and computer experiments, 
that there are significant differences between alternative sequences. At least in some 
real problems these differences must result in sufficient cost or value to be worth con¬ 
sidering. It is not a question of deciding whether or not to solve a particular sequenc- 

1 
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ing problem—one way or another a sequence will be selected. The question is to 
determine how this decision will be made, by whom, and against what criteria. 

Questions of sequence are perhaps not as vital as the decisions that determine what 
tasks are to be sequenced or how the task is to be performed once its turn has arrived. 
Nevertheless, if proper selection of sequence can yield some incremental improvement, 
it seems pointless to neglect the opportunity. The evidence in the following chapters 
would seem to indicate that even in the simplest abstractions of multi-activity systems, 
there are interesting differences attributable only to sequence and that in many cases 
procedures which are equally usable and practical have vastly different performance 
characteristics. 

1-1 QUESTIONS OF “PURE” SEQUENCE 

The difficulty in studying questions of sequence in actual applications is that these 
questions are not often completely separable—they interact and are confounded with 
other types of decisions. Very often the order of execution will have some influence 
on what tasks have to be performed, on the precise character of the task, or on the 
method that will be used for performance. For example, a manufacturing task might 
initially involve the production of 100 units of a certain product. The decision to defer 
the manufacture of this product for a month, rather than to start today, could have 
any of the following effects: 

1) The entire order might be canceled. 

2) An additional customer order might be received so that the production quantity 
becomes 150. 

3) An engineering change in design specifications might occur. 

4) One type of raw material, available now, might be out of stock in a month and 
require substitution. 

5) A key machine, available now, may be down for repairs in a month and substitute 
equipment may have to be used. 

6) A new machine, or new tooling, now on order might have been received, and this 
may improve processing. 

7) The workers may have had practice on similar work during the month and may 
have become more skilled. 

If any one of these changes is a reasonable possibility, then the question of sequence 
is inextricably involved with the decisions as to what is to be done and how it is to 
be done. In such an instance, engineering or managerial judgment is required in 
making decisions of sequence. Unfortunately, each problem is unique to its par¬ 
ticular circumstances, and hence there is nothing of general interest that can be 
studied out of context. 

The solution is to extract a problem that ignores the possibility of such changes 
and considers only the questions of sequence. Such a problem is unrealistic in the 
sense that it does not exactly represent any individual real situation, but rather gains 
in generality, since it approximates many situations. The results obtained from the 
study of this abstract idealized model do not represent a solution to any real sequenc- 
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ing problem; they represent information that should be available along with judgment 
and data on other aspects of the real problem. The decision-maker should have some 
idea of what the consequences of alternative ordering would be if none of the changes 
listed above were to take place. This thought may not dominate the decision but it 
should at least be considered in making it. 

We shall consider a problem in which all the decisions relating to what and how 
have previously been made. Given that these decisions were entirely unaffected by the 
choice of sequence, the following assumptions will obtain throughout this work: 

1) The tasks to be performed (a task represents a prescribed sequence of activities) 
are well defined and completely known; that is, both the character and magnitude of 
the tasks have been determined by some exogenous mechanism that is not of direct 
concern to the present work. Of course, it is often the case that the decisions for all 
future tasks are not announced to the scheduling process simultaneously, but rather 
are revealed sequentially over time. This is permitted under this assumption. 

It is further assumed that all the assigned tasks must be performed because the 
option of selecting a subset of tasks that are in some sense preferable is not considered 
part of the problem of pure sequence. In a manufacturing situation, for example, we 
do not consider which of the jobs might be most profitable. We assume that this 
selection and decision has already been made and that the given tasks represent firm 
commitments, all of which must be met. 

2) The resources or facilities that may be employed in the performance of these 
tasks have been entirely specified. For example, we might be told that 10 machines of 
various types can be operated by a crew of 8 men up to a maximum of 44 hours per 
week. The option of adding capacity by either acquiring more equipment or expand¬ 
ing the hours of use may be strongly suggested by the result of attempts to schedule 
the existing facilities, but it is not part of the problem of pure sequence. 

3) The sequence of elemental activities required to perform each of the tasks is known, 
including any restrictions on the order in which these must be performed. The method 
of performing each of these elemental activities is entirely known and there is at least 
one of the set of facilities capable of performing each of these activities. 

Much of the research literature in sequencing refers to the job-shop scheduling 
problem and uses the terminology of manufacturing: job, machine, operation, routing, 
and processing-time. In fact, the work is based on this type of idealized pure-sequence 
abstraction of such a manufacturing shop and the results are equally applicable to 
problems in transportation, communication, services, etc. Actually one might say 
that the results are equally inapplicable, since this idealized model is not an exact 
representation of any real job-shop. If the present work is more appropriate to 
manufacturing than to other areas it is because our background in that field has 
guided our selection of conditions for study, and not because we have chosen to 
continue the use of manufacturing vocabulary. 

We considered drawing a fine distinction between sequencing and scheduling; 
to hold that the former is concerned only with the ordering of operations on a single 
machine, while the latter is a simultaneous and synchronized sequence on several 
machines. However, we found that no greater clarity resulted from such a distinction, 
and the two terms are used essentially as synonyms in the following chapters. 
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In the next section we shall define more carefully the assumptions of the idealized 
model that is the basis for the entire work. 

1-2 THE JOB-SHOP PROCESS 

The basic unit of the job-shop process is the operation. One can envision an operation 
as an elemental task to be performed, but insofar as a theory of scheduling is con¬ 
cerned the operation need not be defined. The theory is concerned only with what can 
be done with operations and not with what operations really are. Three primary 
attributes (others are described in Chapter 2) of each operation are given as part of 
the description of a particular problem: 

1) A symbol identifying the operation with a particular job. 

2) A symbol identifying the operation with a particular machine. 

3) A real number representing the processing-time of the operation. 

The set of all operations can be partitioned by the first identification symbol into 
disjoint, exhaustive, mutually exclusive subsets called jobs. Similarly, the set can be 
partitioned by the second symbol into exhaustive, mutually exclusive subsets associ¬ 
ated with machines. 

There is also given for each job a partial ordering of the operations that comprise 
the job. (Envision technological constraints on the order in which tasks must be 
accomplished.) This partial ordering between operations is given by a binary rela¬ 
tionship called precedence. If x and y are two operations of the same job, and if for 
some reason the processing of x must begin before the processing of y, then x is said 
to precede y and is written 

x > y. 

Equivalently, if x > y, we may also write y < x and say that operation y follows 
operation x. The precedence relationship is transitive: 

x > y and y > z implies x > z. 

A special case of this relationship exists when there are no intervening operations. 
We say operation x directly precedes operation y (or operation y directly follows 
operation x) and write 


x y or y « x if x > y, 

and if there is no operation, z, such that x > z > y. 

It is often convenient to display these relationships on a precedence graph such 
as the following: 
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The nodes of the graph represent the operations and the directed arcs (arrows) 
represent “ directly-precedes ” relationships. The precedes relationship exists between 
two nodes if there is a path of directed arcs between them. 

A machine in this process is intuitively a device or facility capable of performing 
whatever it is that has to be done in an operation, but abstractly, a machine is just a 
time scale with certain intervals available, k job-shop is the set of all the .machines that 
are identified with a particular set of operations; a job-shop process consists of the 
machines, the jobs (operations), and a statement of the disciplines that restrict the 
manner in which operations can be assigned to specific points on the time scale of the 

appropriate machine. . 

Scheduling a job-shop process is the task of assigning each operation to a specific 
position on the time scale of the specified machine. For each operation of the process, 
this means the determination of one or more intervals (b u c{), (b 2 , c 2 ), • • • m such a 
manner that: 

!) ( Cl _ fej) 4 - ( C2 - b 2 ) H-is greater than or equal to the processing-time 

for the operation, 

2 ) b ix, the value of b i assigned to operation x, is not less than b lv for every operation 
V of the same job as x such that y x, 

3 ) each of the intervals (b u c ; ) lies wholly within one of the intervals available for 
assignment on the appropriate machine. 

Alternatively, scheduling can be regarded as the task of constructing an ordering 
of the operations associated with each machine, somewhat analogous to the ordering 

that is given for the operations of each job. . 

There are many different disciplines that can be specified to constrain this assign¬ 
ment or ordering. Almost all the theory that has been developed to date has been 
concerned with a highly restrictive discipline that can be said to define a simple 
job-shop process. Additional restrictions are placed on the definitions of the job set 
and the machines, as well as on the manner in which a schedule may be constructed. 
These restrictions are: 

1) Each machine is continuously available for assignment, without significant 
division of the time scale into shifts or days, and without consideration of temporary 
unavailability for causes such as breakdown or maintenance. 

Each machine is simply a single interval (0, T), where T is an arbitrarily large number. 

2) Jobs are strictly-ordered sequences of operations, without assembly or partition. 
For a given operation x, there is at most one operation y such that 

y » x, 

and at most one operation z such that 

X » 

3) Each operation can be performed by only one machine in the shop. 
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4) There is only one machine of each type in the shop. 

The machine identification numbers are unique so that for each operation in the job 
set they identify one and only one machine in the shop . 

5) Preemption is not allowed—once an operation is started on a machine, it must 
be completed before another operation can begin on that machine. 

Only a single interval (b, c) is to be assigned to each operation with (c — b ) equal 
to the processing-time of the operation. 

6 ) The processing-times of successive operations of a particular job may not be 
overlapped. A job can be in process on at most one operation at a time. 

b x , the value ofb assigned to operation x , must be not less than c y , for any operation 
y of the job set such that 

y > x. 

7) Each machine can handle at most one operation at a time. 

Consider the interval (b x , c x ), the assignment of operation x to a particular machine 
For every other assignment (b y , c y ) to that machine , either 

b x ^ c v or c x ^ b y . 

These restrictions are primarily for simplicity of structure, but at the same time 
they increase the generality of the model. Most of the different applications that 
can be based on this model require relaxing one or several of these restrictions so 
that it is not an entirely realistic model for any application. But it appears that this 
simple job-shop process is the core of many applications, and insight that is useful in 
many different fields can be obtained by its investigation. In any event it is the model 
that has been used in most of the research to date and only scattered results exist for 
various different types of complex job-shop processes. 

We should make one very important restriction explicit by noting that the simple 
job-shop process has only one limiting resource . We have assumed that an operation 
requires only one machine for its processing. Alternatively, one could assume that 
several machines, or a machine , a man, and a tool, were simultaneously required to 
perform the process. Attributes would be added to each operation to identify the 
particular type of man and type of tool required, and assignment of an operation to 
a pomt m time could not be made until the appropriate machine, man, and tool were 
all simultaneously available. 


1-3 A CLASSIFICATION OF SCHEDULING PROBLEMS 

A specific scheduling problem is described by four types of information: 

1) The jobs and operations to be processed. 

2) The number and types of machines that comprise the shop. 

3) Disciplines that restrict the manner in which assignments can be made. 

4) The criteria by which a schedule will be evaluated. 
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The previous section identified attributes of operations and the partial orderins 
of the operations of a job that are present in every scheduling probC Probl "s 
dfifer ,n he number of jobs that are to be processed, the manner in which the ob 
arrive at the shop, and in the order in which the different machine numbers appear in 

ir atl0 " S ° f mdlVldual J0bs ' The nature of the job arrivals provides the distinc¬ 
tion between static and dynamic problems. In a static problem a certain number of 
jobs arrrve simultaneously in a shop that is idle and immediately available Twork 
No further jobs will arrive, so attention can be focused on schedulingthis com D W fv 
known and available set of jobs. In a dynamic problem the sho^ i a comfnuots 
process. Jobs arrive intermittently, at times that are predictable only in a statistical 
sense and arrivals will continue indefinitely into the future. As might be expected 
entirely different methods are required to analyze questions of sequence in these wo 
problems. This distinction between static and dynamic problem? provides the basis 
e organization of this book-static problems are treated in Chapters 3 through 7 
and dynamic problems are considered in Chapters 8 through 11. P Sh 

e order in which the machine numbers appear in the operations of individual 

loioi Tu W t h i! ther 3 Sh ° P “ * fl ° W - sh0p - A fl0W - sh °P » one in wBch aU fte tb 

fo low essent,ally the same path from one machine to another. In terms of the model 
is means that there is a numbering of the machines such that the machine number 

if x precedes"/ “ ^ ^ maChi " e " Umber f ° r ° peration * of ' the same job, 

At the opposite extreme is the randomly routed job-shop, in which there is no 
common pattern of movement from machine to machine. Each machte number” s 
equal'y hkely to appear at each operation of each job. Either of these extremes is 
two'| Ub t 6d k ? r ? m practlce ’ with most real sh 0PS falling somewhere between these 

rs the research in scheduiing has ~ d of 

The discipline question is largely covered by the assumptions of the simple iob 
e, “ r,y “ -<■ £ 

"" * — “ P~b- 

A J ' 0b / arrival process ' For dynamic problems, A will identify the 

probability distribution of the times between arrivals. For static problems k will 

wke WhL"?! is° f j ° b -“ ed t0 arHVe Simalta ~ly unlessstated other- 

of jobs in a ;;a&To"blem ^ ^ ^ 

5 in lhe shop - A second term ° f - den ° tes - 


c 


describes the flow pattern m the shop. The principal symbols are Ff or the flow- 
shop muting case, R for the randomly routed job-shop limiting case and G for 

completely general or arbitrary flow pattern. In the case of a shop with a sindc 

m,ch« „ no „ ow pattern , , nd the ort| ,/“; ip “”^ 
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8 PROBLEMS OF SEQUENCE 

D describes the criterion by which the schedule is to be evaluated. The alternatives 
and notation for this fourth term are described m Chapter 2. 

As an example of this notation, Johnson’s problem ([103], Section 5-2) is described as 

n/2/F/F m «: sequence an arbitrary number of jobs in a two-machine flow- 
7 shop so as to minimize the maximum flow-time (or schedule 

time). 

The general job-shop problem—still unsolved is 

n/m/G/F m «: schedule n jobs in an arbitrary shop of m machines so that the 
last is finished as soon as possible. 




CHAPTER 2 


MEASURES FOR 
SCHEDULE EVALUATION 


The variety of different criteria that have been employed in theoretical studies of 
scheduling partly reflects the variety of different circumstances in which interesting 
scheduling problems arise and the different costs and values that are relevant in each 
case. However, the choice of criteria has undeniably also been influenced by the 
prospects of obtaining a solution. In some models it has been possible to find optimal 
procedures only by departing from what would be considered the most natural and 
realistic criteria. The purpose of the present chapter is to define and discuss a number 
of the measures that have been used and to show some of the interrelations between 
them. In the process we shall introduce the notation that will be required in later 
chapters. 

It is important to clearly distinguish between the variables that define the problem, 
which in this consideration of “pure sequence” are assumed to be given by some 
external agency, and those variables that describe the solution produced by the schedul¬ 
ing process. To emphasize this distinction we have adopted the convention that 
lower-case letters denote the given variables and capital letters denote those that are 
determined by scheduling. The symbols h, x, y, z and Q, X, Y, Z will be used for 
variables which apply to an individual section. 

2-1 VARIABLES THAT DEFINE A SCHEDULING PROBLEM 

The problem description starts with a shop and a set of jobs. For the simple job-shop 
process the shop is completely described by giving the number of machines. We shall 
speak of an “m-machine shop” and assume that the individual machines may be 
identified by the integers 1,2 , ... ,m. 

The jobs are similarly identified by integers 1, 2, . . ., n. The relevant attributes 
of job i that are given as part of the problem description are denoted by the following 
variables: 

r i is the ready-time , release-time , or arrival-time. This is the time at which the job is 
released to the shop by some external job-generation process. It is significant as 
the earliest time that processing of the first operation of the job could begin. 

di is the due-date. This is the time at which some external agency would like to have 
the job leave the shop. It is the time by which the processing of the last operation 
should be completed. 


9 
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We shall refer to the difference between these values sufficiently often to make it 
worth defining: 

a i — di — n, the total allowance for time in the shop. 

One can readily imagine situations in which different pairs of these three variables 
are actually given. In these theoretical exercises it doesn’t matter which two are 
original and which derived; all three are simply given values for a job. 

The job consists of a set of g { operations. These are described by g t pairs of values : 


W*,1, 

Pi, l, 

Wi, 2, 

Pi, 2, 

: 

[ 




where m itj is the identification number of the machine that is required to perform the 
{ th °P era tion, 1 ^ ^ is the processing-time, the amount of time that will 

be required for machine m itj to perform the operation. 

Tet pi Sj’=i Pi,j be the total processing-time for the job. There are various 
ways of regarding processing-time. One can ignore the, variability that would almost 
always be present in practice and simply consider processing-time a variable given in 
the same sense as, say, the due-date. Alternatively, one can recognize the variability 
and say that the actual value will not be known until after the processing takes place; 
at best an estimate of p itj is available before the work is done. However, the important 
distinction, and the reason that a lower-case letter is used, is that the value of the 
processing-time is assumed to be entirely independent of the scheduling decision. 
The value may not be known until after the operation is assigned a position in se¬ 
quence, but it is assumed that the assignment has absolutely no effect on the value 
that is revealed. 

In many cases in practice a job will consist of a ‘dot” of identical pieces each of 
which is to be processed in the same manner. The lot size is the number of pieces in 
the lot and the cycle-time for an operation is the time required to perform the oper¬ 
ation on one piece. We shall use processing-time, PiJ , to refer to the total time needed 
to perform an operation—the cycle-time multiplied by the lot size. In general, we 
shall assume that the lot size is determined before scheduling and that it is not changed 
by scheduling so that we shall not explicitly refer to either cycle-time or lot size. 

Finally, we assume that p itj includes whatever setup is necessary to prepare the 
machine to perform the operation and whatever teardown is required after the oper¬ 
ation. This implies the assumption that the amount of such changeover-time is 
independent of the sequence of operations—that the length of time required to pre¬ 
pare the machine for a particular operation does not depend on what the machine did 
last. In a majority of cases this is probably a reasonable approximation to the fact and 
it greatly simplifies the analysis. However, there are situations in which it is untenable 
and an explicit setup-time, possibly sequence-dependent, must be recognized This is 
discussed in Section 4-1 and Chapter 9 . 
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2-2 VARIABLES THAT DESCRIBE 

THE SOLUTION TO A SCHEDULING PROBLEM 

Questions of pure sequence are considered simply to determine when each job should 
be done, or to be more specific, when each operation of each job should be done 
Tins way of looking at the matter is equivalent to determining how long each oper- 
a ion of each job should wait before processing begins, and is denoted by 

W u , the waiting-time preceding the ,/th operation of job /, 

the time tha t the job must wait after the completion of the ( J - Qth operation before 
eginning theyth operation. The total waiting-time for a job is the sum of the waiting- 
times for all operations of the job: 8 

" = Z 

l 

The result of the scheduling process for a particular problem, the schedule, is com¬ 
pletely specified by gtving a set of W<j. Many other variables will be introduced for 
convenience and compactness of notation, but all these are functions of the W- ■ 
In the final analysis every comparison of schedules is based on a comparison of 

JaSesofThh W ' J ’ 8 °° dneSS ° f 8 schedule is completely a consequence of the 

The most important of the measures that may be derived from the W *, are con¬ 
cerned with: ( 1 ) the time at which particular jobs leave the shop, ( 2 ) the length of time 
that particular jobs spend m the shop, and (3) the difference between the times when 

follows^ the Sh ° P and When they W6re SUpposed t0 Ieave - These are defined as 

C„ the completion-time of job «: the time at which processing of the last operation of 
the job is completed. Thus 

Q = u + IF,-,! + Pi ! + Wi' 2 + Pi,2+ ■•■ + W im + PitH 

Vi 9i 

= r ‘ + Z Pi.i + Yh w i.i = r> + Pi + Wi. 

J= 1 

F„ the flow-time of job i: the total time that the job spends in the shop, or 
F i = Wi.i + Pi, i + Wi, 2 + Pi, 2 + • • • + W, 4- n, „: 


Z Pi.i + Z W ’- 


Wi = Ci 


The flow-time F,- is also called the manufacturing interval and the shop-time. 
There is also the lateness of job /: 

L i = Q - di = Fi - ai . 

In addition, there is T i} the tardiness of job /: 

Ti = max(0, L t ), 
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and there is E h the earliness of job i: 

Ei = max(0, -Li). 

Lateness, tardiness, and earliness are three different ways of comparing the actual 
completion-time with the desired completion-time. Lateness considers the algebraic 
difference for each job, regardless of the sign of the difference. Tardiness considers 
only positive differences—jobs which are completed after their due-dates; and earhness 
considers only negative differences—jobs completed ahead of their due-dates. 

A schedule is completely described by a set of W it j, and no less information is 
sufficient for description. Two schedules for a particular problem are identical if and 
only if, they have identical sets of W itj . However, there are many situations in which 
one would wish to consider as equivalent certain schedules which are not strictly 
identical. For example, one might consider as equivalent all schedules for a particular 
problem that have a certain set of values of completion-time, or even consider as 
equivalent all schedules for a particular problem that have a certain average value 
of completion-time. In general, specifying a measure of performance m a scheduling 
problem is specifying a set of equivalence classes of schedules and a preference¬ 
ordering among these classes. For example, specifying the mean completion-time 
as the measure of performance for a particular problem means that: 

1 ) All schedules that have a mean completion-time of C r are equivalent, so one is 
indifferent as to which is selected. 

2) A schedule with mean completion-time of C' is preferred to a schedule with mean 
completion-time C" if and only if C' < C". 

A schedule S is optimal with respect to a certain measure of performance if it 
belongs to an equivalence class {5'} such that there do not exist any (nonempty) 

classes which are preferred over {S '}. „ 

In almost all the theoretical work on scheduling, very simple measures ^ Per¬ 
formance have been employed. These have been the average or the maximum of the 
values of completion-time , flow-time , lateness , or tardiness. Certain of the results 
apply to all these criteria, since all are examples of what we call regular measures of 
performance . A regular measure is a value to be minimized that can be expressed as a 
function of the job completion-times: 

M = /(Ci, C 2 , . . ., C n ), 

and which increases only if at least one of the completion-times increases. That is, if 
M' = f(C[, C' 2 , . . ., C'), then 

M’ > M only if Ci > C, for at least one i, 1 ^ i ^ n. 

It is easily verified that the average or maximum of completion-times, flow-times, 
lateness, or tardiness satisfies these conditions. More complex measures with weighted 
averages, combinations of average and maximum, or functions of fractiles would 
also be included. But average or maximum earliness is not a regular measure, and 
measures such as the difference between the largest and the second-largest completion- 
times are not regular. 
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The averages of many of these derived variables are very closely related to each 
other. For each individual job the following relationship holds (by definition): 


Tj Fi cij Q v^ cii — Q — d{. 

For a problem consisting of n jobs, the n corresponding equations can be added: 

x>. = Z Ft - Z « = E c ‘ - £ * - £- E 

4=1 ^=1 *'=1 *=1 «=1 i=l *=i 

Dividing each term by n yields 

Z = F — a = C — r — a = C — d. 


For each particular problem, a, F, and d are given constants, unaffected by the 
decisions of sequence. Therefore, for^very schedule for this problem, Z differs from 
F by precisely a; L differs from^C by d; etc. This obviously means that the schedule 
that is optimal with respect to F is also optimal for C and Z. 

Since each of these quantities is derived from the waiting-times, the average 
waiting-time is also related to these measures: 

Ci = Ti + I ’Vi + Pi , z = r + Wi + Pi . 

n n 

Since r and the term involving the p, are constants for a given problem, the average 
waiting-time is also minimized by the schedule that minimizes average completion¬ 
time. 

Average tardiness and average earliness are related to average lateness, although 
not in a very useful way: 


In general, this does not imply that a schedule that achieves minimum average lateness 
will also have minimum average tardiness. However, there are special circumstances 
in which this is true. For example, if the due-dates of a set of jobs are all so difficult or 
tight that all the jobs have positive values of lateness, then lateness and tardiness are 
equivalent measures. Alternatively, if the due-dates are set so loosely that all jobs are 
completed on time, then earliness is simply the negative of lateness. 

These relationships between averages are important in both theoretical work and 
practical application. They are simply consequences of the definition of the variables 
and require no assumption as to the conditions of the shop or the type of scheduling 
procedure employed. However, one must always bear in mind that the relationship is 
strictly concerned with averages and implies nothing more. For example, if one is 
assured by these equations that two procedures have equal mean completion-times, 
he cannot conclude that they are equivalent procedures, for different distributions of 
completion-time can have the same mean. In particular, these relationships imply 
nothing at all with respect to the maximum of the values of the variables. A schedule 
that is optimum with respect to F is also optimum with respect to Z, but one knows 
nothing about L max for a schedule that is optimum f|^ ^ ax . 

CARNEGIE-MELLON teEHSITY 
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2-3 PERFORMANCE MEASURES FOR THE SHOP 

It is sometimes convenient to evaluate a schedule with respect to measures that relate 
to the shop, rather than to the individual jobs. The most obvious and important of 
these are facility utilization and work-in-process inventory. 

Utilization is the fraction of available machine-capacity that is employed in the 
required processing—that is, the ratio of processing-time to available time. Since 
it is assumed throughout that the total amount of processing-time is predetermined 
and not affected by the scheduling decision, it can only be the denominator of the 
fraction (i.e., the available-time) that is of interest. In the continuous-process models 
of Chapters 8 through 11, the machines are always available so that the average 
utilization is simply a given parameter of the problem and not affected by the schedule. 
It is true that the schedule determines just when and in what pattern the idle-time 
occurs on each machine, and different patterns might have different utility—longer, 
connected intervals of idle-time might be preferred to frequent short periods—but no 
work has been done on the problem with this preference as a criterion. 

In the finite problems of Chapters 3 through 7 one can assume that all the machines 
are available for the total time to process the n jobs—that is, from ^min lO Cm ax* 
Most of the problems assume that all the jobs become available simultaneously, in 
which case the average utilization is inversely proportional to the maximum flow-time: 

E n 

u iz=1 Pi , 
wFmax 

As a result, although utilization is obviously important in practical problems, it is not 
often mentioned explicitly in work on scheduling, since the models are either struc¬ 
tured so that utilization is independent of schedule or so that it is a direct consequence 
of flow-time, in which case it would not need separate consideration. 

There are exceptions in models in which setup-time is sequence-dependent or when 
some forms of preemption are used, since in these cases the total amount of work 
does depend on the schedule (Sections 4-1 and 8-7 and Chapter 9). 

There are two principal ways of measuring work-in-process inventory, and many 
variations on these. Basically one can either count the number of jobs in the shop or 
sum the processing-times of those jobs. It is easy to suggest situations in which one or 
the other of these is appropriate. For example, in an Air Force base maintenance 
operation for a single type of aircraft, one would be interested in scheduling so as to 
minimize the number of jobs (aircraft) in the shop, since this would presumably 
maximize the number of aircraft which are available for service. On the other hand, 
in a manufacturing situation the costs of inventory are more likely to be related to the 
amount of work that the inventory represents rather than a simple count of jobs. 
The following notation is used for work-in-process inventory: 

N(t), the number of jobs in the shop at time t, 

~N(ti, / 2 X the average number of jobs in the shop during the interval from t\ to 1 2 . 

N{h,h) = ----- f NO) dr, 

1 2 — t\ J t x 
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P(t ), the sum of the processing-times of all operations on all jobs in the shop at time t, 
called the work content or total work, and 

P(ti, t ‘2 X the average work content during the interval from t 1 to t 2 : 

?«i, h) = —f P{t) dt. 

h ~ *1 Jt 1 

It is sometimes interesting and useful to partition these measures. For example, 
the jobs in the shop at time t could be divided into two groups: 

N q (t), the number of jobs which are in queue waiting to be processed, and 
N p (t), the number of jobs which are actually on a machine being processed, where 

N P (t) + N q (t) = N(t ). 

The averages, N q (ti, t 2 ) and N v (t\, t 2 ), could be defined in a manner analogous to 
N(t i, t 2 ). These would be interesting because, as the length of the interval (t u t 2 ) 
increases, N p (t l} t 2 ) becomes independent of the schedule. It is simply a function of 
the amount of work that must be done and the number of machines that are available. 
Then the goodness of the schedule is reflected directly in N q (t\, t 2 ), a term that ideally 
could be reduced to zero. 

Similarly, work content could be partitioned into the sums of processing-times of 
(a) operations already completed, (b) operations in progress, and (c) operations not 
yet started. In the long run, the average of (b) is again independent of schedule. The 
average of (a) would in many situations be the best estimate of the dollar value of 
work-in-process inventory, while the average of (c) would give a measure of the actual 
work backlog in the shop. The results in Chapter 11 clearly indicate that one must be 
precise and thoughtful in selecting an inventory measure, since different scheduling 
procedures will be appropriate for each choice. 

2-4 THE RELATIONSHIP BETWEEN FLOW-TIME AND INVENTORY 

It seems intuitively obvious that there is a relationship between flow-time and inven¬ 
tory—if individual jobs, on the average, spend more time in the shop, then the average 
number of jobs in the shop must be increased. Nevertheless it is surprising on first 
encounter to discover just how strong and direct this relationship is and how general 
its applicability is. 

Different relationships apply in the static situation, in which all the jobs that are 
to be considered are available simultaneously at the beginning of the scheduling period, 
and the dynamic case, in which the jobs arrive intermittently during the period. In the 
static case we are interested in N{r x , C max ), the average number of jobs in the shop 
during the schedule-time for these n jobs. It is convenient, and causes no loss in 
generality, to assume that the jobs all arrive at time 0 so that this average is equivalent 
to vV(0, F max ): 

V(0, F m:lx ) = —- / N(t) dt. 

* max JO 



16 


MEASURES FOR SCHEDULE EVALUATION 


2-4 



Fig. 2-1. Number of jobs versus time in a problem involving simultaneous arrivals. 

The function N(t ) in this case looks like the graph in Fig. 2-1. With N(t ) changing 
value only at n + 1 points in time, the integral is evaluated as a sum of rectangles: 

[ N(t) d t = nF i + (n - 1 )(F 2 - F,) + (n - 2)(F 3 - F 2 ) 

Jo 

+ "• + (»-(»!- l)Xfi. - Fn- 1) = S ** 


jV( 0, F max ) = 


E5-i F t 



N( 0, F mllx ) 
n 


F 

F m ax 


This result asserts that the ratio of the average number of jobs in the shop to the maxi¬ 
mum number of jobs in the shop is equal to the ratio of the average flow-time to the 
maximum flow-time. It also says that for a given schedule-time F max the average 
number of jobs in the shop is directly proportional to the average flow-time. Note 
that this relationship holds for any set of n jobs (n ^ 1 ) which begin at the same time. 
It does not depend on: 

a) the number, kind, or arrangement of machines in any way; 

b) the nature of the jobs, their routing over the machines, the processing-times or the 
a priori state of knowledge about processing-times; 

c) other activities of the machines; they can have other jobs to process before, during, 
and after the arrival of these n jobs; or 

d) the scheduling procedure. 

Although the argument was based for convenience on the finite n/m problem, it is 
clear that the only part of the hypothesis that was actually used was the assumption 
that 7*1 = r 2 = • • • = r n . The result holds equally well for any finite subset of the 
jobs of a continuous process that happens to start at the same time. (“Start” is used 
in the sense of being available for processing, and has nothing to do with the time at 
which work actually begins.) 

Consider now the more general dynamic case in which the jobs need not arrive 
simultaneously, and assume initially that the jobs are numbered in the order of arrival, 
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N(t) 3 
2 
1 
0 


Fig. 2-2. Number of jobs versus time in a problem involving intermittent arrivals. 

and that they are completed in that same order: 

n ^ r 2 S * ‘ ^ r nt Ci S C 2 S " ' S C n . 

We wish to find a relationship between (a) the mean number of jobs in the shop during 
the interval in which these n jobs are being processed and (b) the mean flow-time for 
the n jobs. By definition, 

— 1 f° n 

N(0,C n ) = — / 

A plot of N(t) against time would look something like the graph in Fig. 2-2, with 
unit changes at In points in time as the n jobs arrive and depart. Alternatively, one 
could separately plot the cumulative number of arrivals and the cumulative number of 
completions against time, as in Figs. 2-3 and 2-4, and combine them on the same axes, 
as in Fig. 2-5. The graph in Fig. 2-5 has the property that the vertical distance 
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Figure 2-5 


between the two lines is everywhere equal to N(t) and that the shaded area between the 
lines is equal to the area under the N(t) graph (Fig. 2-2) or the integral of N(t). 
It is also interesting to note that each horizontal section of the graph represents a 
particular job. It has length F it beginning at and ending at Q. It is easier to give an 
expression for the area between the lines if one considers the horizontal sections: 

m dt = "£ (Ct - r,-> = J Fj, 

i= 1 i= 1 


N( 0, C„) 


1 n 

i= 1 


ELi Fi 


F n 


_ F r_n , Fn 
N(0, C n ) n 


The term rjn represents the mean time between job arrivals. If one takes larger and 
larger values of n and the situation approaches a continuous process, and if the process 
is in a 4 Steady-state” such that the expected flow-time of jobs does not increase with 
time, then the term F n /n becomes negligible. The result is that for a steady-state 
process (in which jobs are completed in the same order as they arrive) the mean 
flow-time is equal to the mean time between arrivals multiplied by the mean number 
of jobs in the system. 

Relaxing the assumption that the jobs are completed in arrival order makes the 
justification slightly more complicated, but it does not alter the final expression. 
The graph would look something like Fig. 2-6. Some difficulty is encountered because 
at C n , there is no assurance that all the n — 1 prior jobs have been completed. If 
we let Yi{t) represent the fraction of flow-time, F h still remaining after time t 9 then 
r c n 

I n n n 

J N(t) dt = £ (1 - Y t (C n ))Fi = £) A - 2 Yi{Cn)Fi, 

1=1 «=1 1=1 


m c„) 


— _j_ 

n n 


= T _ ELl Y&CnWi . 

n 


Again, as the number of jobs n increases, if the process is in a steady-state the term 
F n /n will become negligible. The second term on the right will also become negligibly 
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small since, for most of the terms in the summation in the numerator, Y t will be 
z ero—the fraction of the total number of jobs that are still uncompleted at time C n 
will decrease. One can bound the left-hand expression: 


iV(0, C n ) 



g F, 


N(0, C n ) 


r _n , Fn 
n n 


> p _ ^(OfQ-^inax 

~~ n 


If the process is in a steady-state, then N(C n ), the number of jobs in the system at 
time C n and F max are both finite, and the ratio of their product to n can be made 
aibitranly close to zero by taking n sufficiently large. 

The result* is that for any steady-state process the mean flow-time is equal to the 
product of the mean number in the system and the mean time between arrivals , or 



where A is the mean arrival rate. 


This is a most important result, for both theory and practice. It is intuitively appeal¬ 
ing, and one can give many heuristic arguments in its defense, but neither intuition 
nor heuristic logic suggests the truly catholic nature of its applicability. It asks only 
that the system be in a weak sort of steady-state—that the long-run average rate of 
completion be equal to the average rate of arrival. It does not depend on: 

a) the type of system or where the system boundaries are drawn, 

b) any characteristic of the arriving stream of work, or how it arrives (except that in 
the long run it must not arrive in such quantities as to saturate the system), or 

c) how work is scheduled within the system. 

This relationship applies to an entire plant, to a department within the plant, and 
to an individual machine. It applies to the complete product mix of a company or to 
one product line, or to an individual product. One must be careful only to count and 
measure m consistent units. 


* Little published a formal proof of this relationship, 
the result was certainly well known, and it is possible that 


in a queuing context, in 1961, but 
prior proofs exist. 
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The relationship can be expressed in terms of facility utilization instead of mean 
job-arrival rate. In a shop of m machines, the average utilization U is given by 

m 

where X is the mean arrival rate (number of jobs per unit time), and p is the mean 
amount of work per job. Substituting for X in the flow equation, we have 

F=^ 

mU ' 

Including earlier relationships between mean flow-time, mean lateness, and mean 
waiting-time, we have _ 

T=% = I + a = W + p, 
mu 

where F is the mean flow-time, I is the mean lateness, W is the mean waiting-time, 
a is the mean allowable flow-time, p is_the mean total processing time per job, N is the 
mean number of jobs in the system, U is the mean utilization of the machines in the 
system, and m is the number of machines in the system. 

This interdependence of measures is important in the comparison of scheduling 
procedures. For any given situation, described by a particular set of values for p, 
a, m, and U, 

a) the mean flow-time is directly proportional to the mean work-in-process inventory 
(as measured by the number of jobs), 

b) the mean flow-time differs from the mean lateness and the mean waiting-time by a 
constant amount, 

c) a scheduling procedure which is relatively good with respect to any one of these 
mean values is comparably good with respect to each of the others, and 

d) a scheduling procedure which minimizes mean flow-time also minimizes mean 
lateness, mean waiting-time, and the mean number of jobs in the system. 

2-5 COSTS ASSOCIATED WITH SCHEDULING DECISIONS 

Although in practice the questions of when and in what order tasks are performed 
would have some effect on many of the costs of performance, and indeed, on whether 
the task is performed at all, the costs that can be directly associated with the limited 
question of pure sequence are restricted. 

The assumption that the set of tasks is determined beforehand and that it is un¬ 
affected by scheduling decisions means that the total revenue of the enterprise is fixed, 
or at least unaffected by, and irrelevant to, scheduling. The assumption that the 
method and equipment to be used and the efficiency with which they will be employed 
are also unaffected by scheduling decisions means that all of the costs that are nor¬ 
mally classified as direct costs are irrelevant for our purposes. In fact, the costs that 
may be attributed to decisions of pure sequence are entirely what would be classified 
as facility costs rather than product costs . Even cost items such as overtime wage 
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premiums or penalties exacted for late delivery that could be identified with a particu¬ 
lar job are really consequences of decisions made on many other jobs and it would be 
unfair to assign them to the unfortunate jobs with which they are identified. 

There are three principal types of costs that can be affected by the decisions of 
pure sequence. These are the costs of inventory, utilization, and lateness. Much has 
been written on the costs of inventory, and there are still some areas of debate. There 
is at least agreement that these costs are real, nontrivial (estimates of 2%-3% of 
value per month are not unusual), in some way proportional to the physical level of 
inventory, and very difficult to quantify. In different circumstances, costs might be 
related to the number of jobs, work content, or work completed, but in general we can 
conclude that there are economic reasons for our interest in reducing average inven¬ 
tories. Under the restrictions assumed here, these costs also provide the incentive for 
minimizing average flow-time, since they are directly related to average inventory. 
In practice, reduced flow-time would probably also provide a competitive sales 
advantage that would be even more significant. 

Facility utilization is a very important economic consequence of sequencing 
decisions. The ability to compact the busy intervals and produce a short schedule-time 
or a low mean flow-time simply implies a procedure that will permit a given facility 
to do more work. Conversely, an efficient scheduling procedure will permit a given 
work load to be accomplished with a smaller aggregate demand on facilities. In the 
long run, this will be reflected in either the amount of plant required or the amount of 
business that can be accommodated. In the short run, it is reflected in the costs of 
overtime, additional shift operation, and overload subcontracts. 

In some situations, especially construction projects, the cost of lateness is obvious, 
explicit, and unequivocal. For example, a penalty of X dollars per day may be 
deducted from payment for each day that completion is delayed beyond a specified 
due-date. In manufacturing situations the penalty for lateness is seldom this obvious 
and immediate but presumably no less real, since the customer’s displeasure will have 
implications for future business. One scheduler described the relative importance of 
this consideration to the authors by saying that he might be admonished for high 
inventories, but that he would be fired for excessive lateness. 

Whether one considers the limited questions of pure sequence or a broader and 
more realistic view of scheduling, it is still true that the costs and values are difficult 
to identify and harder still to measure. A modern costing system includes procedures 
specifically designed to call attention to inefficient use of labor or material or to 
indirect items that exceed budget allowances, but there are no accounts or procedures 
that clearly signal inefficiency in scheduling. The costs are nonetheless real, and judg¬ 
ing from the demonstrated differences in performance between alternative scheduling 
procedures there must be some situations in which this choice is vital. 



CHAPTER 3 


FINITE SEQUENCING 
FOR A SINGLE MACHINE 


This chapter is concerned with the special case of the scheduling problem in which 
each job consists of a single operation. Since the set of jobs can be partitioned depend¬ 
ing on the machine required to perform the operation, each machine in the shop is 
independent of the others and can be scheduled separately. Therefore we can limit 
our attention to a single machine, and to the set of jobs that is to be processed on that 
machine. We shall assume that the number of jobs n is finite, that n is known in 
advance of scheduling, and that all the n jobs must be processed. Furthermore, we 
shall assume that the machine is to have no other obligations and that it will be 
continuously available, without breakdown, until all the jobs are completed. We 
shall also assume that all the n jobs are available for processing simultaneously so 
that the schedule could begin with any one of them, and that there is either no setup¬ 
time required for the jobs, or that the setup-time does not depend on the nature of 
the preceding job on the machine. In the latter case the setup-time for a particular job 
depends only on the characteristics of that job and may, for present purposes, be 
included in the processing-time for the job. The notation that will be used is the 


following: 


m — 1 

There is a single relevant machine. 

gi = 1 

By assumption, each job has one operation. 

r-i = 0 

By assumption, all the jobs are available simultaneously. 
One can, without loss of generality, translate the time scale 


so that the origin is at the moment of availability. 

Pi, i = Pi 

The processing-times are arbitrary, determined by some 
process independent of the scheduling procedure, and are 
assumed known at the time of scheduling. Since each job 
has a single processing-time, the second subscript (operation) 
will be omitted. 


Allowance for waiting and processing, also due-date, since 

di = Vi + cii — 0 + a{. 

The waiting-time of the 7 th job before processing begins. 
Since each job waits for a single operation, the second 
subscript (operation) will be omitted. 

The time at which the job is completed. It is equal to the 
flow-time, since the time scale begins as the job becomes 
available. 


a i = di 
W it i = Wi 

Ci = Fi = Pi + Wi 
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detaTl her Thk e k b f? f a " d i h f 0retical rea sons for examining this special case in 
detail. This is the simplest scheduling problem and it is by far the best understood 

It serves to illustrate the differences between different scheduling procedures and the 
c nsequences of choosing different measures of performance. Some of the solutions 

dimrti rek f ® y Slmp , Ie P rob!em ar e useful in more complex cases both in suggesting 
directions for research and in providing bases for approximate practical proSdures 8 

y appreClate how limited the results for a general job-shop are when one 
has a rather complete understanding of the one-operation case, and can compare the 

fren Fr T 3 , praCtical P oint of view direct applications of this model are both more 

th a raTe actuary mip0rtant ‘ han ° ne mi 8 ht initially suspect. In addition to shops 
that aie actually a single machine, there are many situations in which a large complex 

of equipment behaves as if it were a single machine. In the chemical and processing 

rrodlTa S ta n t, entlr h P ant 0fte ” ' epreSentS an integrated process that operates on one 
product at a time, but on many distinctly different products in sequence. Two specific 

examples aie the manufacture of detergents, in which many different types and brands 

the d ma erS f f ^ se P aratel y a "d in sequence on the same processor and 

the manufacture of paints, in which paints of many different colors are processed as 
separate batches on the same line of equipment. There are also situations^!! 

rnarh 8h ^ J ° b actualI y consists of several operations to be performed on different 
achines, there is one particular machine whose value and function so dominate the 
process that it is scheduled as if the other machines did not exist. An example i 
found in modern papermaking in which one integrated machine, completely domtal- 
mg the other steps in the process, works on a sequence of jobs representing different 

cte in T o 8 ’ and textures of paper. While at the moment examples ameaEr to 
the Processing industries, the mechanical manufacturing industries with 
increasing automation, are headed in this direction. As the use of automlS-conT ol 

3Kr££ ,n - fcr " laChineS ^ karate S 

There are also cases of temporary dominance in which a short-run bottleneck 
situation on one machine is so restrictive that the work for this machine should be 
scheduled as if the other machines did not exist. For example, if while scheduling air 
traffic for a network of terminals one learns that the capacity of an airport has been 
reduced by weather conditions, he might have to allow the scheduling of this one 
terminal to completely dominate the entire network. 


3-1 PERMUTATION SCHEDULES 

schedule tactics that have some utility in more complex situations are pre- 
bdCe n 1,1 ? processlng is intemipted and a job is removed from a machine 

Mth" ° pe " atl0nis com P'e‘ed, and inserted idle-time, in which a machine is held 

How d infh 13 r 01 * ready and Waiting t0 be d ° ne - If these tactics to be 
flowed in the present case it means that for a problem with two jobs, shown in 

g- 3 1, one would, in addition to schedules 1 and 2, consider such variations as are 
shown m schedules 3 through 6. s are 
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However, one is relieved of this necessity by the following result. 

Theorem 3-1. When one schedules an n/l problem with respect to a regular 
measure of performance, it is not necessary to consider schedules which involve 
either preemption or inserted idle-time. 

Proof (for inserted idle-time). Consider a schedule S that has an inserted idle-period 
from t\ to t 2> 

0 r-5 1 1 < C t2 U max * 

There is a corresponding schedule S' which differs from S only in that the machine is 
not idle from t x to t 2 and all the actions and events after t 2 m S have been advanced 
by an amount t 2 - h- This obviously does not change the completion-time of any 
job completed before t u and it reduces the completion-time of each job completed 
after t 2 in S by the amount t 2 — 1 1 . It is clear that 


C'i S Ci, 


i= 1,2, 


so that the value of a regular measure of performance (Section 2-2) could not be less 
for S than for S'. It is therefore sufficient to consider only schedules similar to S 
in that they do not contain any periods of inserted idle-time. 

Proof (for preemption). Consider a schedule S in which job 7 is started at time H 
and at time t 2 , before it is completed, job 7 is preempted by job J. (It is convenient, 
but not necessary, to assume that 7 is not in turn preempted.) At some later time t 3 
work resumes on job 7 and it is ultimately completed. 


Schedule S 




Now consider schedule S' which differs from S only in that the positions of job 7 
and the first portion of job I have been interchanged. 
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Schedule S' 



The result is simply that job J is completed earlier under S' and no other iob 
completion-time is changed. Therefore the value of any regular measure of perfor 
mance cannot be less for S than for S'. One could repeat this operation on S' by 
advancing any other jobs that might still come between the portions of job / One 
would eventually connect the portions of job / through a sequence of changes, none of 

Tnv sched? '"T 86 My regU 'n meaSUre ' Any P reem P ti <>" can be eliminated from 
any schedule in this manner without increasing any regular measure. It follows that 

it is sufficient to consider only schedules without preemption. 

6 T ,fi r nCe ° f the faCt that neither Preemption nor inserted idle-time need be 
considered is that one can restrict attention in this problem to the class of permutation 

SC w d h th' ■ I 6 */ 1 : 6 schedules that are completely specified by giving the order in 
which the jobs will be processed. Such an ordering is described by giving one of the «> 
possible permutations of the job identification numbers 1, 2, ..., Given this 

r: c “° d n fl“r“ “ d “* jobpro^mg-lin,*, m catalale lte values 

the Wi and from them any other property of the schedule 

In general, square brackets will be used to denote position in sequence in a 
permutation schedule. The symbol [1] means the job which is in Imposition in 
sequence; p w means the processing-time of whichever job occupies the /th position 
m sequence; and [3] = 7 means that job number 7 has been assigned tothe tod 

Ctoeto!: q th e at Ce - F ° r 6XamPle ’ USing tWS D0tati0n ’ * " alwayS « » « ™- 

Cm g C [21 g • • • g c [n) . 

However, sometimes it will be convenient, after a sequence has been specified to 
tmag,„ e a renumbering of the jobs in the order in which they appear ,n sequence so 

may be omitted This means that jobs are reassi ^ ed identifi - 

[/] = i for i = 1, 2, . . ., n . 

Th n n :l b ir p t le t r'r ig in the teXt Whenever such a renumbering is employed, 
e should note that for permutation schedules in this n/l problem the maximum 

Sivln informal^ ^ ° f I P rocessin S- tim es. Its value depends only on this 

and ,' S , 6XaCt y the same for each of the n ' Possible sequences. In 
the more complex models of Chapters 4, 5, and 6, the maximum flow-time is the 

thTseWrr: ofperformanM - bu ‘ in m case il is ^pendent of sequence and 
he sekctmn of a sequence must be based on other measures. It is trivially obvious 

hat the maximum number of jobs in the shop, the minimum number of jobs in the 

chine "^-content in the shop, the minimum waiting-time, and ma¬ 

chine utilization are also measures that are, in this case, independent of sequence. 
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Fig. 3-2. Graph of an n/1 schedule. 


3-2 SEQUENCING ACCORDING TO PROCESSING-TIME 


A seauence for an n/1 problem can be represented graphically in the manner of 
Fig 3-2 The total area of this graph—both labeled blocks and shaded P° r ^ 10 " 
represents the sum of the job flow-times. Observe that the area represented by the 
labeled blocks is independent of the sequence. Although rearranged de P«"J"S 
sequence, precisely these same blocks will be present in any graph of a schedule fo 
tffis problem. However, the magnitude of the shaded area is not comitanit and dep<ends 
on the manner in which the labeled blocks are arranged. Each labeled block can be 
characterized by a vector on its diagonal, with slope -1M, as shown in Fig. 3 3. 



Each schedule graph corresponds to a head-to-ta.l chain of these vectors. It seems 
intuitively clear that the shaded area of such a graph is minimized when the blocks 
are arranged so that the vectors form a convex curve. We do this by starting with the 
block whose vector has the most negative slope and arranging the others in order of 
increasing (toward zero) slope, as shown in Fig. 3-3. This is equivalent to sequencing 

the jobs so that 

PlU S Pi 21 g • • • g Pmv 

Following this procedure results in shortest-processing-time sequencing (abbreviated 
SPT) which is easily the most important concept in the entire subject of sequencing. 
It recurs, with many variations, and performs with surprising efficacy roug 
following chapters. 
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The optimality of SPT sequencing can be formally established by the following: 

Theorem 3-2 * When one schedules an n/ll/F problem, the mean flow-time is 
minimized by sequencing the jobs in order of nondecreasing processing-time, 

Pi 1] = Pi 2] = * ' * ^ Pin], 

and maximized by sequencing the jobs in order of nonincreasing processing-time, 

Pi 1] = Pi 2] ^ ^ P[n]- 

Proof , Since only permutation schedules need be considered, the flow-time of the job 
in kth position of an arbitrary sequence is simply 

fc 

F[k] = X/ Pm* 

i= 1 

The mean of the flow-times of the n jobs is given by 

f = F m = Z3-i Zti Pm 

n n 

= n ^ Pll] P[l] Pl2] Pll] p ^ + Pi si 

+ ' * ' + PlU +-1" Pin]) 

= 1 (n - i + \)Pii] t 

n 

It is well knownj* that such a sum of pairwise products of two sequences of numbers 
will be minimized if one sequence is arranged in increasing order and the other in 
decreasing order. Since the (n - / + 1) coefficients are already in decreasing order, 
the minimization is accomplished by sequencing the jobs so that the processing-times 
are in increasing (or at least nondecreasing) order. The sum of products is maximized 
if both sequences have the same ordering, which means sequencing the jobs so that the 
processing-times are in decreasing (or at least nonincreasing) order. 

A slightly stronger version of Theorem 3-2 can be given, and an alternative proof 
will be given that illustrates an approach used frequently in later sections. The mea¬ 
sure of performance of Theorem 3-2 can be generalized to the minimization of 


Z?=1 F\ 


for a > 0. 


The previous statement was for the special case with a = 1. 


Proof Consider a schedule S that is not identical to a schedule produced by SPT. 
(Note that because of the possibility of subsets of jobs with equal processing-times 


* We are somewhat at a loss to identify the original author of this result. It was given by 
Smith [187] in 1956 but was surely well known before that. 

f Hardy, Littlewood, and Polya, Inequalities , second edition, New York: Cambridge Uni¬ 
versity Press, 1952, page 261. 
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many SPT sequences can exist, all with the same values of mean flow-time. S is not 
any of these SPT sequences.) There is some position k in S such that 

P[k\ > P[k+ li- 

Let K and K ' be the numbers of the jobs in the kth and (k + l)th positions in S, 
respectively. 

Now consider a schedule S' that differs from S only in that job K f is in fcth position 
and job K in (k + l)th position. The sequence is the same for the first k - 1 jobs 
and the last (n - k - 1) jobs under either S or S' and it is obvious that each of these 
n - 2 jobs begins and is completed at exactly the same moment under either schedule. 
S and S' differ only in the flow-times of jobs K and K'. If 

k— 1 

t = 2 ph i 

i =1 

(same under S and S') then these flow-times, raised to power a, are the following. 

Under S: Fk = Ffk] = (t + PkT, 

Fr> = F\k- i-i] = 0 + Pk + Pk'Y- 
Under S': Fk = ^Tfc+i] = 0 + Pk ' + PkT , 

Fh = = (t + PkT • 

The term F []c+ i ] is the same under both schedules, so that S and S' differ only in F [k] . 
For any positive a, 

(t + PkT > it + PkT , 

since position k was chosen so that px > Pk '• 

This means that S' is better than S. One could continue to improve the schedule 
in this way so long as such interchanges were possible, that is, until an SPT sequence 
was achieved. In summary: 

1) If a sequence is not SPT there exists a position k such that p^] > P[k+ 1 ]. 

2) The schedule will be improved by interchanging the jobs in positions k and k + 1. 

3) Any of the n\ possible sequences can be transformed to an SPT sequence by a 
series of such interchanges, with an improvement being obtained at each step. 

The analysis of schedules by considering the interchange of all possible adjacent 
pairs of jobs is a useful approach, but it is not sufficient under all circumstances. It 
quickly breaks down in the more complex situations of later chapters (see Section 5-4, 
for example) and there are even n/l problems for which it is inadequate. For example, 
consider the following 3/1//T problem: 

Job Processing-time Due-date 


a 

b 

c 


1 

2 

3 


4 

2 

3 













3-2 


SEQUENCING ACCORDING TO PROCESSING-TIME 29 


The measure of performance is 

T = ^(max(C a — d a , 0) + max(C 6 — db , 0) + max(C c — d c , 0)). 

Note that this is a regular measure. The six possible sequences for this problem are 
shown m Fig. 3-4, with the arrows indicating the transformations possible by the 
interchange of adjacent-job pairs. Each sequence can reach two others by this means. 
The sum of tardinesses for each schedule is given below the description of sequence! 
If one were to start with schedule S(cab) there would be no adjacent-job interchange 
that would improve the measure, and one would presumably not find the optimal 
schedule which is S(bac). The difficulty lies in the transitivity of the ordering under 
this measure of performance. In comparing S (acb) with S (cab) one would conclude 
that c should precede a. In comparing S (cab) with S(cba) one would conclude that a 
should precede b. However, this does not establish that c should precede b. Moreover 
the pairwise choices are dependent on the position of the third job. For example, 
with b in third position, c should precede a (S {acb) vs. S (cab)) ; with b in either first or 
second position, a should precede c (S(bac) vs. S (bed)); (S (abc) vs. S (cba)). 



Fig. 3-4. Adjacent-job interchanges in a 3/1 problem. 

One can show, either by similar proofs or by simply appealing to the definitions 
and interrelationships of Section 2-2, that SPT sequencing also minimizes the mean 
completion-tune, mean waiting-time and mean lateness. There are trivial properties 
of a schedule that are also obviously minimized, such as minimum flow-time, mini¬ 
mum completion-time, maximum waiting-time, and minimum nonzero waiting-time. 
More important, the mean number of jobs in the shop is also minimized. This follows 
from the relationship in Section 2-4: 


N( 0, F max ) F 
ft T’max 

Sincen and F max are both constants in this problem, N( 0, F max ) is minimized along 
with F. b 

It is, in general, true that longest-processing-time sequencing (LPT) maximizes 
whatever SPT minimizes, so that if for some reason we wished to maximize one of 
these properties we would know the method. 
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There are, of course, many reasonable and interesting measures of performance in 
an n/\ problem that are not optimized by SPT sequencing. The most important are 
functions of due-date. Consider the following 2/1 problem: 

Job p d 

a 13 

b 2 2 


There are only two sequences to be considered, ab and ba. SPT selects sequence ab , 
but ba has smaller maximum lateness and maximum tardiness, smaller mean tardiness, 
:and fewer jobs tardy. In the special case in which the due-dates are so tight that all 
the jobs are tardy, SPT does minimize the mean tardiness, simply because this is 
identical to mean lateness under these circumstances. In the special case in which 

d\ == d 2 = * • • = d n , 

SPT also minimizes the number of jobs tardy, 

The 2/1 example above also demonstrates that SPT sequencing does not minimize 


the variance of job flow-time, 

{=1 i=l 


F 2 . 


SPT 


sequencing minimizes both terms on the right, but not the difference between 


these terms. 


3-3 SEQUENCING ACCORDING TO DUE-DATE 

Of the various measures of performance that have been considered in research on 
sequencing, certainly the measure that arouses the most interest in those who actually 
face practical problems of sequencing is the satisfaction of preassigned job due-dates. 
Equipment utilization, work-in-process inventory, and job flow-time are all interesting 
and more or less important, but the ability to fulfill delivery promises on time un¬ 
doubtedly dominates these other considerations. 

Since the job due-dates are involved in the measure of performance, it would seem 
only natural that the information they represent be employed in the decision rule that 
generates a schedule. It is therefore somewhat surprising on first encounter to dis¬ 
cover that mean lateness is minimized by SPT sequencing, which does not consider 
due-date information in any way. The obvious use of due-dates is simply to sequence 
the jobs so that 

d[ i] ^ d[ 2 ] = ' ' ' — d [n] . 

What is accomplished by this ordering is not altogether obvious, but is shown by the 
following theorem: 

Theorem 3-3. (Jackson 1955, [90]). When one schedules an n/l//L mll x problem, 
the maximum job lateness and maximum job tardiness are minimized by sequenc- 
ing the jobs in order of nondecreasing due-dates. 
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Proof. Consider a schedule S that is not identical to one produced by the due-date 
rule. There is some position k in S such that 

d[k) > li- 

Let K and K' be the numbers of the jobs in the kth and (k + l)th positions in S, 
respectively. 

Now consider a schedule S' that differs from S only in that job K' is in kth position 
and job K in (k + l)th position. The sequence is the same for the first k — 1 jobs 
and the last (n — k — 1) jobs under either S or S' and it is obvious that each of these 
n — 2 jobs begins and is completed at exactly the same moment; therefore, the 
lateness is exactly the same for these jobs under either schedule. Let L be the maxi¬ 
mum of these n — 2 latenesses, obviously the same for both S and S'. The two 
schedules differ only in the latenesses of jobs K and K'. Our task is to show that 

max(L, L K) L k >) 

under S' is less than or equal to the corresponding expression under S. The values 
will be the same if L is the dominating term in each expression; it is to be established 
that the value under S' will be smaller if Lk or L K ' dominates either expression. 
If t — Sti 1 Pm ( same under S and S'), then the relevant latenesses are the following. 

Under S: L K (S) = L [k] = i + p K - d Ki 

Lr'(S) = L [k _|_u = t + pK + Pk' — dj^r . 

Under S': Lk( S') = L [k + ^ = t + Pk' + Pk ~ dK, 

Lk'( S') = L [k] = t + p K ' — d K '> 

The lateness L K f S) dominates the relationship: 

L k >( S) > L k { S') since d K > d K >, 

L k ,(S) > L K fS') since p K > 0, 

L k ,(S) > max(L K (S'), L K ,{ S')), 
max(£,.I, x (S),I x .(S)) fe max(L, L K (S'), L K ,(S')). 

Thus for any schedule S there is a potential improvement by interchanging adjacent 
pairs of jobs into due-date order. 

The minimization of maximum tardiness follows directly from the lateness result: 

TmUS) = max(0, £ max (S)) ^ max(0, £ 1Ilax (S')) = r max (S'). 

A second method of using due-date information in sequencing is to consider 
slack-time. The slack-time of job i at moment t is the amount of time remaining before 
this job must be started if it is to be completed on time: d t — pi — t. The job with 
minimum slack-time presumably offers the greatest risk of being late, and should 
therefore be given precedence in the schedule. Since at any decision point the term t 
is common to each job, we must sequence so that 

d\ i] — P{ i] = d { 2] — P[ 2] ^ ^ d [n] — p [n] . 
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Sequencing of this type has an intuitive appeal as a refinement of simple due-date 
sequencing and in more complex situations (Section 11-3) it appears to give superior 
performance. Therefore it usually comes as something of a surprise to discover what 
slack-time sequencing actually accomplishes in an n/l problem: 

Theorem 3-4. When one schedules an n/l problem, the minimum job lateness 
and minimum job tardiness are maximized by sequencing the jobs in order of 
nondecreasing slack-time. 

Proof. The proof exactly follows that of Theorem 3-3: 

L k ( S) < L k ,( S') since ( d K - Pk ) > ( d K . - p K >), 

Lr{ S) < L K {S r ) since Pk> > 0, 

L k ( S) < mines'), L K (S')). 

Now, letting L be the minimum of the latenesses of the n — 2 jobs (excluding K 
and K'% we obtain 

mm(L,L K (S),L K ,(S)) g min(L, L K ,(S r ), L K (S r )). 

In aggregate, these results provide substantial control over the distribution of 
latenesses. One can minimize the mean (SPT), minimize the maximum value (due- 
date) or maximize the minimum value (slack-time). With respect to tardiness one can 
minimize the maximum value or maximize the minimum value. However, none of 
these rules in general minimizes the mean tardiness, as shown by Table 3-1. 

Table 3-1 
Job 




1 

2 

3 

4 

T 

Tmax 

Train. 

Due-date 

di 

1 

2 

4 

6 




processing-time 

Pi 

2 

4 

3 

1 




SPT sequence 

Ci 

3 

10 

6 

1 




4, 1, 3, 2 

Ti 

2 

8 

2 

0 

3.0 

8 

0 

Due-date sequence 

Ci 

2 

6 

9 

10 




1, 2, 3, 4 

Ti 

1 

4 

5 

4 

3.5 

5 

1 

Slack-time sequence 

Ci 

6 

4 

9 

10 




2, 1, 3, 4 

Ti 

5 

2 

5 

4 

4.0 

5 

2 

X sequence 

Ci 

2 

10 

5 

6 




1, 3, 4, 2 

Ti 

1 

8 

1 

0 

2.5 

8 

0 


If one is fortunate enough to encounter a problem in which due-date sequencing 
can satisfy all the jobs’ due-dates (the maximum tardiness equals 0), then it may be 
that there are other sequences that also satisfy due-dates but that are in some other 
sense preferable to the due-date sequence. If this secondary criterion is the minimiza- 
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t.o„ of mean flow-time, then a sequencing procedure can be based on the following: 
Theorem 3—5. fSmith iqsa rifi 7 i i ,° 

( S ubj» to the condition the 

(a) d K ^ Ph 

i— 1 

(b) Pk s; Pi for all / with </,- ^ Pj. 

have nonzero tardiness and if the job hasTh P ° Slt ’ 0n ° nly if this does not cause it to 
Ms .h* COM be in ° f “» « 0f ■" 

Proof. Consider a schedule that has the following properties- 

l; the maximum tardiness is zero; 

2 ) job * in position n, satisfies conditions (a) and (b) of the theorem. 

either makes a job late, Tnd^orincrerslftL^me^fl thatdisplaces K from Position n 
job /, in an earlier position; si° bSerVe ** n ° ° ther 
PJ - Pk, m which case interchange of /and KW im conc | ltl ^ ns ( a ) and (b), unless 
then the interchange of/and ^wilfmake /h lmmatenal - Ifyd °cs not satisfy (a). 

If/does not satisfy (b), “nlpT<T whichis Prohibited 

the sum of flow-times by v( P k - P j )' * he mterchan g e of /and *will increase 

^XSd^ - d „e-dat e constraint, 

of due-dates, is developed recurs”dy by^SecL^S fo ^‘ 0 ** 8atisfactio n 
n - 2, etc. The job with the mti nl • ® Job for P oslt,on «, then n - 1, 

dates not smaller than the compIetion-time < of S thfioh 6 fr °™ ^ ° f JObs with due ' 
to be the sum of the processing-times of all jobs’) i *” P°f d ° n n (known in advance 
Person makes this selection, he knows the 


'In— 1 ] 


«=1 


Piny 


jobs with due-datesnot smaller rhariT'' 1 ' ""is mf 'l P r ° eessin S-time from the set of 


Job 
2 3 4 


di 

Pi 


24 21 8 5 10 23 
4 7 13 2 5 
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Due-date sequeneing of these jobs 

an appropriate P r . 0 ^ g ^ due -dates not less than 22, so one of 

processing-times is 22. Onlyj ejected since p Q > Pi- Excluding job 6, the 

must go in posit,on ‘ 5 ' mmmm is 17. Jobs 1 - 2 are 

*>eLd. Continuing in .«• —• »»« *«« 

the sequence 3, 4, 5, 1, 2, 6. 

« ,,ANDOM SE « UENC,NG „ of ,U iot, 

A useful standard in n/1 se ^ uencln! = U b used here the randomness pertains to 
(abbreviated RANDOM* £ lb. “£ dSbera.. and >7—«■ »*■? « 
the processing-times. The sequencing y nr0C essing-time, and the process is still 
attribute of the job that is independe P xamp)e assuming that the due-dates 

characterized as random^sequencing. due-date sequencing is, for present 

in a problem are independent of sequencing is not. 

purposes, effectively random seque g. entirely deterministic, so that repeated 
Although previously the situation has produce identically the same 

application of a given rule to a ^ provision for breaking 

schedule (assuming that 8 C ^J^dules from repeated a PP lication ° f the ^ 
ties), we must now expect different scheou ^ for aU „ jobs are now 

The flow-times of individual jobs a flow-time is associated with 

random variables. A distributron ot . « »“ ""T.fie „p.c,.d .«!»« of 

random sequencing; in particular we are concer 

tEp mean flow-time. , c 

jobs is , . 

«n - '^y~ 

it , specific «. »f » jo* U known and J> 1. lh= « «' 

It is . 1 

E(F) = —f-P> 

Proof. Mean flow-time in an n/1 problem is given by 

f — I (n — i + 
ft i— 1 

If we regard the processing-times as random variables, then 

E(F) = - (n —■ i ^)E(P[i])- 
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Since the individual processing-times are identically distributed and jobs are assigned 
to a position in sequence in a manner that does not depend on the value of processing¬ 
time, 

E(p [U ) = E(p l2] ) = • • • = E(p ln] ) = p, 

m = i±(n-i+i) = -± 1 P- 

i— 1 

If a particular set of n jobs has been selected and the processing-times are known, 
then the situation can be regarded somewhat differently. The mean flow-time is a 
sum of n terms, each term being the product of one of the given processing-times 
and a coefficient which is determined by sequence. Thus 


F = - (Yipi + Y2P2 "T * ■ * T" Y n Pn)' 

n 


The coefficient assigned to a particular job depends on the random process of 
sequencing and may be considered a random variable, so that 

E(F) = l - (j>iE{Y{) + p 2 E(Y 2 ) + • ■ • + PnE(Y n )). 


Consider job 1. If it is assigned to position 1, then Y 1 = n; if assigned to position 2, 
then Y x = n - 1; . . . ; if assigned to position n, then Y x = 1. One can interpret 
random sequencing as meaning that job 1 (or any other job) is equally likely to be 
assigned to any one of the n positions, so that Y x will take on one of the values 
1, 2, . . . , /?, each value having equal probability: 


E( ro = i 1 + - 2 + - 3 + 
v 7 n n n 


, 1 n + 1 
+ - n = —=— 
n 2 


The same argument applies to each of the jobs and each of the Yi, so that 
E{F) = EiYip-iPx + P2 + --- + Pn) = !L y ~V- 


Trivial variations of this argument will show that for random sequencing: 

a) the expected value of mean waiting-time, 

E(W) = 5-=^ 7, 

b) the expected value of mean lateness, 

E( I) = p - 

c) the expected value of the mean number of jobs in the shop, 


E(N( 0, F max » = 


2 
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3-5 PROPERTIES OF ANTITHETICAL RULES 

We call a pair of scheduling procedures antithetical if they produce opposite sequences 
in an n/l problem; that is, R and R' are antithetical if the job that is assigned to 
position i by R is assigned to (n — i + 1) by R'. The obvious and most important 
example of a pair of antithetical rules is the shortest-processing-time rule and the 
longest-processing-time rule. What makes antithetical rules worth considering is the 
interesting property that for the primary measures of performance they are symmetric 
about the expected value for random sequencing: 

Theorem 3-7. In an n/lfF problem, if R and R' are antithetical rules, then the 
mean flow-time under R is related to the mean flow-time under R' in the following 
way: 

+ ^r' = (n + 1)^. 


Proof. If [/] represents position under R and [/]' position under R', then 

= \ L “ ' + Uph] = \ s (» + \ L *>[*■]’ 

i— 1 i— 1 1 i= 1 

= \ 12 ( n ~ 1 + *)Air = \ Yj (» - i + l)/> [B _ i+1] = t ip lih 

i=l i= 1 t =1 

^ (n + = (n + 1 )p. 


Similar argument will establish the same symmetry for mean completion-time, mean 
waiting-time, mean lateness, and the mean number of jobs in the shop. 

The result is illustrated in Fig. 3-5. 


For any pair of antithetical rules, R and 
R', the distances x and x' are equal. For 
the particular pair, shortest-processing¬ 
time/longest-processing-time, x and x' 
take on the maximum possible value for 
the given problem (Theorem 3-2). 


Fig. 3-5. Mean flow-time under antitheti¬ 
cal rules in an nf 1 problem. 



The next question is of course the magnitude of x and x max * These values are 
peculiar to a particular problem and depend on the differences among the n values of 
processing-times. If the processing-times of the n jobs are all equal, then the mean 
flow-time is identically the same for each of the n\ possible sequences. If there is at 
least one pair of jobs with different processing-times, then the selection of sequence 
can affect the mean flow-time. A relationship between mean flow-time under SPT 
and the distribution of processing-times is given by Theorem 3-8. 
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Theorem 3-8. In an «/l//F problem, if the processing-times are assumed to be n 
independent, identically distributed random variables, with distribution func¬ 
tion G(p) and expected value p, then the expected mean flow-times for SPT and 
LPT sequencing are given by 

E(Fspt) = np - (n - 1 )£>, F(F LPT ) = P + (n - l)Q, 

where Q = f" pG(p) dG(p). 

Proof. It is simpler to consider LPT sequencing first, and then to use Theorem 3-7 
to obtain the SPT result. 

We shall depart from our standard notation and use a capital P for processing¬ 
time, to denote its character as a random variable. Further, we shall assume that 
the n values of P that constitute a particular problem have been renumbered so that 
Pl — p % = * * * = P n - The LPT sequence will take the jobs in reversed order: 

y LPT = \ S (» - i + Wi] = I'E iP ’’ 

i=l 1 i = i 

£(Flpt) ^ 

i—l 

From the theory of order statistics,* the differential of the distribution function of the 
ith ordered processing-time is given by 

dG,<P) = (T~ l)”(n - 0! - G(.P)T~ l mp). 

The expected value of the ith job processing-time is 

E(Pi)= rpdGiip), 

Jo 

poo 

£ ( F L p T ) = J g ij o P (G(p)y-\\ - G{p)Y-' dGO). 

Reversing the order of integration and summation, we have 

/•00 

F(Plpt) = l ] o ^ (G(p)y-H\ - GO))"-'dGO). 

When we lety = / — 1 and factor out n, the inner sum is 

1 ) Jiff- 1 - j)! ( G< P)) J 0 ~ GOO)”- 1 - 5 ' = n(n - l)G(p) + n, 

£(F lpt ) = f" p{{n - l)G(p) + 1) dGO) = p + (n - 1) J°° pG(p ) dGO) 

= P + (n - 1 )Q. 


:^; L ;; T0hnS0n ’ and S * C * Leone > Statistics and Experimental Design (New York: Wiley, 
1964), II, Chapter 6. ^ 
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Theorem 3-7 gives Fspt' + F L pt = ( n + 1 )P- Taking expected values does not 
alter this relationship: 


£(Tspt) + -E'(Tlpt) — ( n ~h OA 

£(F SP t) = (n + \)P ~ P ~ (n - 1)2 = np - (n - 1 ) 2 - 

In general, Q cannot be conveniently expressed in terms of the moments of the 
distribution of processing-times, G(p). However, values can be obtained for specific 
distributions. For example, the Erlang distribution is often used as a model for a 
source of processing-times. The density function is of the form 


g(p) = 


(k/p) p —iipip 

(k - 1)! ’ 


p > 0, 


where p is the mean and p 2 /k is the variance of the distribution. With k = 1, the 
Erlang distribution corresponds to the exponential distribution. As k increases the 
variance decreases, retaining a right-skewness. With infinite k 9 the Erlang distribution 
is a point distribution with value p for each variable. Values of Q for different Erlang 
distributions with p = 1.00 are given in Table 3-2. Expected mean flow-times for an 
11/1 problem with Erlang-distributed processing-times are given in Table 3-2 and 

Fig. 3-6. 


Table 3-2 


Expected Mean Flow-Times with Erlang Processing-Times 
p = 1 , n = 11 


Variance, 


n 


E(F«. pt ) 


E(Flpt) 


E(Frandom) 
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E(F) 



fi 8 A 3-6 \, ExpeCted mean flow ' time for an F'g- 3-7. Conceptual relationship between 
11/! problem with Erlang processing-times; quality of estimates of processing-times and 
p ~ expected mean flow-time for SPT sequencing. 


3-6 SPT SEQUENCING WITH INCOMPLETE INFORMATION 

So far we have been assuming that the job processing-times are known before pro¬ 
cessing takes place and that this information is available to the scheduling process. 
However, in a majority of practical scheduling problems the processing-times are not 
known precisely until after the event, and scheduling decisions are at best based on 
a priori estimates of the processing-times. 

Suppose that the jobs of an nf 1 problem all have different processing-times and 
are renumbered so that 

Pi < p 2 < • ' * < p n - 

Now suppose that X i9 X 2 , . . . , X n are a set of a priori estimates of the processing- 
times on which SPT sequencing is to be based. That is, the jobs will be sequenced 
so that 

^ X m ^ ^ X ln] . 

At least in concept the situation is as shown in Fig. 3-7. If the Z’s are perfectly cor¬ 
related with the p s, then the optimum SPT sequence is obtained. If the Z’s are 
independent of the p’s, the result is random sequencing; if the Z’s are inversely 
correlated, the result is LPT sequencing. In general, it should not be unreasonable to 
expect estimating procedures to fall somewhere between perfect correlation and 
independence, since there is usually an opportunity to obtain the p’s after the fact 
and refine the process. Unfortunately we have not yet been able to obtain the actual 
relationship suggested in Fig. 3-7 for any interesting model. 

Note that the necessary condition to obtain the optimal sequence is that [i] = i 
and not that X { = p im That is, the estimates do not have to be perfect; they need 
only be sufficient to obtain the appropriate relative ordering. A consistent bias in the 
estimates has no effect whatever on the quality of the schedule, and errors of estimate 
that are small relative to the differences between the p’s are of no consequence. 
Estimating processes with reasonable degrees of precision will produce Z’s that will 
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Table 3-3 


Position in 

Coefficient in sum 

Probability of 

sequence 

of flow-times 

occurrence 

1 

n 

fi (1 - Gi(p )) 

1 = 1 

2 

n — 1 

[gm n o- j 

3 j=£I i=£IJ 

. \ 

3 

n — 2 

n (i - G,(p))\ 
& ft v w,. ’ 

n 

1 

n 

II Ga(p) 

k = 1 
k=fcl 


correctly order the jobs when the differences between then’s are large and ordering is 
important, and will yield A”s that result in misordering only when the differences 
between the p's are small and order is less important. 

One model that can be used to study this problem is obtained by assuming that 
each job i draws its processing-time from a separate distribution with distribution 
function Gi{p) and expected value p t . Suppose that the p t are known and that the 
jobs are so numbered that 

Pi ^ P2 ^ ^ Pn- 

Suppose that the actual processing-times, Pi, are not known and that the pi are used 
to order the jobs. (This is not an unrealistic situation: lacking the actual processing- 
time of a specific job, one uses the historical average processing-time for similar jobs.) 
Let N be the sequence with the jobs in numbered order (SPT using pi), 

= \ Yj ( H ~ 1 + X ^ Pi ’ 

i— 1 

Let S be the optimal SPT sequence with 

1 n 

Py 11 S Pm • • SS p ln] , p s = - 2 (« - * + Wii- 

i— 1 

When we seek an expression for E(F N — F s ), E(F N ) is obvious: 

£( ? n) = l - E (»- *' + da. 

i— 1 

but E(F S ) is much more difficult. Since each processing-time is a random variable, 
under S it is possible for any job to appear in any position, although some configu- 
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Table 3-4 


Position in 
sequence 

Coefficient in sum 
of flow-times 

Probability of 
occurrence 

1 

4 

(1 - Gi(p))(l - C 2 (p))(l - Gi(p)) 

2 

3 

Gi(p)(l - <?2(p))(l - GAP)) 



+ G 2 (j>)( 1 - G x (p)){ 1 - G 4 (p)) 



+ G 4 (p)( 1 - GiO))(l - G z (p)) 

3 

2 

Gi(p)G 2 (p)( 1 — G 4 (p)) 



+ Gi(p)G 4 (p)(l — G‘2(p)) 

A 


+ G2(p)G 4 (p)( 1 — Gi(p)) 

4 

1 

G i(p)G2(p)G 4 (p) 


rations would be highly unlikely. Consider a particular job / with processing-time 

Fl Z lZ ln p0sltl0n *> J° b 7 has coefficient n ~ i + 1 in the sum of flow-times The 
probability associated with each possible value of the coefficient for job / is given 
in Table 3-3. For example, with * = 4 and / = 3, these expressions become the 
values shown in Table 3-4. The expected value of the contribution of job I to the 
expected value of the mean flow-time under S is obtained by taking the expected value 
of the probability distribution in Table 3~4 for a given value of p, and then taking the 

expected value with respect to the distribution GAp). The value of this contribution 
IS given by the following: 

Theorem 3-9 1 n an nj\jjF problem, if each processing-time, P it is a random 
variable with distribution GAp), and the jobs are sequenced in order of increasing 
processing-time, then the expected value of the contribution of job I to the expected 
value of the mean flow-time is: 


Ql=P '~hJ 0 P 


2 G i(p) ) dC/Q?), 


where pi = F(P 7 ). 


1 

*V/ 


Proof (by induction). For n = 1, the expression given is Q x = p f . Since job / is the 
on y job, the expected mean flow-time is the expected processing-time of iob / 
so the expression holds for n = 1. 

Assume that the expression holds for n jobs, one of which is job /, and consider 
the case in which another job is added to the set of jobs. For a given value of p (the 
processing-time of job I) let h iin (p) be the probability that job / occupied position i 

n m de /?u- Seq u enC M,T hen there were " J° bs in totaI > and Kn + Ap) be the prob- 
abi u t3 L^ at thlS J ° b W1 be m posltlon 1 when there are n + 1 jobs in total. The 
probability that job / would occupy position i with n + 1 jobs can be found by 

multiplying the probability that job/was in this position with n jobs and the probabil¬ 
ity that the additional job has a processing-time larger than p, and adding to this 




42 FINITE SEQUENCING OF A SINGLE MACHINE 


3-6 


figure the product of the probability that job I was in position i - 1 with n jobs and 
the probability that the additional job has a processing-time less than p. Thus 

hi, n+ i(p) = h i>n (p)( 1 - G n+ i(p)) + hi-. lt n(p)Gn+i(p) for i = 2, 3, . . ., n. 

For the special cases at the beginning and end of the sequence, 

hi, n +i(p) = hi,n(jp)0- ~ G n+ i(p))> 
hn+i'H+li.P) = hn,n(P)Gn+l(P)- 

For a given value of p (the processing-time of job /), the expected value of the coeffi¬ 
cient for job I in the expression for mean flow-time for n + 1 jobs is 

(n + 1 — i + l)hi,n+i(p)- 

1 

Substituting for /f*>+i(P) in terms of hi >n (p ), we have 


2^* (»+!-*'+ l)A<,«+i(P) = L (" - 1 + + o “ 

i= 1 l==l 

Let Qj n) and Qi n+1) represent the expected values of the contributions of job I to the 
mean flow-time with n jobs and n + 1 jobs, respectively: 

1) = -— / p V (n + 1 - / + l)hi, n +i(p) dGrip) 

^ 1 n + 1 Jo ^ 

pOO 

= _J— qT + —Lr / p(l - Gvh-iOO) dGiO’) 

W + 1 W + 1 Jo 

poo 

_ fiS*’ + -^T - ttTt / dG,(py 

n + l n + 1 n + 1 Jo 

Recall the induction assumption that the expression of the theorem holds for gr 

qT + l ' = Pi - —in ( p (it g ^A dG;(p) - 


e^ +1) -*-irrio p 


The expected mean flow-time under S is 

n n i , J 1 . 

£(F S ) = L 2i = L A - G](p) dGi(p) 


:1 Z=1 


i=l ;==i 


=±p<+l±[ ^-U # (g «*>) d (| Gi(p) ) ■ 

1 t=l 

The expected value of the effect of imperfect knowledge of the processing-times on 
the mean flow-time—that is, the expected increase in mean flow-time if one sequences 
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by the expected values of the processing-times rather than the actual processing- 
times—is 

E(F n ) - E(F S ) = 1(^2 0 - 0 Pi - 1b f pGi(p)dGi(p) 

y=1 »=1 Jo 

+ J 0 p (zj Gi(jy)j d (1b Gi(p)J ^ . 

This difference depends entirely on the distributions from which the processing-times 
are obtained, and although the difference does not reduce to a simple expression, 
it can be computed from the distribution functions of a particular problem. 

3-7 SEQUENCING AGAINST WEIGHTED MEASURES OF PERFORMANCE 

In most cases, jobs are not all equally important, a fact that is reflected in the measures 
by which schedules are evaluated. We shall assume that a value m is given for each 
job to describe relative importance, and use these values as coefficients in performance 
measures. Mean weighted flow-time is given by 

a - \ 1b 

i= 1 

but one could just as well use 

77 'YbH— 1 UiF{ 

t u , = -- , 

EL= 1 ui 

since the ^divisor in either case is a constant independent of sequence; however, we 
shall use F u for convenience. 



Fig. 3-8. Graph of n/\ ratio schedule. 

Figure 3-8 shows a schedule similar to that of Fig. 3-3, except that the rectangle 
for each job has height proportional to w*. The diagonal vector for each job has slope 
-Ui/ Pi . The total weighted flow-time is the sum of the area of the blocks and the 
shaded region under the blocks. The area of the job-blocks is again a constant, and 
the shaded area is minimized by arranging the jobs so that the job-vectors form a 
convex curve, as shown. This is accomplished by ordering the jobs so that 

Em < Em ^ ... < Em . 

“ ^ 2 ] ~ = u [n] 
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The optimality of this generalization of SPT sequencing is shown by the following 
theorem, a generalization of Theorem 3-2. 

Theorem 3-10. (Smith 1956, [187]). In an n/l//F* problem, the total weighted 
flow-time £"=i u,F; is minimized by sequencing the jobs so that 

Pi U < Pi 2] < . . . < EM , 

U[ i] U[ 2] U[n] 

and it is maximized by the antithetical procedure. 

Proof. Consider a schedule S that is not ordered by increasing p/u ratio. There is 
some position k such that 

Pm > Pik+ 1 ] . 

U[h 1 W[fc+U 

Let K and K! be the numbers of the jobs in the /cth and (k + l)th positions in S, 
respectively. Let S' be a schedule that differs from S only in that job K! is in position 
k and job if in position k+ 1. The first (fc - 1) and the last in - k - 1) jobs have 
exactly the same completion-time under S and S' and make the same contribution to 
total weighted flow-time. Schedules S and S' differ only in the flow-times of jobs K 
and K'. If t = Zti Pw> then these flow-times, appropriately weighted, are the 
following: 

Under S: urFr = — uk(1 + Pk)> 

Ur'Fr' — u [k-\-l]F[k+l] = UK r (t ~b Pk "b pK'f 
Under S': urFr — w [&+i]^[fc+i] = u k0 + Pk’ + Pk)> 

ur'Fr' = U[k]F[k] = UR'(t + pk')- 

Eliminating common terms, this reduces to: 

Under S: uk'Pk • 

Under S': urPk'- 

Jobs K and K ' were selected initially so that urPr> < ur<Pr ; hence S' represents an 
improvement over S. 

Many of the earlier results can also be generalized to include the coefficients. 

1) Mean weighted lateness and mean weighted waiting-time are minimized by p/u 
ratio sequencing. 

2) For sequencing that is independent of both the processing-time and the weight U{, 
the expected value of mean weighted flow-time is 

Uj X)?=l Pi ~b S?=l U iPi . 

2 n 

if a specific set of n jobs is known, and 

n + 1 A A 
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if Ihe Frocessing-lime 8 are considered independent identically distributed random 

ti nn b ? t W hVn PeCte , d Va ’ Ue . A and the we ’g hls are considered independent iden- 
tically distributed random variables with expected value u . 

3) If R and R' are antithetical procedures, their mean weighted flow-times are related: 


Ar + F u r. = 

n 


= 1 UiPi 


An obvious method of sequencing in this case (and probably one often followed 
in practice) is to consider the weights alone; that is, to sequence so that 


U ll] = U [2] ^ ‘ ^ U { . 


ny 


It is interesting to determine what the results of this procedure are with respect to 
mean weighted flow-time. Several special cases are obvious from Theorem 3-10: 

1) !f all the processing-times are equal, then we have the same ordering as the »/« 

ratio and hence this sequence is optimal. P 

2) If the weight is directly proportional to the processing-time { Ui = *»,) then the 
p/u ratio is the same for each job and all orderings are equivalent. 

e 3 L I i t i, P °eTl bI != f ™ h ) a SeqUgnCe *° be antithetical t0 the °P timal sequence. (For 

In general, suppose that the Pi are independent identically distributed random 
variables with expected value p, and the are independent identically distributed 
andom variables with expected value ft (with i H and Pi uncorrelated). Suppose that 
the jobs are numbered so that 


Ui ^ u 2 




Let N be the sequence in which the jobs are in numbered order. Then 

l " ■ " 

n 


= u ‘ F i = :E Ui 2 pj, 


*= 1 3=1 


Ar, n) = l n F (t ^ ■ 

We can use Theorem 3-8 to give an expression for E(Z’U «/,) by substituting u for p: 
E (& '"*) = ~ (,z ~ whe re Q u = f uG(u)dG(u), 


E( f uk) = npii - p{n - 1 )Q„ = ^±33 _ fi(n _ |} ^ __ . 

The first term on the right is the expected mean weighted flow-time for a random 
sequencing of the jobs. The second term on the right is always nonnegative since it 
can be shown that Q u £ (ft/2) (with equality only for a degenerate distribution in 

3il! C , h a ,‘ Va U£S are , e< ? ual) ' Th,s shows thal ta king the jobs in order of decreasing u 
lesult, in geneial, in a smaller mean weighted flow-time than would be obtained^ 
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a random sequence. Of course, if the criterion is mean unweighted flow-time, and the 
Pi and Ui are uncorrelated, then ordering the jobs by u is random sequencing. 

The problem of minimizing mean weighted tardiness, 


= i V UiT; = i Ui max(0, Li), 


has been the subject of considerable recent work [51,70, 118, 133, 171,,181, 182], 
certain special cases have been solved, and some interesting bounds and limits have 

been obtained, but the general problem remains open. 

For a given problem of this sort, one might first try sequencing according to due- 
date This will, of course, minimize the maximum tardiness and if this maximum 
happens to be zero, then T u is also zero and the sequence is clearly optimal. Failing 
this? one might try sequencing by increasing p/u ratio which will minimize the 
mean weighted lateness. If the result is that every job has nonzero tardiness, then 
tardiness and lateness are equivalent and the sequence optimal with respect to T 
Unfortunately, for the interesting problems m which the due-dates are neither so 
generous that all the jobs have zero tardiness nor so difficult that all the jobs have 
nonzero tardiness, no generally optimal procedure is known. 

Schild and Fredman [181] have given an adjusting procedure that^begins wth a 
p/u sequence and seeks interchanges to reduce the value of T u Thls a PP“ rs 
produce good schedules but it cannot in general guarantee an optimum. The follow¬ 
ing is a restatement and explanation of their procedure. 

Assume that a set of jobs is so numbered that 


£i g Pi 

U\ — u 2 


< .. < 


u. 


and that it is initially sequenced by job number. Let / be the first job that has 
tardiness. (If there is no such job the sequence is optimal and the procedure is te 
nated) Let T u be the sum of the weighted tardinesses. T u will not be improved 
by interchanging job / with a job f earlier in the sequence 0 < /) or by S .mply movmg 
job /up to an earlier position in the sequence (sincejob /makes no contribution 
further reduction in F, is of no value, and one or more other jobs wi 1 bedelaycwh 
possible increase in their contribution to T u ). However, it is possible that/co 
moved to a later position so that one or more other jobs could be advanced with a net 
reduction in T u . The strategy is to seek an appropriate job J, which is after I in the 
initial sequence, and insert it between / - 1 and /. The flow-times m the revised 
sequence would be 


FI = Fi + pj> 

j —i 

Fj = Fj - X) P’ 


/ g i <J, 


i—I 


Ft- 


i < I and i > J . 


The amount by which job I can be postponed without increasing its contribution to 
T u is (flj - Fi). 
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The contribution to T u of the jobs between / and J in the revised sequence is 


E Ui max(0, Fi - a { ) 

%==I '^4 / J-i \ 

= z2 u i max (F* + Pj - <* i9 0) + Uj max ( Fj - X) p { - a j9 0 ) . 

*w x t w / 

The change in T u is given by 

\ 

z r(7) = XJ Ui max(F* + pj - a* 0) + uj max (F/ - E - a j9 0) 


— E max C^' — a i> 0) — uj max(F/ — a j9 0), 


which can be rewritten as 


z i(J) = E ( max C^ + Pj — <*i, 0) - max(F,- - a i9 0)) 


/ j -i 

("-£ 


+ uj max [Fj - Pi ~ uj 9 0) - max(F/ - a J} 0) 


t f —X < 7 — x 

z i(J ) = X] Ui P J + X) «»( max C^ - a u -pj) — max(Fj - a i9 0)) 


J -1 

E u JPi + H/ 


^max ^ 


Tv - a/, E “ max(F/ - a/, 0)^j 


' J —X ^—1 J 1 

z i(J) = E Ui P J - X] Ui m ^ n (pj> max (F - F*, 0)) - % E F 

i=I i—I i—I 

+ Uj max(<3/ — Fi, 0). 

The individual terms in this final form may be interpreted as follows: 

UiPj Each job from I to / — 1 finishes pj time units later under the 

revised sequence. The T u is increased by this amount, assuming 
that each of these jobs was already late in the original sequence. 
If not, the correction is given by: 

Uirmn^pj, max(a t ' — F i9 0)). The penalty Uipj is not fully incurred if job i was not 
late in the original sequence: 

If Fj = (Fj + Pj) 4 cij, then u^j is not incurred at all. 

If Fj 4 Qj < (Fj + /?/), then the portion of Ujpj not incurred is 

Ui(cij - Fi). 

ujZU Pi The contribution of job J to T u is decreased by the product of u j 

and the processing-time of each job that it displaces. 

Uj ma x(aj — Fj , 0) The decrease in the contribution of job J to T u continues only 
to the point where this job becomes early, if this occurs. 
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This expression is exact, it gives the actual change in T u that will result if a change in 
sequence is made, but as a working procedure it is convenient to use a simpler expres¬ 
sion that provides only an upper bound on the change by assuming that all the jobs 
between I and J are late in the original sequence. Then 

min(/?./, max(fli — 7q, 0)) = 0 for /</</. 

Also, since ai > Fj by the way that job I was chosen, 

min (pj, max(tf 7 - F/, 0)) = min (pj, a/ - Fj). 

The resulting expression is 

j —i J -i 

Z}(./) = Pj X) Ui “ Uj a i “ ~ U J S Pi 

i=/ i=I 

+ Uj max(aj - FJ, 0) ^ Z/(7). 

The Schild and Fredman procedure is as follows: 

1) Initially order the jobs by p/u ratio. 

2) Find the first job in the resulting sequence with Fi < ai . Call this job /. 

3) Evaluate Zj{k) successively for jobs following I in sequence —k =7+1, 
/ + 2, ... If a k is encounted such that Zj(/c) < 0, then move job k in front of job 
/ in sequence. 

4) Repeat steps 2 and 3 as long as changes are encountered. 

While this procedure can sometimes effect an improvement in a sequence, it does 
not guarantee an optimal sequence, as shown by the following example. 

Job 123 

p 13 7 

u 2 5 11 

a = d 6 5 10 

Sequencing by due-date (2, 1, 3) does not complete all jobs on time: T 3 = l;T u = 11. 
Sequencing by p/u ratio (1, 2, 3) does not complete all jobs late: T x = 0, T 2 = 0; 
T u = 11. The Schild and Fredman procedure cannot find an improvement in the 
p/u ratio sequence: 

Zj(2) = 6 — 6— 5 + 10= 5, 

Zl(3) = 49 - 10 - 44 + 33 = 27, 

Z' 2 ( 3) = 35 - 5 - 33 + 22 = 19. 

However, a better sequence exists: (2, 3, 1) gives T u = 10. We should note that the 
failure of the procedure is not due to the use of Zj(k) as an approximation for Z T (k), 
but is due to the inadequacy of pairwise comparison for this measure of performance, 
as discussed earlier in Section 3-2. 
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3-8 SEQUENCING WITH MULTIPLE CLASSES 

A class structure can be superimposed on the simple sequencing rules considered up 
to this point by requiring that a certain subset of the jobs be placed first, in some 
order; the jobs of another subset next, in some order; etc. A discipline of this type 
has three components: 

1) a rule for partitioning the n jobs into distinct, mutually exhaustive subsets called 
classes, 

2) a rule for specifying sequence among the classes, 

3) a rule (or rules) for specifying the sequence of jobs within each class. 

For example, a manufacturer might have some jobs for specific customer orders 
and some jobs for stock replenishment. He might decide to do the customer jobs 
first, say in SPT order, and then the stock jobs, also in SPT order. It is clear that this 
discipline will have greater mean flow-time than simple SPT sequencing, but it also 
seems likely that it will be better than random sequencing. This type of overriding 
class structure is common, and it is interesting and useful to determine how its per¬ 
formance compares with the class-free optimal procedures. 

This can be done by studying a two-class model in which k of the n jobs are 
selected at random to be members of the preferred class, and in which the same 
procedure is used to determine the order of jobs within each of the classes. The overall 
(both classes) mean flow-time in this case is a random variable, owing to the method 
of class determination, and its expected value is given by Theorem 3-11. 

Theorem 3-11. In an w/l//F problem, if R and R' are any pair of antithetical 
rules, and F R and P R / are the respective mean flow-times, then the expected mean 
flow-time for a procedure in which k of the jobs are selected at random to be 
processed first (in order according to R) followed by the remaining (n — k) jobs 
(also in order according to R) is given by 

E(F k ) = (1 - a)F R + aP R „ 


where 

_ k(n — k) 
a n{n — 1) 

Proof. Mean flow-time can be written as 

_ in 

F * = nZ Y *P<’ 

i= 1 

where the coefficient Yi is one of the numbers 1, 2, . . ., n determined by the position 
job i takes in sequence. This is a random variable in this case so that 

AA) = EiYdPi. 

i= 1 

We shall find an expression for E( 7;). 
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Assume that the jobs are renumbered in the order in which they would be processed 
under R. Since R sequencing is used in both classes, it is clear that the sequence is 
completely determined by giving the result of the selection; that is, jobs in each class 
are simply processed in number order. 

There are (?) ways of selecting k out of n jobs, and by the assumption of random 
selection, each of these is equally likely to occur. We shall compute Zij (the number 
of ways in which job number i can appear in position j in the schedule) and use 
z ij(k )~ 1 as the probability that job i will be in position j in the computation of E{Y X ). 

There are n jobs and n positions in sequence: 


Jobs: 

Positions: 


k + (n — k) 


Selected jobs 


Remaining jobs 


Consider first the case in which job i is selected, meaning that it goes into one of 
the first k positions. Out of all possible sequences job i will go into position j each 
time that there are also selected j — 1 jobs with number smaller than i, and k — j 
jobs with number larger than i. There are (}-i) ways to do the former and (?-}) ways 
to do the latter, so that 

For i ^ k, if i is selected, it cannot appear later than position /, so that in this expres¬ 
sion j — 1, 2, ..., i. For i > k, if i is selected, then j = k — (n — /), . . ., k. It is 
convenient to adopt the usual combinatorial convention that (*) = 0 if either 
y < 0 or (a — y) < 0. Then satisfactory limits on position are simply j = 1,...,/. 

If job i is not selected it occupies position k + j when j — 1 jobs of lower number 
are also “not selected” and n — k — j jobs of higher number are not selected, so that 


i — 1 


” V - 1 J\n-k- j) 

With the same convention, limits on j are again j — 1,...,/: 


E(Yi) = ^2 (n — j + 1) Prob (job i in position j), 


E(Y t ) 


:1 = Y 


(«- j 




*■-' +| >C - DC-*-,) 
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Let J — j — 1 and separate the summations: 


E(Yi) _ ^ 

n ~ Y-j 

/==o 




j - 11 ~ k v 1 ( J )C - k - r- j) 

n ~ " ~ 7 ~r 

J=o ( n 


-1 y X J )C~ * -i-j) 

n f-J 


/=o 


The summations can be eliminated by the use of two identities that are obtained from 
properties of the hypergeometric distribution:* 

£0C‘M“r> S'OCD-aC:*)• 


E( Yj) 

n 


_ fe -!), ( »- *>(» _ 11,) ft - w - ■)(;;,') 

cT 


«(« — 1) 


_ (■-*- 1 1,) 

«(« — 1) 


= - 4- ^__ ~~ OP' ~ 1) in - k)(n - k - 1 )d - 1) 

n ^ n ‘ 2 ( n ~ 1) /^T=T) “ 

E( Yi ) =(n-i+l)(l- + j Kn-k) 

V «(« - 1)/ ^ n(n - 1) 

= ("-»'+ 1)0 - a) + to, where « = . 

n(n — 1) ’ 

£(A) = - - 23 (« - ' + 1 )Pi + ~ y ipi = (1 - a)f R + aF K ,. 

t==1 *=1 


E. Parzen, Modern Probability Theory (New York: Wiley, 1964), 


page 164. 
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Recall from Theorems 3-6 and 3-7 that the performance of antithetical rules is 
symmetric about the expected mean flow-time for random sequencing. 

F r + F r/ = 2 F(Frandom)- 

From this and Theorem 3-11 the performance of a two-class rule can be given in 
terms of the performance of the rule used to sequence within classes and simple 

random sequencing: 

E(F k ) = (1 — 2 a)F R + 2q:F(Frandom)- 

The selection number, k, enters the result only in a. This term has the following 

characteristics: . . 

a) « is symmetric in k. This means that a situation with 10% preferred jobs has e 
same performance as one with 90% preferred jobs. 

b) « achieves its maximum for k = n/2 ; that is, the two-class rule gives its worst 
performance when the two classes are of equal size. 

c) The maximum value of a ranges from § down to approach i as n become^rge. 
This means that for large n the performance of the worst two-class rule is h y 
between the performance of the intra-class rule and random sequencing. 

d) The graph of « vs. k is strictly convex; the introduction of a preferred class causes 
more than proportional deterioration in overall performance. 

e) When either all of the jobs or none of the jobs are selected into the preferred class, 
only the intraclass rule is effective and E(F 0 ) = E(F n ) - F R . 

A typical graph relating performance to class proportion is shown in Fig. 



Fig. 3-9. Performance of a two-class sequencing rule in an n/1 problem. 


We have not tried to obtain comparable results for more than two classes, but 
presumably these results would fall between the two-class rule and random sequencing, 
since an increase in the number of classes further interferes with the ordering under 
The worst three-class rule should have poorer performance (in the sense of E(F)) 
than the worst two-class rule. 



CHAPTER 4 


FURTHER PROBLEMS 
WITH ONE OPERATION PER JOB 


There are several interesting and important problems which are similar to the n/\ 
one ™ n ^ eadlj ° b haS a sin § Ie "Potion, but which violate 

cases ^ n whTch th s°t t reStnCtl0nS ° f Chapt£r 1 The followin g *Wion S consider 
cases n which the setup-time is sequence dependent, the jobs do not arrive simulta- 

t u 0U ? y \ and the j obs have required precedence relationships. The final section of 

nmc h , aP ih r COn *' ders j he CaSe in Which tw0 or raore machines are used in parallel to 

hig chapters”' J ’ M 11 SerV6S aS a bridge t0 tHe ge " eral n/m P robIe ™ of the follow- 

4-1 SEQUENCE-DEPENDENT SETUP-TIMES 

There are some situations in which it is simply not acceptable to assume that the time 

im T i the faClhty f ° r the neXt t3sk is inde P end ent of the task that was the 

e un tin "th °” ^ ^ In fact ’ in some of ^ese cases the variationof 

f! ov T 'T lthse ‘l uence P rovld es the dominant criterion for evaluating a schedule- 
far overshadowing concern with average flow-time or lateness. 

Table 4-1 

__ Hours to Clean Equipment Between Colors 


Preceding 

color 


White 

Yellow 

Red 

Blue 


White 


Following color 
Yellow Red 


Blue 


0 

6 

8 

10 


A good example is found in the manufacture of paint. Different colors of paint 
are produced m sequence on the same pieces of equipment, which must be cleaned 
when the manufacturer changes from one color to another. Quite obviously the 
oroughness of the cleaning is heavily dependent on the color being removed and the 
color for which the machine is being prepared. For example, suppose that onTfour 
ors were invo ved, and that the cleaning times were as given in Table 4-1. There 
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are six different sequences for these four colors, and the total time to make the four 
changes required per cycle varies from 13 to 21 hours, as shown below. 


Sequence 


White-yellow-red-blue-white 

White-red-blue-yellow-white 

White-blue-red-yellow-white 

White-yellow-blue-red-white 

White-red-yellow-blue-white 

White-blue-yellow-red-white 


Total changeover time per cycle, hr 


13 

17 

21 

17 

20 

20 


There are many similar examples in the chemical and processing industries in 
which a facility operates on one product at a time, but on many distinctly different 
products in sequence. An interesting variation called the come-down, problem i occurs 
fn the rolling of steel strips. The rollers are slightly scored by the edges of the strip 
being rolled This causes no difficulty if the next strip in sequence is of narrower 
width but this scoring would mar the surface of a wider strip. e res 
changeover time is small so long as one comes down in width, but an increase in widt 
requires removal and regrinding of the rollers. The problem can be equally important 
with general-purpose machine tools. Certain jobs can have similar setups so that 
changing from one to another is simply a matter of adjusting stops and perhapsxhang 
ing tools Other jobs on the same machine could require an entirely different setap. 
For example changing a punch press from a setup for continuous-strip operation to a 
setup X fortadividual-ifiece single-step operation is much more time-consuming than 
I changes within these classes. There is evidence to suggest that setup similarity is given 
\more weight than any other factor in current industrial practice of sequence determi- 

'"^Where setup is assumed to be independent of sequence setup-time can be included 
in the processing-time p { . In this section we must separate the setup-time and introdu 

^ (similar to Table 4-1) in which represents the time to 
change over from job i to job j. It is often convenient to add an imaginary (« + 1)- 
\ job to the given n jobs to represent the idle condition of the facility, and a 0th P osltl °" 
\in the sequence to represent the preliminary idle state. The term tod) wou1 ^ be th ® 
toe required to bring the facility from idleness to a state ready to process the first 

JOb Ttedrcumstances are considerably altered by this change in assumption Where 
previously the total amount of time required of the machine was a constant^ ^de¬ 
pendent of sequence, it now depends on how the jobs are ordered. The flow-times 

now are given by 

Fti] = S[ 0 ],[i] + Pi u» 

F[ 2] = F[l] + 5 [1],[2] + Pi 2]> 

F[i] = + P\i]- 

Where previously the maximum flow-time was a constant and attention was 
directed to aggregate measures such as mean flow-time, now even the reduction o 
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maximum flow-time is a formidable problem: 

n n 

Fm ** = = Z + £ P[i] . 


»= 1 


*=1 


r-sssr *•—>• 

which « salesman mm, visit ead, of, citij“„ce™lld “nh olS mdreTum ““I*' “V" 
Of origin, and do so in a way that minimizes the total distance traveled for mod t°' nt 
or cost, etc.). Each city corresponds to a iob* and thp dkt^ u ^ • * imej 
spends to the time required to change over from one job 

problem stated above actually corresponds to an (n + l“ V nl' (T , g 
or preparatory state must be treated as a job.) Integra oneKv” 1106 
matrix 5 (distances, times, etc). The object is to finlan with ^ 

*ik = 0 or 1, / = 1,2,* = 

n 

^7b = 1, k = 1, 2,. . ., n, 

i= 1 


x: 


ik 


k= l 


!. i= 1,2,..., 


and such that S’ 1 ,.! x ik s ik is a minimum. Up to this noint the nrnhl • o. 
assignment problem * But for the , P pomt the Problem is the 

S 0 .„.ic„ ° f *“> >* * ™ 1 U 


10 0 0 
0 10 0 
0 0 10 
0 0 0 1 


0 10 0 
10 0 0 
0 0 0 1 
0 0 10 


10 0 0 
0 0 10 
0 0 0 1 
0 10 0 


'10 0 0 
0 0 0 1 
0 0 10 
0 10 0 


0 0 0 1 
0 0 10 
0 10 0 
10 0 0 


°f this (ype Mcen.i.,., 

on. of the J, « „“ b ,e 7 Pt.grmming fotms and 

ir?h 

The problem of sequencing jobs corresponds to a verv general form of the . i 
ing-salesman problem The matrlv y,.c,„ u y general form of the travel- 

ttotnjtHaojoby can^ in general, bedifferent°fro^thohiw joc^angeytveO'roni job) 
* G Had ' ey ’ Unear jamming (Reading, Mass.: Addison-Wesley, 1962), page 367. 
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waim 

SS3S3&=SZZ2S~ . . 

for its solution is not known. 

1 A “Branch-and-Bound” Algorithm for the Traveling-Salesman Problem 

An ingenious recursive computational procedure for the travel!ng-saliproblem 
te , recently been offered 

,i,»y, one pta the ongm.l probl « on the J^ ^ 

SETS Todgin.i problem h« been re.enled. Roughly .pe.king, the three 

routines are; ^ ^ . . 

1) A solution routine, which directly solves a problem from the list 1 t e pro em is 

„ A ™,n,e which repk.ce, . probien, too drfflcul, to solve wt.h two 

related subproblems. . 0 , 

One is given ,n ,,-cit, prob.en, b, » 

gives the distance (or cost, or time, etc.) o . - , i nte eers 1 2 

the problem, a tour of the cities, is given by a permutation of the integers , 

[1], [2], . . ., [«]• 

The value of a solution is the sum of the » elements from the S-matrix specified by 
the permutation 

-f • • • + S [n -l],[n] + s ln],ll]- 


5 [ 1],[21 + 5 [ 2 ],[ 3 ] 
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The optimum solution is that permutation which has minimum value. A particular 
arc, say from / to y, may be prohibited if one makes Sij infinite. Then if any finite 
solution exists, the permutation for the optimum solution will not include the ordered 
pair .. .i,j, ... . On the other hand, one can specify that a certain arc must be 
included in the tour, and be interested in the optimum solution, subject to the restric¬ 
tion that the permutation must contain the ordered pair (/, /). 

Each unsolved problem on the list of this procedure involves n cities. Of the 
n steps in the tour (ordered pairs in the permutation) of a particular problem, k of 
the steps may already be specified. One has to choose the remaining n — k steps in 
an optimum manner. It is also necessary to give, for each problem^on the list, a 
value, T, which is a lower bound on the value of all solutions, and hence on the 
optimum solution, to the problem. There are of course trivial lower bounds, such as 
the minimum element of S or the sum of the n row minima of S. The ingenuity of 
Little’s procedure lies essentially in the manner in which he constructs usefully large 
lower bounds on the problems on the list. 

Each unsolved problem on the list, then, is characterized by n — k , the number 
of unspecified steps on the tour, and T, the lower bound on the solutions to the 
problem. One can also assume that at least one solution to the original problem 
(the permutation 1, 2, . . ., n is a solution) is known at the outset, and can let Z be 
the value of the best solution known up to a given point in the procedure. (Initially Z 
may not be finite.) One attacks unsolved problems on the list in the following way: 

a) If n ~ k = 2, there are only two more steps to be specified; the solution routine 
is used to solve the problem directly. If the value of this solution is less than Z, then Z 
is set equal to this new value, and the new solution is recorded as the incumbent’“best.” 

b) If Y is greater than or equal to Z, this problem is incapable of contributing a 
solution any better than one that is already known, and the elimination routine 
removes the problem from the list. 

c) If neither of these conditions is satisfied, then the partitioning routine replaces the 
„ problem with two other problems: 

i) One of these problems has an additional step (/,/) specified and may also have 
an increased lower bound Y. 

ii) The second problem has the step (/, j) prohibited and certainly has an in¬ 
creased lower bound Y. 

So the problems appearing on the list have increasing lower bounds and/or an 
increasing number of steps specified. Eventually each problem is disposed of by 
using either the solution or the elimination routine; the list becomes empty, and the 
original problem is solved. 

The solution and elimination routines are obvious; the essence of the Little pro¬ 
cedure lies in the partitioning routine. This involves the notions of reduction and 
selection. Reduction is simply the process of obtaining at least one zero in each row 
and each column of S. One notes that, since every solution to a problem includes one 
and only one element from each row or column, then if a constant is either sub¬ 
tracted or added to each element in a row or column, all solutions will be equally 
affected; thus in particular the optimum solution will still be optimum. If one sub- 
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tracts a constant, h, from each element of a row or column in a problem S, one 
obtains a problem S' whose optimum solution is the same permutation as the optimum 
solution for S. Also Y' = h can be associated with S' to provide a lower bound on 
the values of solutions to the original problem that can be obtained by solving S'. 
One can continue subtracting an amount equal to the smallest element in each row or 
column until each column and row has at least one zero. The sum of these reducing 
constants provides an initial lower bound, Y, for the original problem. 

Say that a problem S, fully reduced, is being considered for solution by the 
partitioning routine. One is concerned with the selection of a particular path, say 
from i to y, that will be the basis for creating two new problems: 

1) Sij, the problem of finding the best solution from among all the solutions to S 
that include the step (i,j). 

2) S n(ijh the problem of selecting the best from among all the solutions to 5 that do 
not include the step (i,j). 

Since in problem S {j it has been decided to go from i toy, one can prohibit going 
from / to any other city, and prohibit arriving aty from any other city, by making all 
the entries in the ith row and the y'th column, except s ih equal to infinity. One must 
also prohibit the future selection of the element s jh by making it infinite also, since a 
tour cannot include and s j{ and still visit all n cities before returning to the starting 
point. Since these prohibitions may have eliminated some of the zeros of S, one can 
possibly further reduce S ij9 and thus establish a new and greater lower bound on 
solutions of 5 obtained by solving S#. 

In problem S n{{j) one prohibits travel from i to j by making sy = oo. Again, a 
further reduction of this modified matrix may be possible which will give an increased 
lower bound on solutions obtained through problem S n ^j). Now the objective of the 
selection of (z,y) is to make the lower bound on S n( ij) as great as possible in hopes 
that it can be discarded from the list of unsolved problems by the elimination routine 
without further partition. To accomplish this, one looks ahead at the reduction that 
will be possible in S n ^j) for each possible (z,y) and makes the selection such that the 
sum of the two subsequent reducing constants will be a maximum. It should be 
obvious that it is necessary to consider only the zero elements of 5 as candidates, 
since if a nonzero element is selected no further reduction of S n aj) will be possible. 

The procedure is perhaps more easily described by means of an example than by 
stating algorithms. Suppose one has a six-city problem specified by the matrix 5, 
given below, which can be reduced to <S , -( 16) by subtracting a total of 16 from rows 
and columns (a dash indicates a prohibited, or infinite, entry). 


S 


S-( 16) 


1 

3 

6 14 

2 3 

15 7 

20 5 


7 3 

6 9 

3 
5 

11 2 

13 4 


14 2 

1 24 

7 3 

9 11 

4 

18 


_ 

0 2 * * 

3 

2 

13 

1 

2 

_ 

2 

8 

0 6 

23 

3 

11 

- 

0° 

4 

O 1 

0 2 

1 

0 2 

- 

7 

9 

13 

5 

6 

O 2 

- 

2 

16 

1 

6 

o 1 

14 

- 
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At stage (1) of the procedure, the list consists of problem S-flfil the ,„h; *• 

z = 4 , T , ' solutl °n 1 2 3-4-5-6 is, of course, known so that at this point 

would be pos e sible P if S thml S * ° f ^.“ r0S ° f ^ 16 > indicate the reduction that 
woma oe possible lr that zero were prohibited. The ereatest nf i* * c i 

”* “ ^»«> «>»««. yie'if-i t tz: 


List, stage (2) (Z = 43) 

S25-(16) 

5„(2S)-(22) 


•S25-(16) 

)- 0 2 3 x 2 - 1 

r - - - o- 

3 ii - o° - o 1 

O 3 1 0 3 - - 9 

1? - 6 0 2 - 2 

16 1 6 0 1 - - 


Sn( 2S)-(22) 


0 3 2 
-06 


2 9 1 
6-21 
0 0 0 
- 3 9 


0 10-3 

13 5 6 0 - 
16 1 6 0 10 


tT 8e ( f 2) !, he list j consists of Problems S 26 -( 16) and £„ (25) -(22). Note that 5 

tand „«2 !“ V 4 in ‘ te Sh “« * to L 2nd “JS”’ 

SsiSSssSS skk&mb 

given as asuperscnpt Selecting element , 4l produces problems S as 41 -(19) and 
25,n(4 1 ) (19), 5 n(25) -(22) remains on the list from stage (2). 


List, stage (3) (Z = 43) 

Sn(25)<22) 

S25A 1-(19) 

5 '25,n(41)-(19) 


List, stage (4) (Z = 43) 

Sn( 25)-(22) 
^25 ( n(41)-(19) 

^25,41,13-(20) 
^ 25 , 41 ,^( 13 ) “( 22 ) 


5 , 26 . 41 -( 19 ) 


- o 1 o 3 


- - l 

- 0 - 
0° - o 1 


- 11 - 0° - c 

0 - _ _ _ 

- - 3 o 2 - 2 

~ 1 3 0 1 - - 

^25,41,13“(20) 


- 0 - 
- - o 12 

0 2 - 2 
0 ° - - 


S 25 ,»(4i>-(19) 

r 0 2 3 2 -1 

- - - 0 - 

p 10 11 - 0° I o 1 

4 1 o 4 - - 9 

10 - 6 0 2 - 2 

l3 1 6 0 1 -- 

•S , 25,41,»(13)-(22) 


11-0-0 

- 0 0 - 2 

1 0 0 - - 
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525,41,13,3 6” (20) 
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5 2 5 , 41 , 13 , 71(3 6 )" (3 2) 


List, stage v-V ^- 

5„(25)-(22) 

- - 0 - - - 
_ _ - - 0 - 

_ _ - - - o 

- - 0 

- o - 

525,«(41)-(19) 

- 0 - 

- - 

5 2 5,4 1, n (13) “ (22) 

o - - 


5 2 5,41,13,3 6“ (20) 

o - - - " " 


o-o 

5 2 5,41,13,n(3 6)“(32) 

_ _ o - - 

- 0 - o - - 

- 0 - 

o - - 


no, r , « r «— 

SSSSSSSXt .»<„ 4, and .3 •« «, in .he p,.h, 

* isr^XP-t .-.o,« ass 

partitioned on s 3 i to produce 5 26 , K( 4 i), 3 i;( 20 ) and ( b e CO mes empty 

problems can be discarded by the elimination routine so that thfc list becomes emp y 

and the problem is solved. 

e „ 525,rt(41),n(31)"(29) 

List, stage (7) (Z = 20) 5 2 6,»(4i).3i-(20) _ 


5 2 5,n(41),31“(20) 

S 25,k.(4 1) ,«(3 1)"(29) 


- 0 


2 - 0 

- 0 - 


o - - - - 


- 1 


11 

1 


One can conveniently show the partitioning of the various problems by means of a 
tree Fach node in Fig. 4-1 corresponds to a problem on the list. 

f p,p“ “ 

be partitioned. Which is preferable depends primarily on whether one expects to 

Um Stte y e ^?for the IBM 7090 and they cite 
computational experience ([123], page 986): “Problems up to 20 cities usually require 
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Fig. 4-1. Partitioning tree for the traveling-salesman problem. 


begInnins'to S he° ndS T m time Srows ex P one ntially, however, and by 40 cities is 


4-1.2 Solution of the Traveling-Salesman Problem by Dynamic Programming 

SiSS&SXRZgt 



2 ) 

3) 

4) 
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62 FURTHER PROBLEMS WITH ONE OPERATION PER JOB « 

choose any city, c a , as the origin. Suppose that one partitions the set of n cities into 
four exhaustive, mutually exclusive subsets: 

1) {cj, a set consisting of a single city, the origin. 

{c,}, a set consisting of a single city which is not the origin. 

{Cfc}, a set consisting of k cities, not c 0 or c*. 

{C(„_a set consisting of the remaining (n - k - 2) cities. 

In particular, suppose that one knows the ordering from an op 
and ending at c 0 . One could then choose a city and a subset {C k } of k cities so as 
to make the following statement: Starting at c„, on this optimal tour one^ visits each 
of the cities of {C (n _*_„}, in some particular order, and arrives at c„ with the cities 
of fa) still to be visited, in some order, before returning to c 0 . 

‘SI Lsid.tme only the porta of.ho tour from c, through the ota of 
and back to c 0 , one knows that this will be the shortest possible path from c, to c„ 
with intermediate stops at the k cities of {C*}. If this were no rtfc: case thenj'tho^ 
alterine the route allowed before reaching c f one could find a better path 
plSlng fte tour »„d hence a shorter tour, which would contradict the assump.ton 

' h ‘nLt S Z possible path from c, bach 

to c?™.h tarmSil slips a, the * cities of <d. Note to par«u„, to., when 

k — 0, then 

f(Ci> { }) = s io 

is iust a specific element from S, and if one allowed k = n - 1 and c; to coincide 
with the origin, then/(c 0 ; {C H ~v) wouia oe me icngi. f | tflincrease 

original problem. The essence of the procedure is to begin with k = 0 
k in steps of one. In traditional dynamic programming fashion, one begins at the 
destination (c„) and works one’s way backward, one city at a time, until the ong ( „) 
ic and the ontimal solution is revealed. 

For this problem the basic principle of optimality of dynamic programmi g 

states that v 

f{ci\ {C*}) = min (.v,:, + f{cf, {Ct} - {cy})j • 

Cj&{C k ) \ 

This savs that to find the best way of starting at a and returning to c„ after visiting 
Tcfties one fas to select the shortest of the * alternatives that star with the step 

pxnressed as the minimum of k - 1 choices, by reapplicabon of the basic recursl 
relationship^ 2 ve. Eventually one reaches the point at which the terms on the 

* SinCe the SolUti ° nS t0 ** Tnd e-ntf 

known, one cm begin here and build up solutions to the larger problems and eventu- 
ally to the n-city problem. 
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For example suppose that one is given a 5-city problem and city 5 is designated 

e origin. Then/(c 5 ; {c u c 2 , c 3 , c 4 j) is the length of the shortest tour and anv 
ordering that achieves this length is an optimal solution. My 

At stage (0) one computes the solution to the four problems with k = 0: 

Stage (0) 


k ~ 0 
4 problems 

f(cu {}) = s l5 , /( C2 ;{}) = , 25) /(C 3 ; { } ) = J3fi) f(c 4 ; { }) = s 45 . 

(k '‘m 6 0) m° ne e ? reSSeS the S0lUti0n t0 the P roblems with k = 1 in terms of the 
(k = 0) problems already solved: 

Stage (1) 
k = 1 

12 problems 

/(ci; W) = J 12 +/(c 2 ; {}), 

/(cii {c 3 }> = i 13 + /(c 3 ; {}), 

• f( c i> {c 4 }) = Xi 4 +y"(c 4 ; {}), 
f( c 2, {ci}) = j 21 +/(cj; {}), 

/(c 2 ; {c 3 }) = ,y 23 + /(c 3 ;{}) ; 


2 in terms of the 


/(c 4 ; {c 3 }) = s 43 +/(c 3 ; {}). 

At stage (2) one expresses the solution to all problems with k 
problems solved in stage (1): 

_Stage (2) 

T^2 

12 problems 

/Oi; {c 2 , c 3 }) = min(.? 12 + f(c 2 ; {c 8 }), j 13 +/(c 3 ; {c 2 })), 
f( c u { c 2 , c 4 }) = mm(j 12 + f(c 2 ; {c 4 }), s 14 +/(c 4 ; {c 2 })), 

/J Ci; {C3 ’ C4}) = min (^3 +f(c 3 ; { Ci }), Sl4 +/( C4 ; {<;,})), 

/(c 2 ; {Cl, c 3 }) = min(j 21 +/( Cl ; {c 3 }), r 23 +/(c 3 ; { Cl })), 

f(Ca; { . Cl ’ C4}) = min (* 2 i M), * 24 +/(c 4 ; { Cl })), 

/(cr; {r 2 , c 3 }) = min(s , 42 +/(c 2 ; {c 3 }), i 43 +/(c 3 ; {c 2 })). 

!I 0te rn at NT tage P f eS eV6ry ° ne 0f the P robl ems with k = 1 that was solved in 
should recorTwWdfr Whe " ^ f leCtion betWeen the terms on the right is made one 

Sl2 f{c 2 , {e 3 }) < v 13 +/(c 3 ; {c 2 }), 

/(di fe, cz}) =^ 12 +f(c 2 ; {c 8 }). 


then 
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We now know that whenever one is at Cl , with c 2 and c 3 still to Regardless,of how 
one anivedat Cl , one would, from Cl , go first to c 2 , then to c 3 , and then back to c 6 , 

traveling a distance/(ci; {c 2 , ^ 3 }) after leaving ci- nrn h1ems solved in 

Continuing, the stage (3) problems use every one of the problems solved 

stage (2) but none of the problems solved in stage (1): 

Stage (3) 


f(c 1 

/(c 2 


k = 3 
4 problems 

{C2 = mincL +f(c2', {c 3 , C4}), s 13 +/(c*; fo, c*}), *14 +/(^; (c*. c 8 })), 

{C ‘= min 4 (.V 2 l +/(CC (c 3 , C 4 }), *23 +/(C 3 ; {Cu C 4 }), *24 +/(C4i {Cl. C3»). 

/(C3; {Cl = mln(L +/(Ci; {c 2 , C 4 }). *32 +/(c 2 ; {cu C4», *34 +/(C4; (d, **»). 

/( C 4 ; {ct L C2,C3» ^ +/(ci; {c2>C3})>i42 +/(C2 ; {Cl , C 3}).*43 +/(C 3 ; 

Finally, at stage (4), the solution to the original problem is obtained: 

Stage (4) 


k = 4 
1 problem 


f(c 5 ; {ci, c 2 , c 3 , c 4 }) = min(s 5 i + /<Tii ( c 2 > c 4 }), *52 +^ 1 2 3 4 ’ {ci ’ C3 ’ C4 ^’ 

553 + /( c s; (cb c 2 , c 4 }), ^54 +/(c 4 ; \ c i» c 2 ? c 3j))- 

To summarize the amount of work that was «vdved consider the number and 
size of the problems solved at each stage, as shown in Table 4-2. In total,33^p 
were solved by looking up 108 terms from either the S-matnx or a list of previously 
solved problems. This can be compared with finding a solution by 
ation which would require generating each of the (n )• p . „ Th 

Sh of these would involve five terms from the S-matrix, or 120 terms in all. The 
comparison becomes increasingly favorable to dynamic programming as the nu 
nf cities increases. 


Table 4-2 


Number of 
k problems 

0 4 

1 12 

2 12 

3 4 

4 1 


Number of alternatives 
in each problem 

1 

1 

2 

3 

4 


Number of 5- and /- 
terms per problem 

1 

2 

4 

6 

8 



4-1 


SEQUENCE-DEPENDENT SETUP-TIMES 65 


In general, at each stage there are n - 1 ways of selecting city a, and for each of 
these, there are ( n 7 2 ) ways of selecting the cities of {C k } . This means that there are 

( „ - i) ( n - 2 \ =_ (? - 1 > ! _ 

( ’\ k ) k\(n — 2 — k)\ 

problems. For k > 1 there are k alternatives to be compared in each of these, and 
this means finding 2k s - and/-terms for each. (For k = 0 there is only 1 term for 
each of the n — 1 problems.) The total number of terms at all stages is given by 

k{n - d? 

2 f-> k\(n - 2 - k)\ + ( ^ 


1) + (n 


< n 2 2 K 


This is not a very good upper bound, but it still compares favorably with the n\ 
terms required for enumeration. For example, when n = 8, the situation is as shown 
in Table 4-3. The product of 8 2 • 2 8 is 16,384. Enumeration involves 7! = 5040 
alternatives with a total of 40,320 terms. 


Table 4-3 


k 01234 567 Total 

Number of 

problems 7 42 105 140 105 42 7 1 449 

Number of 

terms 7 84 420 840 840 420 84 14 2709 


Actually, the practical limit on computation for this dynamic programming 
solution is probably storage space rather than the amount of computation. Since 
one cannot overwrite any of the problems solved at a given stage until all the problems 
at the following stage have been solved, one must be able to store all the problems at 
two consecutive stages. In particular, one must provide for the two stages, with k 
near (n — 2)/2, when there is the greatest number of problems. Each problem will 
require several computer words to store the necessary identification information, the 
length of the optimum tour, and the order of cities in the optimum tour. A storage of 
32,768 words might just hold a 13-city problem (with 5544 problems for k = 5 
and 5544 for k = 6), but recall (Section 4-1.1) that problems of 40 cities have been 
solved by branch and bound on a machine with this storage capacity. There are, of 
course, larger memories available, and one could resort to auxiliary storage devices, 
but note that the storage requirements for dynamic programming are more than 
doubled for each additional city. 
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4-1.3 The “Closest-Unvisited-City” Algorithm for the Traveling-Salesman Problem 

An obvious procedure for the traveling-salesman problem (and one which is probably 
employed in practice if traveling salesmen are really concerned with such problems) 
is to always move next to the closest city which has not yet been visited. That is, 
given a present location corresponding to a specification of a row in the S-matrix, 
one chooses for the next city the one associated with the minimum element in that 
row (excluding cities already visited, which would prematurely close the tour). Not 
only is this the obvious commonsense heuristic for the problem, but its analogy to the 
shortest-processing-time sequencing commends it. It is easy to exhibit counter¬ 
examples to show that this procedure does not yield an optimal solution, and in fact, 
one can readily construct examples in which this procedure would lead one into a trap, 
and would result in disastrously bad solutions. Nevertheless one might still be 
interested in the application of this procedure for normal or random cases that were 
not deliberately contrived to defeat it. If one were offered assurance that the per¬ 
formance would not be too bad, one might choose to employ such an approximation, 
and forfeit some advantage in the value of the solution for the undeniable ease with 
which one was able to obtain it. 




Table 4-4 





Table 4-5 





S 




Origin 


Sequence 


Value 

_ 

1 

1 

3 

14 

2 

1 

1 

-2-5 — 4 — 3- 

6 

32 

3 

_ 

6 

9 

1 

24 

2 

2 

-5-4-1-6- 

3 

34 

6 

14 

_ 

3 

7 

3 

3 

3 

i 

in 

1 

<N 

1 

1 

1 

6 

24 

2 

3 

5 

- 

9 

11 


3 

-6-4-1-2- 

5 

22 

15 

7 

11 

2 

- 

4 

4 

4 

i 

'O 

i 

V) 

1 

<N 

1 

1 

3 

24 

20 

5 

13 

4 

18 

- 

5 

5 

- 4 - 1 - 2 - 3 - 

6 

32 







6 

6 

i 

m 

1 

<N 

1 

1 

^r 

I 

3 

22 


It is interesting to note that while optimal solutions are cyclic permutations and 
one can arbitrarily designate the origin, the particular solution obtained by the 
closest-unvisited-city algorithm does depend on the designation of the origin. For 
example, Table 4-4 restates the problem given in Section 4-1.1. Table 4-5 gives the 
closest-unvisited-city solutions to this problem. Origins 3 and 6 each yield the solu¬ 
tion 3-6-4-1-2-5, which has a length of 22. This is not much greater than the opti¬ 
mum length of 20 (3-6-2-5-4-1) although this solution has only three of six steps in 
common with the optimum tour obtained in Section 4-1.1. For this particular 
problem, if one examined the closest-city solutions from each possible origin (or if 
he were lucky in his choice of an origin) he would do quite well relative to the optimum 
solution, but if he were unfortunate in the choice of origin the result would be rather 
poor. In general, even if one considers each possible origin, the computation is only 
increased by a factor of n and is still modest in comparison with known procedures 
that guarantee an optimum solution. In particular, the computation increases only as 
n 2 for this procedure, which means that it can be applied to very large problems. 
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eitysohitions, would the computation become burdensom” ' ^ Cl ° SeSt ' 

problem's1 ch ^ nUmber of 

distributed random variab“ some 1“"“ "* inde P end ^‘ identically 
from a rectangular drstnbuSn A number of ? T* distribution > in others 
generated and tested. The average touTtn mhT^ T ^ tyP ® of Problem were 
Tables 4-6 and 4-7. each of Problem are given in 

selected at random the len.uh of ie ® , eXpCCted tour length if a tour is 

the length of touT genelated bv L cST? t0 " ( ° btained ^ ^ Little procedure), 

designated origin and the length of the if u ” vlslte ‘ cl . ty algorithm with arbitrarily 
city ^ ** closest -unvisited- 

optimum tour and the exfecteTtour^h § • J 6 dlfferenCe betWeen the “verage 
number of cities does and of course deer § wltb random routing increases as the 
elements decreases The^perfZ^fo l“ f ° f the matri * 

as the number of cities increases For tw t f . 0Sest " clt y algorithm seems to weaken 

ba -“" “* Zh,? 

4-2 INTERMITTENT JOB ARRIVALS 

procesLg mSlrne 3 thZ t£s T"' ^ f ° r 

then the flllpsttnnc _, . . ^ uu r% 


then the questions of preemption and inserJ-ZlTrZZZZ 

^ PP TZZZZXZo:if:ZZ^ proc T^ of a job that has been started is 

integers is no lon^SdenftoSr^bd^ ^ a . se ^ of « 

may appear two or more times in the srhed l 6 a e or ” J°bs> s i nce individual jobs 
is to be allowed attach annearant nt ^ ^ ^ Spedfy h ° W much ** 
depending on the treatment accorded the^nterrumS ° f b Pre f mpt,0n are P ossiW e, 
machine for further work. At one extreme the nr „ P d J b Wlen returns to the 
without any extra work or time heir,,, A Processing may resume where it left off 

circumstances the total processing-time foTthe^ h ^ @ mterru P tion - Under these 
number of interruptions that it mfy suffer ThisTs cllkdTntT’ j ndepend ® nt of the 
At the other extreme, called preempt™ the bfnefi of a ^ eem ^« discipline, 
done is forfeited with the interruption so mft ^ H f My p, '° CeSSlng th at has been 
job returns to the machine Jhe stmednro pr0 ^ mUSt be repeated when 
achieved only if the schedule nermitf the t™® * the job . is then « minimum, 

One very reasonableIS J “^ be Processed without interruption 

preempt-resume operatic hr the loZZ ^ *** eXtremes Selves 
setup-time Process.ng-t.me with preempt-repeat for the) 


i\ J 
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A simple example will illustrate the utility of preemption. 


Job 


Ready-time, r 
Processing-time, p 


»Ss~3jiC==.'a:*-~ 

time of the job currently in process. At ei’rh° nS - ° nly the remaimn S processing- 

from among those jobs available with th P ° m r” l ™ e ° ne raa ^ es t * lc best selection 
attractive “ d ^ *at if a more 

The obvious generalization of the shortest- ^ lmmedlatel y revised without penalty. 
remaining-processing-time rule This • P rocesslr J8" tlme ru le' s called the shortest- 

circumices, »7,h“fc T" — tta. 

applicable. Note in particular that it is not n ^ °^ slmi *j taneous arrival are similarly 

*** l0 ^ | 

immediately apply here ^ * eXtended ‘° P reem P‘-resume do not 

information ofjob that adva “ ce 

processing. If there is no iob that m e , C0Inp eted ’ one is not bkely to begin the futile 

that can withstand its preemption then™ COm P’ eted before th e next arrival, or none 

the next arrival. In hiZ examnTe X° P , r0bably h ° ld ^ machine 

device, in effect, takes iheTcI of nr7 ^ ™ ean fl °w-time of 3.5. This 
tion is available. Again no general " r ? peat °P eratl0n when advance informa- 
circumstances. ’ ° P lma P roce dures have been given for these 
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could be selected. Now consider a situation • u-u g measure of performance 
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4 - 3.1 Required Strings of Jobs 

minimum changeover time, and arrange the groups to minimize some measure, 


notation: 

Pij > 

F- 

the processing-time of the 7th job in the zth string, 
the flow-time of the 7th job in the zth string, 

± 13 i 

P'i = T. 1 U Pih 

the total processing-time for the zth string, 

and 

F- = F itni , 

the flow-time of the zth string, equal to the flow-time 


job in that string. 

Now if the objective is to minimize the mean of the string flow-times, 


F = £k n, 

k 

it is obvious that one should consider each string as a job and apply * e j*° rtest 
processing-time rule to the p[. That is, one should sequence the strings 

p'm = Pi 2i = " = ?!«■ 

If the objective is to minimize the mean of the string flow-times weighted by the 
number of jobs in each string, 

T» _ Ei-1 «iFS, 

Fn n 

then i, follow direc.l, from the re.ull. of Section 5-7 that one should sequent, the 

strings so that / 

Mil < Mu ^ ^ • 

«[11 ~ n l2] U l k] 

„ is true, although peth.ps not intmetH.t.lf obvious. M «. M <* «• 


11 IS cllSU Li UC, cumv/-- 

strings will minimize the mean of the original job flow-times. 

Eti E5ii Fa. 


^ Ei=i Ft 

F= h 


Theorem 4 - 1 . When one schedules an n/l//F problem without setup, .in which 
toe a" I disjoint subsets of jobs called strings, within which a 30b order that 



4-3 

required precedence AMONG JOBS 71 

may not be preempted is specified, the mean job flow-time is minimized by order 

obs inth t 8S S V the rat '° ° f the str ‘ n 8"P roc essi n g-time to the numbed of 
ordered Jhat 8 “ n ° ndecreasin § That is, the strings must be so 

Pi 21 - Plk] 

n [k] 

Proof. Let be the time between the completion of the /th inh in • t 

the completion of the string itself; then = S and ' * Stnng and 


dlli < rizi < 

n ni ~ «[ 21 = 


hij ~ Pik 

k=j +1 


(j = l, 2, . . . , m — i). 


Observe that for every job, is a constant, given in the statement of the nroblem 

«•«. of job. C S 


F ’i ~ ha , 

E 


Lj Eiil F,-j _ 
n 


SLi 

n 


ELi E?ii a , 7 


Note that the second term on the right is a constant unaffected by the ordering of the 

n,3'b“h r g“e‘„ „Sir “ ‘ h ' ' m “ l ”"” <b, The ° re ” 3 - ,0) “ * 

4-3.2 General Precedence Constraints 

More generally, one might wish to specify a weaker ordering of a set of jobs to reouire 
cer a,„ precedences but not require strings to be processed without interrupfion TWs 
sort of ordering can be specified by use of the precedes and directly precedes relations 
nd the precedence graph described in Section 1-2 (Precedence in 1 7 annlip t fu 

oft:trr M r' of * **■ so- - 

all job.) Pera 10n ’ ° ne Can feadlly V ' eW the ” JObs as n °P erati °ns of a single over- 

Suppose that there are three jobs to be processed' a h anH n 

(.. i. Chapter 3) e, ch of the poseible eo'uH t 


(1) abc 
(4) bca 


(2) acb 
(5) cab 


(3) bac 
(6) cba. 


If b and c are considered a string in the sense of Section 4-3.1 then there are onh 
two possible sequences: ’ e are onl 3 

(1) abc and (2) bca. 

(1) abc , (2) bac , 


(3) bca. 
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Consider the case in which the n jobs are divided into k chains. TOs^ 0 ^n r s when 
precedence constraints give each job at most one predecessor and at most one succes 

sor. For example: 


© 

© 

© 


<D 

0-<Z) 


0 - -0 

A procedure to minimize mean flow-time subject to this type of constraint is given 
by the following theorem: 

Theorem 4-2. When one schedules an »/l//F problem, without setup, in which 
directlv-precedes relationships are given between certain pairs of jobs such that 
given job has at most one predecessor and at most one successor res " 
disjoint subsets of jobs called chains within which job order is specified, but 
5f©©be preempted between jobs-the mean job flow-time is minimized 

by the following procedure: 


1) For each job j in chain i compute 


X r j 


1 Pih 

j 


2) For each chain i compute 

yi(hi) = min(x;i, x i2 , • • •» Xin)> 

where h, is the second subscript of the minimum value on the right. 

3) Select chain I such that 

yAh) S yi(hi) for all i, 

and put the first hj jobs from chain I at the beginning of the sequence on the 
machine. 

4) Neglecting these first hj jobs on chain /, recompute yi. 

5) Repeat (3) and (4) until all the jobs have been added to the sequence. 

Proof. This procedure will produce and order K £ k subchains. The manner in 
which the procedure works, not revealing the second subcham o a given c am 
sequencing mechanism until the first has been assigned a position in s^n, 
assures that the precedence relationships in the original chains wl11 be ©f 
Now if one assumes that these subchains are strings (in the sense of Sect '°” A ' } 
and cannot be interrupted, then by Theorem 4-1, the t £ 

ordering. What must be shown, then, is that this is a valid assumpt on to 
no advantage to be gained by interrupting any of these subchains, so that they are, 

in effect, strings. 
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Consider a subchain b , containing n b jobs. Let 

i Pfei. 

yt ~~ar~ 

The jobs in b are sequenced: (b, 1), (b, 2),..., (b, n b ). Any interruption, or pre¬ 
emption, of b will mean the division of b into two subchains b' and b”: 

b' = (b, 1), (b, 2),..., (b, 0, 

b" = ( b , / + I),---, ( b , n b ). 


Each of these new subchains will have a ratio of processing-time to number of jobs: 


yv = 


'2Li =i lbu t 

i 


yb " 


EiE+i -P&i . 
n b — i 


Each of the new subchains will find its place in the sequence (by Theorem 4-1) 
according to the value of y b > and y b >>. 

What will be shown is that this partition of b is ineffective , that subchain b' will 
directly precede subchain b" so that b will be intact and , in effect , be treated as a string . 
The key step is to show that 

yb> > yb> yb 0 ) 

The first part of (1) is true by construction: this was the method by which the length 
of the subchain b was originally determined: 




Zi=l Pbj ^ „ _ Etl Pbj + Sili+l Phi . 


> = 


i + (n b - i) 


Multiplying both sides of the inequality by i(i ~f (n h - /')), we have 

i / i n b \ 

(i + (n h - 0) X > 1 ( X Pbj + X PU) ’ 

V=i 11 7 


3=1 


Subtracting 


3 = t+l 


n h 


i X Pbj and adding (n b - 0 X Phj 


3 = 1 


jW+1 


to both sides yields 


n b 

(n b - oE > 


n b 


n b 


=»■+1 


7=1 Pbj ^ 2-jj=i+ 1 Pbj _ 

y — --,> -: “ — /£>' 


This demonstrates that the partitioning of any subchain created by this procedure will 
result in two subchains that are out of order insofar as the value of y is concerned, 
but which must remain so because of precedence constraints. The question is whether 
b' could possibly be moved ahead in the sequence or b " moved back to good ad¬ 


vantage. 

Suppose that in the original sequence subchain b were preceded by subchain a 
and followed by subchain c so that 
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It is clear that subchain b' cannot move in front of a , since 

y a ^ y b < jv; 

nor can it move farther ahead in sequence, since every subchain in front of a has a 
value of y which is less than or equal to y a . So b’s only chance of advancement is to 
break into the middle of a, partitioning it into a! and a"; but 

ya " < y a ^ y b < JV, 

so that b' cannot move ahead of a". A similar argument will show that b n cannot 
move into or behind subchain c. 

Slightly more general precedence constraints can be handled with this procedure. 
For example, in the precedence graph, 



jobs 4 and 9 are break points at which the problem can be partitioned. Jobs 1, 2, and 3 
and jobs 5, 6, 7, and 8 are effectively independent problems, each of which can be 
handled by the procedure of Theorem 4-2. (Jobs 1, 2, and 3 actually constitute a 
simple nj 1 problem and all of Chapter 3 applies.) However, this decomposition does 
not permit treatment of an arbitrary precedence graph, as illustrated by jobs 10 11 
12, 13, and 14. ’ ’ 

4-4 PARALLEL MACHINES 

Resuming the assumptions that the jobs are independent, that they arrive simulta¬ 
neously, and that setup is sequence independent, suppose that there were more than one 
machine to perform the processing. The capabilities of m machines in this situation 
might be described by giving an n-by-m matrix of processing-times: 


Machines 
1 2 3 . . 


1 

PU P12 

Pirn 

2 

P 21 


3 



n 

Pn 1 

Pnm 


Here p { j gives the time to perform the single operation of job i on machine j } assuming 
that machine j performed the entire operation. The simplest case occurs when the 
machines are identical, indicated by having all the elements of a given row of the 
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matrix equal (in which case the second subscript on p can be omitted). In general one 
row oTr m t achlneS 7 hat are dlfferent by having different values in a particular 

unibl/t!? 6 ’ and the p0ssibilit y that a Particular machine might be 

unable to perform a part.cular task by making the corresponding PiJ prohibitive* 

i fn • r) 4 IS ’ °I C0Ur f’ necessar y onI y to consider matrices that cannot be partitioned 
nto independent submatnces, in a manner analogous to that of the previous section 

since the machines and jobs of an independent submatrix would be treated as a 
separate problem. ueaiea as a 

The key question in this situation is whether or not individual jobs may be divided 
among two or more machines. If this is not possible, then the problem is one of 

Eet 10n ff 8 T- '"‘T diStinCt SUbS6tS 3nd deternl ’ n ' n g sequence within each 
subset If some division of an individual job is allowed, then better schedules are 

possible, but the determination of the schedule is usually more difficult The idea of 

dividing a particular job among two or more machines is not as impra^caf as it 

•/ g . T ^ y appe ^ r ’ ^ ince in many situa tions a job actually consists of a “lot” of 
identical pieces, each of which is to receive exactly the same processing What we 
have called an operation is then actually the repetition of some smaller element of 

Thhv° n r Ch ° f theSe P ‘ eCeS ' Clearly SUCh a task couId be divided, at the expense of 
additional setup, and two or more machines could work on the task simultaneously if 

mu tiple toohng were available. This practice of using multiple set^T* 
reasonably common in some types of manufacturing. P ’ 

The basic virtue of the division of jobs among machines is easily shown by a 

fonoSn“ mP PP ° Se ‘ hat thS Pr0cessin «- t ime matrix for a 2/2 problem is die 

Machine 


Job 


If one job is assigned to each machine, as in Schedule A (below), then F = 2 If both 

£ - ?T“ 6aCh ° f th£ j ° bS (i8n ° ring S6tUP C01 * ab -> - in 


Schedule A 


Machine 1 
Machine 2 


Schedule B 


Job 1 


Job 2 


Machine 1 
Machine 2 


Job 1 

Job 2 

Job 1 

Job 2 


More generally suppose that there are m identical machines, and m jobs to be 
ff 6 -h *. processing-time p. There is a total of mp work to be done and 

after Vf- dlVlded t eqUa y 7 m ° ng the W machines > the y will all finish simultaneously 
P time units, regardless of how the jobs are assigned to individual machines 
However this assignment does affect the times at which the jobs finish At one 
extreme, ,f a singlejob ,s assigned to each machine, then the jobs'also finish si* 
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neouslv at time p and F = p. On the other hand, if each job is divided among all m 
machines, then the first job will finish at tim ep/m, the second 

at 3 p/m, until finally the last job is finished at time p. Every job but the last one is 
finished earlier by this strategy than it would be under separate assignment to 
individual machine. The average flow-time is given by 


= — (— 
m \m 


+ 


+ 1 + 
m 


+ 


m\ _ 
m) 


m + 1 
2 m 


This would indicate that the advantage for simultaneous processing ranges from a 
minimum of 25% (two machines) to a limit of 50% for many machines ese 
specific figures, of course, apply only to this highly artificial case, but the advantageis 
universal. Ignoring the penalties of multiple setup and tooling, any schedule can be 
improved by taking advantage of parallel operations on identical machines. 

In effect one could view m machines working simultaneously on a single job as a 
single machine with m times the power of the basic machine. This permits the observa¬ 
tion that, from a scheduling point of view, it is better to provide required cap y 
with a single machine than with an equivalent number of separate machines. There 
are often economies-of-scale and economies-of-operation that reinforce this effect, 
but considerations of reliability work in the opposite direction. 

The sequencing of jobs in the situation where each is to be processed simult 
neously on m machines corresponds directly to the n /1 cases of Chapter 3. One simp y 
treats the m parallel machines as if they were a single machine. If the m machines are 
identical, a pseudo-processing-time is defined for each job, 

pi = Si> 

1 m 

and these p' are used whenever the scheduling procedure calls for a processing-time. 
In some cases, when the decision is based entirely on processing-time, one can use 
the original processing-times directly, since dividing each p by the constant 

would have no effect on the relative values. Even if the machines are not identical, this 
same approach may be employed by defining a pseudo-processmg-tmie as 

j p , = - 1 - 

1 E“-i(i /Pa) 

In either case, in order to sequence to minimize the mean flow-time, mean com¬ 
pletion-time, mean lateness, etc., one would use the shortest-processing-time rule 
with respect to the p’. That is, one would sequence so that 

Phi ^ P’m S • • • ^ P'w 

\ There are many equally important examples of parallel machines when jobs may 
'not be divided among machines. Tellers’ windows at a bank, checkout counters at a 
’'supermarket, reservation desks at an air terminal, and toll booths on a^lughwa)'CouM 
hll be classed in this category. Manufacturing problems in which multiple setnv 
tooling is either not possible or not economical must also be treated in this y. 
the manufacturing job-shop is in aggregate a more complex structure, asiwe shall se 
in Chapters 6 and 11, often in practice scheduling is done on a local basis by a fore 
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whose responsibility consists of a set of m similar or identical machines and who is 
concerned with one operation per job. 

In this case a scheduling procedure must assign a job to both a particular machine 
and to a position m sequence on that machine. Let j[k] be the job which is in the kth 

posmon in sequence on theyth machine and « y be the number of jobs processed on 
tneytn machine: 

m 

»-E 

3 - 


rii. 


The flow-times are given by 
Fjin ~ Pj[ib 
The mean flow-time for all n jobs is 


^'[ 2 ] ~ Pj[ 1 ] + Pj [2 ], 


'it k] 


K 

= 2 Piu 


E?= 


i E/cL i (nj — k -b V)Pj\k\ 


The numerator consists of a sum of n terms, each of which is the product of one of the 
processing-times and an integer coefficient. Each of the n processing-times appears 
exactly once and the coefficients are n l9 n x — 1, . . ., 2, 1, n 2 , n 2 — 1, 2 1 

«rn, n m - 1 . . ., 2, 1. It is known that such a sum of products is minimized "bv 
arranging the terms so that the processing-times form a nondecreasing sequence and 
the coefficients form a nonincreasing sequence. There are m coefficients of 1; these 
should be associated with the m largest of tht Pi . This means that the m jobs with the 
longest processing-times will appear at the end of the m machine sequences. It is also 
apparent that it is immaterial which of these mjobs goes on which machine, regardless 
of what the earlier sequence was on any machine. Continuing in the same manner 
there are m coefficients of 2 (unless perhaps n < 2m) and these should be assigned to 
the m jobs of those remaining which have the longest processing-times. Continue 

until each processing-time has been assigned a coefficient, and therefore a position in 
sequence. 

Equivalently one could renumber the n jobs in order of increasing processing-time: 
Pi £ P2 S Pz S • • • S Pn. 

Then one could number the machines and simply assign jobs in rotation: 


Job 

12., 

. . m 

m + 1 m + 2 . , 

. . 2m 

2m + 1 ... 

Machine 

12.. 

. m 

1 2 

m 

1 


In °P e [ ation : the rule would sim Ply be that each time a machine finished a job, it 
would be assigned, from among those jobs waiting, the job with the shortest process- 
ing-time. 

This variation of the shortest-processing-time rule minimizes the mean flow-time, 
mean waiting-time, and mean lateness. It seems intuitively reasonable, although it 
may be a bit hard to accept the fact that one can interchange jobs in equivalent 
positions in sequence on different machines without having any effect on the mean 
ow-time. For example, if there are six jobs with processing-times 1, 2, 3, 4, 5, and 6 
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(numbered in that order) to be processed on two machines, each of the following 
schedules has exactly the same mean flow-time: 

Schedule 

A B C D 

Machine 1 
Machine 2 

However, this shortest-processing-time rule does not necessarily minimize the 
maximum flow-time. For example, if there are four jobs with processing-times 
1 2 3 and 10 (numbered in that order) to be processed on two machines, the two 
shortest-processing-time schedules, A and B, have maximum flow-times of 12 and 11, 
respectively. Schedule C is not a shortest-processing-time schedule; it has a maximum 
flow-time of 10, but a greater mean flow-time. 

A B C 

Machine 1 
Machine 2 




Also unlike the single machine case, the shortest-processing-time rule does not 
necessarily minimize the mean number of jobs in the shop. The relationship between 
flow-time and inventory, for the case of simultaneous arrivals, is given m Section 2 4 as 

_ fiP 

N{ 0, F max ) = p— • 

* max 

The denominator on the right is not constant in this situation, and it is not known 

what rule minimizes this ratio of mean to maximum. . 

There are also many cases in which the facilities are similar in function but not 
identical in capability. For example, a screw-machine department may have a dozen 
machines that differ in number of spindles, number of tool stations, power, and other 
characteristics. Each machine could be capable of performing the work on a given 
job but a different amount of time would be required on each machine Also the 
machines in a given department will be typically acquired over a period of years, so 
that although they may be of nominally similar type they are capable of different 
production rates, reflecting progress in machine-tool design over the years. 

When a job is to be processed by only one machine and the processing-times are 
entirely arbitrary, no general results are known. But if the processing-times vary so 
that individual machines are consistently fast or consistently slow for all the jobs, then 
a procedure to minimize mean flow-time can be given. This situation can be char¬ 
acterized by assuming a “machine factor,” h h for each machine. The time to process a 
particular operation on machine j is expressed as hj-Pi- Flow-times are given by 

k 

Fj[k] = hj 
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The mean flow-time for all n jobs is 


F— ^ J ' ==1 (tlj — k l)jP/rfr ) 

n 

As in the previous case, the numerator is a sum of n terms, each of which is the product 
ot one of the processing-times and one of the coefficients: 

hiiti, hi(n - 1), . . . , 2/?i, hi, h 2 n 2 , h 2 (n 2 — 1), 

• • • > 2h *< h z> ■ ■ ■> h >»n m , h m (n m - 1), . . . , 2 h m , h m . 
A schedule may be constructed by matching the job with the longest processing-time 
to the smallest of these coefficients, the job with the second-longest processing-time to 
the second-smallest of the coefficients, etc. 

The identical machine case is, of course, just a special version in which all the A- 
are equal to one. 3 

Eastman, Even, and Isaacs [46] consider a more general aspect of this problem in 
which there is a weighting coefficient m associated with each job and the criterion is to 
minimize the weighted mean flow-time: 

SLi UjFj 

n 


F u = 


The one-machine version of this was considered in Section 3-7, in which it was shown 
that the optimal sequence has 

gtlj < Pm < . , . ^ Pin] . 

U ll] U[2) ~ ~ U [n] 

For the m identical-machine case, in which each job must be assigned to an individual 
machine no optimal procedure has been offered, but Eastman, Even, and Isaacs show 
that the following is a lower bound for the weighted mean flow-time, 

where F u (k) is the weighted mean flow-time with k identical machines. Moreover 
hey show that, in general, no greater lower bound is possible by exhibiting a set of jobs 
that actually attain this bound. However, one should note that for the special case in 
w ich all the u t are equal and for which a solution and not just a bound is known the 
value obtained is in general greater than this lower bound. 




CHAPTER 5 


FLOW-SHOP SCHEDULING 


Another special case to be considered before discussing the general job-shop problem 
is that in which there is a natural ordering of the machines in a shop. In some cases 
there are two or more machines, and at least some of the jobs have a sequence of 
operations to be performed before they are completed and can leave the shop. In 
such cases the collection of machines is said to constitute a flow-shop if the machines 
are numbered in such a way that, for every job to be considered, operation K is per¬ 
formed on a higher-numbered machine than operation J, if J > K. 

An obvious example of such a shop is an assembly line, where the workers or 
work stations represent the machines. Any group of machines served by a unidirec¬ 
tional, noncyclic conveyor would be considered a flow-shop, and a strict or pure 
example would be a case in which all materials handling was accomplished by the 
conveyor. Of course, any real example is spoiled to some extent by the necessity for 
“rework” operations. It is not required that every job have an operation on each 
machine in the shop, nor must all work enter the shop on a single machine, or leave 
from a single machine. The only requirement is that all movement between machines 

within the shop be in a uniform direction. 

As might be expected, such shops have special characteristics that affect scheduling 
decisions significantly. In general, they are rather more easily scheduled than a job- 
shop and somewhat more is known about this class of shops. However, it will be clear 
by the end of the chapter, that this is only a relative advantage and that the problem of 
scheduling even a flow-shop of practical dimensions is unsolved. 

5-1 PERMUTATION SCHEDULES 

Much of the simplicity of the single-machine models of Chapter 3 can be attributed 
to the fact that it is sufficient in those cases to consider only permutation schedules, 
which are completely described by a particular permutation of the job identification 
numbers. The difficulty of the general job-shop problem of Chapter 6 and the paucity 
of results for that case is a consequence of the fact that a much larger class of schedules 
must be considered. The flow-shop is an intermediate situation in which for certain 
special cases permutation schedules are sufficient, and in general there is some preser¬ 
vation of order of jobs on initial and terminal machines. The situation is described 

by Theorems 5-1 and 5-2. 

Theorem 5-1. When one is scheduling an n/m/F problem with all jobs simul¬ 
taneously available, to minimize any regular measure of performance one need 
consider only schedules in which the same job order is prescribed on the first 
two machines. 


80 
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Proof. If a schedule does not have the same job ordering on the first two machines, 
then somewhere in the schedule for the first machine there must be a job I that 
directly precedes a job J, where I follows J (possibly with intervening jobs) on the 
second machine. 


First machine 


I 


J 


Second machine 


J 


I 


Obviously the positions of these two jobs can be reversed on the first machine without 
requiring an increase in the starting-time of any job on the second machine, and 
therefore on any subsequent machine. This exchange could not cause an increase in the 
completion-time of any job, and hence not an increase in any regular measure of 
performance. The exchange may in fact permit a decrease in the starting-time of some 
jobs on the second machine and consequently an improvement in the measure of 
performance, but nonincrease is sufficient and all that can be promised. 

This result does not exclude the possibility that there may be good schedules that 
have different orderings on the first two machines. It simply means that it is sufficient 
to consider only schedules that do have the same ordering on the first two machines, 
since for any other schedule there is a corresponding and easily obtained schedule of 
this type that is equivalently good and possibly better. 

By specializing the measure of performance, one can obtain a slightly stronger 
result. 

Theorem 5-2. When one is scheduling an nlmlFjF may: problem with all jobs 
simultaneously available, one need consider only schedules in which the same job 
order is prescribed on machines 1 and 2, and the same job order is prescribed on 
machines m — 1 and m. 

Proof. The first part, specifying common ordering on machines 1 and 2, is simply an 
application of Theorem 5-1, since maximum flow-time is a regular measure of 
performance. 

Suppose that the ordering on the last two machines is different. Then somewhere 
on the schedule for machine m there must be a job I that directly follows a job J , 
where / precedes J (possibly with intervening jobs) on machine m — 1. 


Machine m — 1 


I 


J 


Machine m 


J 


I 


Obviously the positions of these two jobs can be reversed on machine m without 
increasing the maximum flow-time of these particular jobs and without changing the 
flow-time of any other job. There is, of course, the possibility that job / could begin 
on machine m before job / so that some reduction in maximum flow-time could be 
achieved by inverting the order. 

A simple example will illustrate that Theorem 5-2 could not be strengthened to 
hold for any regular measure of performance. Suppose that two jobs are to be 
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scheduled on a three-machine flow-shop to minimize the mean flow-time: 

Processing-times 


Machine 

1 

2 

3 

Job / 

4 

1 

1 

Job J 

1 

4 

4 


There are two schedules that have the same order on machines 2 and 3. 



In each case the mean flow-time is 9.5. There is a schedule with different orderings 
on machines 2 and 3 with mean flow-time of 9.0. 


Machine 1 

J 

I 


Machine 2 


J 

I 


Machine 3 

mm'm. 

I 

J 


7 11 


The result is that for any regular measure of performance, and in particular for 
mean flow-time, the two-machine flow-shop is the only case in which it is sufficient to 
consider only permutation schedules. For some measures of performance, in par¬ 
ticular for maximum flow-time, permutation schedules are sufficient for a three- 
machine flow-shop. But another example will indicate that even for maximum 
flow-time, in flow-shops of four or more machines a more general type of schedule 
must be considered. 

Machine 

Job I 
Job J 


Processing-times 


1 

2 

3 

4 

4 

1 

1 

4 

1 

4 

4 

1 
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flow-time 6 of ^ ° rder - preservin 8 sched ^s, both of which have a maximum 


Machine ] 
Machine 2 
Machine 3 
Machine 4 

Machine 1 
Machine 2 
Machine 3 
Machine 4 


/ 

n 

m^msm 


I 

L y 

r 


11 


L 


J 

If 




ill: 

I 


J 







j 

— 

14 

J 

1 



J 

A 



J 

/ 



J 

/ 


‘.T “7“ der “Id,he same 

machmes 3 and 4, but m which the order is reversed between machines 2 and 3. 


Machine 1 
Machine 2 
Machine 3 
Machine 4 


J 

/ 


—„ 

J 

r7 



7 

J 

11 


I 

|ii! 

j 


12 


?e e S e“chedul W ' time “ ^ WhiCh ^ ^ ^ that aChieved ^ either ord «- 


max 


5-2 MINIMIZING MAXIMUM FLOW¬ 
TIME IN A TWO-MACHINE FLOW-SHOP (n/2/F/F r 

Probably the most frequently cited paper in the field of scheduling is Johnson’s 
olution to the two-machine flow-shop problem [103], He gives anllgorithm for 

hke v tLml , 1 nCe 11 haS had ° n subse< J uen t work. In particular it is 

for th the ll 1 1 acceptance of minimizing the maximum flow-time as a criterion 
for the general job-shop problem can be attributed to Johnson’s result TheaoZ 

ops existed and if there were actual interest in minimizing the maximum flow-time 

.1* proper order,„g would have been „„d. JolM , accomplishment " 
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the proposition of an algorithm as it is the offering of a proof that the obvious algo- 

nth In 'presenting^thiTprocedure and proof, it is convenient to temporarily adopt 
Johnson’s simpler notation. Let 

Ai = PiA be the processing-time (including setup, if any) of the first operation of 
the ith job, 

B . = Pi<2 be the processing-time (including setup, if any) of the second operation of 
the ith job, and 

p. be the time at which the ith job is completed (consistent with the current 

notation). 

Each job consists of a pair Bi), where A t is the work to be performed °" * e 
first machine of the shop and Bi is the work to be performed on the_ second mac . 
This ordering on the machines is the same for each of the n jobs, although it 
able for some of the A’s and B ’s to be zero, since some of the jobs may have on y 
single operation. The normal constraints of the simple shop are assumed. 

1) each machine can work on only one job at a time, and , 

2) each job can be in process on only one machine at a time-for each i, M must be 

completed before Bi can begin. 

The nroblem then, is: Given the 2n values, A i, A 2 , . * •» • • •» B n> n 

an ordering of these jobs on each of the two machines so that neither the P rece ^® 
“outog) nor the occupancy constraints are violated and so that the maximum of the 

Fi It 1 t£Z from dther Theorem 5-1 or 5-2 that one need consider only schedules 
which have the same ordering on each of the two machines. It should also be ° bvl °“* 
that like the problems of Chapter 3, neither preemption nor the insertion of ldle-tim 
need ^considered, so that a ? solution is simply a matter of specifying an optimal 
nermutation of the job identification numbers. t 

An examination of obvious lower bounds on the maximum »»»"“' ”“ ““ 
the nature of Johnson's algorithm. Again usmg the notation »' Um e on 

sauare-bracketed subscript to denote position m sequence, A [2] indicates the time on 
SSineTof the job wl£h is seoond in «*,.»*. The schedule oou.d be drawn as 

follows. 


Machine 1 
Machine 2 


^[1] 

A [2] 


A vs] 


A{n- 1] 

i 

A [n] 

— 

— 



B[ i] 

□ 

B[ 2] 


B[n- 1] 

L- 

B[n] 


It is clear that the last job cannot be completed earlier than the time rec l ulre 
process each job on machine 1 plus the time needed to perform the second operatic 
the last job, since B m cannot overlap A w . Thus: 

n 

/w S A i» + B i«i- 

i=l 

Similarly the last job cannot be completed in less time than it takes to process each 
johon^machine 2 Plus the time caused by the delay before machine 2 can begin. 
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since B [1} cannot overlap A {1] . Thus 

^max ^ A { ij + ^ B {i] . 

i—1 

Now note that the sum of the A’s and the sum of the B’s are direct consequences of the 
given information and entirely unaffected by the ordering of the jobs so that to 
reduce these bounds one can only influence B [n] and A n] by the choice of sequence. 
One would therefore choose the smallest of the set of 2 n values of the A’s and B’s 
If this value happened to be an A, one would put that job first in sequence so as to 
make A n] as small as possible. If it happened to be a Bi one would put that job last 
m sequence so as to make B [n] as small as possible. With the position of that one job 
etermined, one can repeat essentially the same argument for the set of n — 1 jobs 
that remain. Of course, these bounds are not generally attainable so that one cannot 
be sure that this construction would yield a good schedule. Neither is it clear what 
would happen at the ends as one applied the arguments repeatedly to reduced job sets 
but the method is nevertheless heuristically appealing. This bounding argument is 
precisely the basis for Johnson’s procedure and he offers a proof of its optimality. 

It should also be apparent that one can restrict attention to schedules in which the 
work on machine 1 is compact to the left; i.e„ there is no idle-time on machine 1 
, 1 has been completed. The assignments of the A m values of any arbitrary 
schedule, then, can be shifted to the left to achieve this compactness without increasing 
the maximum flow-time, and one can make the following definition: 

Let X i%] be the idle-time on machine 2 immediately preceding B U] . A typical 

schedule might look like the following: yP 


Machine 1 

A[ i] 

A { 

2] 

A m 

A[ 4] 

A m 


Machine 2 

%ll\ 

B[ i] 

Am 

B 12] 

B [ 3] 

Xi±] 

B [ 4] 

B m 


The values of the X Hi can be given in terms of the A’s and B’s by the following 
relationships: & 

An = 

X [21 = max^n, + A l21 - B m - X m ,0), 

X [3] = max(A[i, + A m + A m - B tll - B [2j - - X (2] , 0). 

In general, we may write 

= max fe u. - E - ii *[«. oj. 

i= 1 i=i / 


The partial sums of the X’s can be obtained from these expressions: 

Ai, = Alb 

x m + * ( 2j = maxj^uj + A [2 , - B n ,,A ni \ 

^tn + ^[ 2 i + As, = max^,,, + A m + A m - B m - B, 


= max 


[2], X[l) + X [2] ) 

/,3 2 2 V 

( ~~ B li]> A[i] — B ll], ^[1] ) • 

i—1 i=i / 
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In general, 


j 

E x u] = max 

7=1 




7=1 


.7-1 J -1 

7—1 7—1 


J — 2 

- E 


7=1 


, J]) ^[7] — ^[1]»^[1]^ * 


If Yj is defined as 


j 


Yj = y ^c'] 

7=1 


J-l 

E *i-> 


7=1 


then 

^ X h] = max(Ti, 7 2 » • • • > Yr). 

7=1 


Now if F max (S) is used to denote the maximum flow-time of a particular schedule S, 
then 


F max (S) = J2B [i] + ^X [l 


Z-j 

7=1 


B[i] + max(7i, T 2 , • • • > Y n ). 

7=1 


Since the sum of the B -s is independent of sequence, the maximum flow-time depends 
entirely on the sum of the intervals of idle-time on the second machine, and this is 
equivalent to the maximum of the Tfs. Our task of finding a schedule S* such that 
Fmax(s *) -g p m U S) for any S reduces to the task of finding an ordering so that the 
maximum of the n values of Y{ is minimized. 

Theorem 5-3. (Johnson 1954, [103]). In an n/2/F/F ma x problem with all jobs 
simultaneously available, job j should precede job j + 1 if 


mm(Aj, Bj+\) < min(Aj + i, Bj). 


The working procedure described earlier follows directly from this inequality. 
The resulting optimal schedule is unique if there is an inequality of this form 
between each pair of jobs, but there will be a set of alternative optimal schedules 
if there is equality for some pairs of jobs. The proof is m two parts. The first 
shows that sequencing according to this inequality minimizes the maximum o 
the Yi s; the second illustrates that the relation is transitive so that a complete 
schedule is in fact specified by this pairwise ordering. 

Proof. Part 1—Ordering Minimizes Maximum Y { . Suppose that we are concerned 
with filling positions / and / + 1 in the sequence—either job j or job j + 1 will be 
put in position /, the other in position / + 1. The inequality of the hypothesis yie s 


max(— Bj, 

Now consider the quantity 


-A j+ 1 ) < max(-5 i+ i, -Aj). 

(i) 

j+i J-i 

z2 A U\ - S 

7=1 7=1 

(2) 


and note that it does not depend on which of the two jobs fills position J. Now we 
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add (2) to each of the terms of (1): 

J+i j -i 

Z) Ail - J2 Ail - Bj = Yj +l , 

*==1 i = 1 

which denotes the value of Yj + ± if job j is in position /; 


J+l 


/-I 


£ ^ ~ a j+i - X) = y j, 

i== 1 i=l 


which denotes the value of Yj if job j is in position J; 


■da «/— 1 


i = 1 




i+i ~ Yj+i 


which denotes the value of Y J+1 if job j + 1 is in position J ; 


/+1 


J -1 


2 An - A; - J2 Aii = u, 

i=i 

which denotes the value of Yj if job j + 1 is in position /. 

The result is 

max( Yj, Y j+1 ) < max(Tj, U+i), 

which says simply that if the inequality of the hypothesis holds then the greater of 
these two values of Yj is reduced by putting job j in position J (and job / + 1 in 
position 7 +1). None of the other n - 2 values of Yj is affected by this choiceof job 

for position J so the maximum of all the Y t is either unchanged or reduced by putting 
job j m position J. * F B 

and P kV~ T ' amit,V,ty ° f <he Relationship ■ We must show *at for three jobs, /, /, 

A 69 i J j> 


then 


mln (A> A) £ Bt) and minfT;, B k ) £ min (A k , B 3 ), 

min(^ ; , B k ) £ min(^, 5,-), 


andTand S A: lbly f ° r ° aSeS WhicH ^ relationship is an quality between both i and j 

CASE 1. A : £ B Aj,Bi and A, £ B t , A k , Bj. Then A t £ Aj £ A k and Aj < B„ 
so Ai £ mm(4 Bj). * ~ *’ 

CASE 2. Bj £ A„ Aj Bj and B k £ A h A k , B r Then B k £ B } £ B ; and B k < A k 
SO B k S min(4 B t ). k ~ h> 

CASE 3. Aj £B h A h B. and B, £ A h A k , Bj. Then Aj £ Bj and B k < A k so 
mm (Aj, B k ) £ min (A k , Bj). ~ u 

CASE 4. Bj £ Aj, A h Bj and Aj £ B k , A k , Bj. Then Aj = Bj and the relationship 
IS an equality between both / and j and j and k. 
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There is an interesting geometrical interpretation that may help to illustrate the 
character of the problem, as well as the virtue of Johnson’s algorithm. Consider a plot 
with machine 1 activity as abscissa and machine 2 activity as ordinate. A schedule 
may be represented on these axes by a line, S, with 2 n straight segments (possibly 
some of length zero)—horizontal segments with length corresponding toA u A 2 , 
.."An and vertical segments with length corresponding to B u $ 2 , • • • > ft- The se S‘ 


fti]> fti]> 


l [2]> -#[ 23 > 


B<r<\ as shown m 


L [n]» n ln] 


ments are taken in the order ^ LiJ ,- liJ7 i — . - - - , 1 t 

Fig. 5-1. Each of the n\ lines that could be constructed begins at (0, 0) and ends at 
fV" A- V” B i The maximum flow-time of a particular schedule, S, may be 
determined from the graph by constructing a line V: 

1) From (0, 0) to 


Ai, ft^ 5 

i= 1 ' 


2) That lies everywhere on or below line S; 

3) That is composed of horizontal, vertical, and 45° segments, using 45° segments 
whenever possible. 



Fig. 5-1. Graph of a two-machine flow-shop schedule. 


Such a line is shown in Fig. 5-1. The horizontal segments represent intervals 
when machine 1 is working and machine 2 is idle; the vertical segments represent 
intervals when 2 is working and 1 is idle; and the 45° segments represent intervals 
when both machines are working. The maximum flow-time of a schedule S is simp y 
V" Ai plus the sum of the vertical segments of the corresponding line V (or equiv 
alently E n =i ft plus the sum of the horizontal segments of V). Obviously, to mini¬ 
mize the maximum flow-time one would seek an ordering of the jobs so that line 
would permit the corresponding line V to use as much 45° segment as possi e. is 
requires a line S which is essentially concave and which stays “up out of the way of V 
as much as possible. It is clear that Johnson’s algorithm produces Ais concavity 
starting from (0, 0) in as northerly a direction as possible, and from (2^=i 2_;=i %) 

in as westerly a direction as possible. 
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Example: The following simple example will illustrate the execution of Tot, 
procedure and compare the result with several other orderings. " 8 


Job 

First 

Second 

number 

operation 

operation 

i 

A 

Bi 

a 

6 

3 

b 

' 0 

2 

c 

5 

4 

• 

8 

2 



Order 

of 

selection 

Position 

in 

sequence 

3 

4 

1 

1 

4 

3 

5 

2 

2 

5 


A Gantt chart for the Johnson sequence would look like the following: 

Machine 1 
Machine 2 



d 

c 

a 

e 


. 


c 


a 

5 


0 

5 

10 


15 


—j 

20 


25 


30 


23, many of 

of increasing processing-time on the first ope^on ^tSSOSSSl 


Machine 1 

e 

c 

a 

. i 

d 

Machine 2 

r 

b 


c 

□ 

a 



15 


20 


25 


30 


Simply taking the jobs in the order listed in the table gives a maximum flow-time of 26. 


Machine 1 
Machine 2 


a 

c 


d 

e 

; 


a 

Ej 

c 



d 

e 


0 5 in i r- 

L -- ——.—-J 

—J 



15 


20 


25 


5-3 MINIMIZING MEAN FLOW-TIME 

IN A TWO-MACHINE FLOW-SHOP ( n/2/F/F ) 

—;r tio r of h r 1 r time is a ^ 

=£ss==iliii§ 
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_ vamnlp in the nrevious five-job illustration the average flow-time for the 
Johnson sequence is 15, while for the shortest-processing-time sequence the average 

' S * lUs instructive to examine the special case with only two jobs, before considering 
the difficulties of the general „ job case. There are only two schedules that must 

considered. 

Schedule S Machine 1 

Machine 2 


A i 

A 2 


lllft 

Bi 

b 2 


Schedule S' Machine 1 
Machine 2 


n 

A i 



b 2 

B i 


Under schedule S the sum of the flow-times is 

2F = 2A t + Bi + B 2 + max(A 2 , B t ). 

Under schedule S' the sum of the flow-times is 

F' = 2 A 2 + Bi + B 2 + ma x(A u B 2 ). 

Clearly job 1 should precede job 2 (that is, schedule S should be chosen) if F < F’, 

which requires that 

2^4 0 — 2A\ + max(^4i, B 2 ) — max04 2 , B\) > 

be ?c ,he »r„,ebine ««. 11 « obvious., , 0 . 

firStlf (_A 2 + B 2 )> (Ti + Br). 

A simple counterexample shows that this condition does not ensure the truth of 
statement (1): 

Let B, = 0; A 2 = 5 2 ; A 1 = A 2 + B 2 - e, where « > 0. 

However, if each of the operations of job 1 is shorter than the 

ation of job 2, then statement (1) is true and job 1 should precede job 2. The state 

ment that n ^ D 

A 2 ^ A i and B 2 ^ ^1 

* It is interesting to note that the last two terms ofndFsuftoisan A putthat job 
the Johnson procedure: select the maximum of the A s and a s, mis 
first in sequence; if a B put that job last in sequence. 
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max (/1 2 , B\) ^ 0. 


implies that 

2A 2 - 2/4 1 + max04i, B 2 ) 

This can be seen by examining the four possibilities for the terms ma x(Ay, B 2 ) and 
max(^ 2 , B i). 

CASE 1. A\ > B 2 and A 2 > By. 

2A 2 - 2Ai + Ai - A 2 = A 2 - Ai g 0. 

CASE 2 ' Since X'^^thisfmplies that B, > B 2 , which is contrary to assump¬ 
tion, so this case is impossible. 


(A 2 - A,) + (B 2 - A,) ^ 0. 


CASE 3. B -2 > Ay and A 2 > By. 

2A 2 — 2A i + B 2 A 2 

CASE 4. B 2 > Ai and By > A 2 . 

2A 2 — 2/41 B 2 B i^O. 

Tt is also obvious that while this condition is sufficient, it is not necessary; there 
are^stwhS 1 does not dominate job 2 by 
yet nevertheless job 1 should precede job 2 m sequence. Foi examp , 

Al = 1, By = 3, A 2 = 4, B 2 = 2. 

A general expression for the mean flow-time of n jobs can be obtained by an 
argument that follows Johnson s directly. 

n n is sufficient to consider only schedules with the same sequence on each machine. 
2 s sufficient to consider only schedules which are compact on the first machme. 
% Let Cbe the idle-time that precedes operation B [i} on the second machine. 

4 ) Let j j -1 

Yj = E Ain — X) B[i]. 

i = 1 *=1 

Then the flow-times of individual jobs can be given by 
F, I, = A m + B [U = /Em + 5 U1 , 


F[ 2 ] 
Fiji 


— X[i] + B[ i] + X 

= £ Bm + £ T.] = £ A>] + maxCLi, L 2 , • • • , y j). 


•[ 2 ] + B[2], 

J 


i= 1 


i=l 


i=l 


The mean flow-time is given by 


F = - 
n 


£ £ A.i + £ 




Using this expression, one can show that for adjacent jobs I and J in a schedule, 
job / should precede job J if 

Aj £ Aj and 


Bj a Bj, 
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of the j\)bs. eS ” 0t C0DStitUte a SOlUti ° n Since il d0es n0t produce a com P let « ordering 

tree-struclured problem. ^ repLnte ? S ""X'S 

n - . of the jobs remaining to be ordered. The required lower bound on mean flow 
time for schedules emanating from a given node is roughly the following: 

F r + max(i^_ r , F*_ r ), 

represented hTthe” °h th ® fl ° W - ti , raes of the ''job* assigned in the partial schedule 
ep esented by the node F„%. is the sum of the flow-times for the remaining „ - r 

jobs, calculated under the assumption that the A’s dominate the B’s (A- >B for 

sumof the”fl _ 1 r hat l hej0bS afe S6qUenCed “ ° rder of “basing is the 

sum of the flow-times for the remaining n — r iobs calculated imd<-r ih* r 

•ha. ,he J, <k™,« the A ; (A: < 4 for 

sequenced in order of increasing B. J ° are 


Table 5-1 


Computational Experience with a Branch-and-Bound Procedure 
for the n/2/F/F Problem 

___ (IWall and Schrage [87]) 




1 Number of nodes created 

Number 

of 

job sets 

Number 
n of 
jobs/set 

Minimum 

possible 

Maximum 

possible 

( 

Minimum* 

)bserved 

Median 

Maximum 

50 

50 

50 

50 

50 

5 

6 

7 

8 

9 

15 

21 

28 

36 

45 

206 

1,237 

8,660 

69,281 

623,530 

15 (26) 

21 (16) 

28 (5) 

36 (3) 

45 (5) 

15 

29 

61 

123 

32! 

38 

108 

190 

111 

1258 



Maximum number of nodes on list at one time 

Number 

Number 




Observed 


of 

n of 

Minimum 


Maximum 


j j 


job sets 

jobs/set 

possible 


possible 

Minimum 1 

Median 

Maximum 

50 

50 

50 

50 

50 

n_ ,i • 

5 

6 

7 

8 

9 

11 

16 

22 

29 1 
37 

120 

720 

5,040 

40,320 

362,880 

11 

16 

22 

29 

37 

11 

20 

43 

80 

161 

21 

56 

98 

293 

579 


* Parenthesized numbers indicate number of times minimum was observed. 
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They test the procedure on computer-generated job sets with processing-times 
drawn from a uniform distribution. A portion of their results is shown in Table 5-1. 
In each case an optimal solution was obtained and the table reports the number of 
nodes required. In general, the computation time is proportional to the number of 
nodes created and the storage space requirements are proportional to the maximum 
number of nodes that must be stored at any one time. The program Was written in 
the Cornell List Processor language and executed on a CDC 1604 [35]. Execution 
time ranged from 0.75 second for the five-job problems to about 4 minutes for the 
hardest of the nine-job problems. They note that the difficulty of tiie problem is 
essentially doubled each time n is increased by one, and they argue that this is a 
consequence of the fact that an optimal sequence for n — 1 jobs does not always 
provide a good starting place for the n job problem. For example, consider 

Ai — 2 , A 2 — 10 , A 3 = 1 , 

A = 11 , B 2 =3, B 3 = 8 . 

For a two-job problem, with jobs 1 and 2 , the optimal sequence is 1, then 2 ; for 
a three-job problem, the optimal sequence is 3-2-1, reversing the order of jobs 1 
and 2 . 

If 2 n is a discouraging rate for the computational task to increase, It is at least a 
substantial improvement over n\, which would be required for exhaustive enumer¬ 
ation. 

5-4 THE THREE-MACHINE FLOW-SHOP ( n/3/F/F max ) 

When a schedule is constructed to minimize the maximum flow-time, Theorem 5-2 
states that it is still sufficient to consider only permutation schedules in the three- 
machine flow-shop. It is somewhat surprising, therefore, that in spite of this similarity 
to the two-machine case a comparable constructive algorithm cannot be found. 

There has been considerable attention given to the problem and a number of 
special variations have been solved. In his original paper [103] Johnson considers 
the special three-machine cases in which either min ^ max A or min A ^ max Bi, 
where A is the processing-time of the /th job on the third machine. In these cases the 
second machine is completely dominated by either the first machine or the third, and a 
sequence which minimizes the maximum flow-time is obtained by putting job / 
ahead of job J if 

min(Tj + Bi, Dj + Bj) < min (Aj + Bj, A + 2?j). 

The working procedure is the same as for the two-machine case, with Ai replaced by 
Ai -f Bi and B { replaced by Bi + A- 

Wagner and Giglio applied this procedure to general three-machine flow-shop 
problems where the processing-times were randomly generated and did not satisfy the 
conditions min A { ^ max B { or min A ^ max B { [ 66 ]. There were 20 problems, 
each of 6 jobs, which was few enough to allow the optimal solution to be obtained by 
enumeration for comparison. In 9 out of the 20 cases an optimal solution was actually 
obtained by the procedure, and in 8 of the remaining cases the solution obtained could 
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be made optimal by a simple interchange of two adjacent jobs. The average maximum 
flow-time yielded by the procedure was 131.7, whereas the average optimal time for the 
20 cases was 127.9. Apparently the procedure represents a useful approximation even 
for cases in which the conditions that ensure optimality are not satisfied, and yields an 
excellent starting point from which to attempt further modification. 

Ignall and Schrage have also applied a branch-and-bound technique to the three- 
machine problem [87]. Their results, for 150 randomly generated job sets, are shown 
in Table 5-2. Computation times ranged from less than a second to more than 2\ 
minutes on the CDC 1604. They observe that the three-machine maximum-flow-time 
problem is easier for the branch-and-bound procedure than the two-machine mean- 
flow-time problem, in that a higher proportion of the job sets were solved with the 
minimum possible number of nodes. They give the operation-times for the particular 
ten-job problem, which proves hardest for the algorithm. 


i 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

At 

1 

5 

7 

8 

3 

7 

9 

8 

6 

3 

Bi 

2 

9 

6 

9 

2 

10 

7 

9 

1 

1 

Di 

9 

7 

8 

9 

3 

4 

7 

4 

3 

1 


There is an optimal ordering of the jobs in the order they are numbered, with maxi¬ 
mum flow-time of 66. The reader might find it interesting to conceal the job numbers, 
shuffle the jobs, and try to find an optimal ordering. 

Jackson has considered a very special problem which is actually a variant of the 
three-machine problem [91]. He considers a case in which the n jobs have a common 
machine for their first operation and a common machine for their last (third) oper¬ 
ation, but in which the second operation of each job is performed on a different 
machine. There are thus n + 2 machines, n of them corresponding to a second 
machine in a flow-shop which can process many jobs simultaneously. Using A it B { , 
and D { as before, Jackson shows that an ordering minimizes the maximum flow-time 

Table 5-2 


Computational Experience with a Branch-and-Bound Procedure 
for the w/3/F/Fmox Problem 

C Ignall and Schrage [87]) 


Number 

of 

job sets 

Number 
n of 
jobs/set 

Number of nodes created 

Minimum 

possible 

Maximum 

possible 

Observed 

Minimumf 

Mean* 

Maximum 

50 

8 

36 

69,281 

36 

(33) 

284 

1455 

50 

9 

45 

623,530 

45 

(39) 

661 

1687 

50 

10 

55 

6,235,301 

55 

(38) 

711 

2570 


* Mean excluding problems that achieved the minimum; 284 is mean number for 17 job sets, etc. 
f Parenthesized numbers indicate number of times minimum was observed. 
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if job I precedes job J when 

+ B u Bj + Dj ) < min(^j + Bj , Fj + £/)• 

This is again Johnson’s three-machine condition so that Jackson has exhibited another 
special case for which this ordering is optimal. An interesting interpretation of this 
case is to consider the B { an arbitrary delay which must be observed between the first 
and second operations in a two-machine flow-shop—-say for inspection, materials 
handling, cooling, drying, etc. Moreover, the B { can be permitted to take on negative 
values covering the situation in which lap-scheduling is allowed in a two-machine 
flow-shop; that is, portions of a job may be moved so that work can begin on the 
second operation before the final cycles of the first operation have been completed. 
Mitten [140] and Johnson [104] also consider this special problem. It is worth 
noting that the peculiar properties of the second machine in this case , (its ability to 
process many jobs at once) make it unnecessary for an optimal schedule to have the 
same job order on the first and third machines. 

Wagner, with Story [189] and Giglio [66], has used integer programming to 
formulate and solve the /i/3/F/F max problem. The program is defined as follows.* Let: 

Jl if job i is scheduled in order position j 
Zlj ~ |o otherwise, 

ZO') = [z iy , z 2 j, . . . s Znjl a column vector, 

Xf = idle-time on machine k before the start of the job in position j 9 
Yf = idle-time for the job in position j between the end of the operation on machine 
k and the beginning on machine k + 1, 

A = row vector of (integer) processing times for jobs 1, 2, . . . , n on machine 1, 

B — row vector of (integer) processing times for jobs 1,2, ... ,n on machine 2, 

D = row vector of (integer) processing times for jobs 1, 2, ... , n on machine 3. 

Note that there are n 2 different z i3 variables, n of which are to be set equal to one, the 
rest to zero. For example, if there are four jobs, the permutation 3-1-4-2 would be 
expressed by z 3 l — Z 12 — z 43 = z 24 “ 1; all other z i3 — 0. 

The constraints are 

Y, Z F “ S Z F “ ^ 

i 3 

xj +1 + bzu + i) + Y 2 i+ 1 - T 2 - DZ U) - A 3 +i = °. y = i, 2,...,« - l, 

AZ(j + 1) + Y }+1 - Yj - BZ(j) - X 2 +1 = 0, j = 1, 2, 1. 

Minimizing the maximum flow-time is equivalent to minimizing the idle-time on 
machine 3, which is used as the objective function: 

n 

Minimize E a 3 - 

3 = 1 

* A more detailed description of the integer-programming model for scheduling problems 
will be given in Section 6-4. 
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Wagner states that “previous experience with integer programming problems has 
demonstrated that the convergence properties of the algorithm are highly sensitive to 
the form in which the problem is stated initially’ 5 ([66], page 310). He considers six 
variations of the problem statement, adding various additional constraints and initial 
bounds on the solution, testing each against six sample problems with n — 6. He 
reports the number of iterations required for solution,* with the routine set to termi¬ 
nate at 10,000 whether or not a solution has been obtained. These results are shown 
in Table 5-3. 

Table 5-3 

Number of Iterations to Solution for 
Integer Programming Approach to Six Different 
6/3/F/Fmax Problems 

___ (Giglio and Wagner [66]) 


Program 



Sample problem 



variation 

1 

2 

3 

4 

5 

6 

A 

745 

42 

1973 

188 

1,555 

10,000* 

B 

404 

44 

1647 

218 

10,000* 

9,568 

C 

1256 

50 

710 

123 

1,025 

2,467 

D 

85 

50 

710 

63 

858 

2,811 

E 

85 

50 

208 

58 

245 

304 

F 

220 

146 

903 

- 

581 



* Terminated without solution. 

These data do not appear very encouraging. In many cases the number of iter¬ 
ations is of the same order of magnitude as the number of possible permutations (720) 
and an iteration involves more computation than the generation of a permutation. 
However, they do confirm that the exact form in which the problem is stated has an 
important effect on the efficiency of the algorithm and further work is being directed 
at the development of more efficient constraints and bounds. At least at the moment 
the branch-and-bound technique appears to have a substantial advantage over integer 
programming as a practical computational procedure for this problem. 

Dudek and Teuton [45] have proposed an algorithm to minimize the maximum 
flow-time in a three-machine flow-shop, which is also applicable to larger shops if one 
arbitrarily limits consideration to permutation schedules. The algorithm suggests a 
method for selecting the job to place first in sequence, the job to select from the 
remaining n - 1 to place second, etc. Expanding on the notation used in Section 5-2, 
let be the idle-time on machine j directly preceding the rth job in sequence! 
Inductive formulas for the Z’s in terms of the processing-times and the X’s for lower- 

* Gomory’s integer programming algorithm was used (SHARE PKIP91). This uses a dual 
solution so that no primal feasible solution is available until the algorithm terminates. 
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numbered machines are given. Let 

j 

denote X( k] , the sum of all of the idle intervals on machine j up to the zth 

position in the sequence, and 

j 

([1 ], [2], . . ., [/]) represent the sum with explicit identification of the particular 
jobs in the i positions of the sequence. 

Now select a job r for first position in sequence such that 

j i 

Y ( r , s) ^ Y, ( s > r ) for all s r and for j = 2, 3, . . ., m. 

2 2 

If such a job does not exist, then a procedure is given for selecting a subset of jobs and 
proceeding for each member of this subset as if it had been the unique selection. With 
the job in first position now determined, select a job s for second position such that 

3 3 

Y ( r > s, t) ^ Yj ( r > 5 ) f° r all t s, t 5* r and for j = 2, 3, ... , m. 

3 3 

One continues in this manner until the entire sequence has been determined. There is 
a considerable amount of computation required, but undeniably less than complete 
enumeration if an appreciable number of jobs is involved. This is apparently a very 
effective procedure, for when Dudek and Teuton compared it to complete enumer¬ 
ation in 168 problems with m = 3 or 5 and n = 3, 4, 5, 6 or 7, in every case the 
algorithm obtained at least one optimal sequence. Unfortunately they conclude from 
this test that their procedure is a theoretically general one that will guarantee at least 
one optimal sequence for an arbitrary problem. Karush [105] effectively demon¬ 
strated the fallacy of this claim by the exhibition of a counterexample. 

Processing-times 



Ai 

Bi 

A 

Job / 

3 

22 

2 

Job J 

22 

20 

20 

Job K 

20 

14 

18 


The algorithm would select job I for first position in sequence, since 

2 2 3 3 

£(/.■/) = 3 <j 2 v,n = 22, £ (i,j) = 43 < £ (j,n = 44 , 


2 2 

£(/.*) = 3 < £ ( k , /) = 20, 

2 2 


2 

3 


2 

3 


E (/. K) = 37 < 2 (V I) = 38. 


2 


2 


However, the maximum flow-times for all six possible schedules are 


F max (/, /, K) - 83, 
F max (/, /, K) = 96, 


F max (I,K,J) = 85, 
F m UK, h J ) = 96, 


FrzUJ, K,I)=* 82, 

F max (^, /, /) - 86, 
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clearly indicating that job / does not belong in the first position. Pairwise comparison 
of adjacent jobs in sequence is often a useful technique, but it is simply not strong 
enough to guarantee an optimal sequence in this problem. 

5-5 SEQUENCING IN LARGE FLOW-SHOPS 

A special case that is highly artificial but has an interesting graphical solution occurs 
when there are only two jobs to be scheduled through a flow-shop of any number of 
machines. This is a special case of a procedure given by Akers [3]. Suppose that the 
machines are numbered 1, 2, . . ., m in the order that they are to process the jobs, so 
that the processing-times are given by 

Pi,\>Pi, 2 >P\ t z> • • • ,Pi,m for job 1, 

P 2 ,UP 2 , 2 ,P 2 ,Z, • • • ,P 2 ,m for job 2. 

These times can be marked off on axes for the two machines, as shown in Fig. 5-2. 
A schedule can be represented by any line: 

( m m \ 

P2,j) , 

3 = 1 3=1 ' 

2) that is composed of horizontal (work on job 1 only), vertical (work on job 2 only), 
and 45° (work on both jobs) line segments, 

3) that does not enter the interior of any of the shaded regions (which would imply 
one machine working on both jobs simultaneously). 

Line S in Fig. 5-2 is such a “schedule line.” 

There are clearly 2 m different schedules, since the two jobs may be taken in either 
order on each machine, and there are 2 m corresponding schedule lines for the graph. 
These lines form a type of graph called a tree. That is, one starts at (0, 0) and explores 
both branches (above and below) each time that a line encounters an obstructing 
shaded region. The encounter and branching take place in one of the three ways 
shown in Fig. 5-3. 



Job 1 


Fig. 5-2. Graph of a two-job flow-shop schedule. 
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Figure 5-3 


The maximum flow-time obtained by a schedule is related to the sum of the 
lengths of the vertical segments of the corresponding schedule line; it is equal to this 
sum plus the processing-times on the first machine. (Alternatively, it is equal to the 
sum of the horizontal segments plus the processing-times on the second machine.) 
The optimal schedule is given by that schedule line that has the least length in vertical 
segments; if the line passes under the shaded region for machine J, then job 1 precedes 
job 2 on machine J. 

Thus one could at least conceptually draw each of the 2 schedule lines and 
select one with a minimum total vertical component. However, what makes the 
procedure useful is that far fewer than 2 m lines actually need be considered, since 
some of the potential branches do not occur—when a line does not encounter a 
particular shaded region—and the larger shaded regions on the graph cause many 
of the schedule lines to run together. The result is that, for a problem of, for example, 
twelve machines in which there would potentially be about a thousand schedules 
(2 10 ) to consider, unless the processing-times are pathologically contrived the optimal 
schedule can be found by comparison of a dozen or so lines. 

However, the real point of describing this special case is not so much to offer a 
solution procedure as to examine several insights that it can provide. A graph such 
as that shown in Fig. 5-2 rather clearly indicates the character of a schedule in a 
flow-shop, and the virtue of a good schedule. The desirability of adhering to a 
diagonal path makes it obvious why inversions of job order (lines crossing the 
connected shaded region) can be required for larger flow-shops. The graph also 
illustrates the essential difficulty of the problem. It is clear that even in this very 
simple two-job problem there is no way of determining the proper order of two jobs 
on a particular machine from the characteristics of the particular operations and the 
schedule up to that point; that is, one cannot decide whether to go above or below a 
particular shaded region without examining the lines for the balance of the schedule. 
For example, from point X in Fig. 5-4, with four machines to go, if one takes the 
apparently attractive path under block m — 3, one is trapped in a region in which all 
alternative lines are worse than one that could be attained by going over block m — 3. 

Finally, a comparison of Fig. 5-2 with Fig. 5-1 illustrates an interesting duality 
about the problem, a duality which will become even more important in Chapter 6. 


* One can of course take advantage of the fact that the ordering of jobs will be the same on 
the first pair of machines, and on the last pair to ignore lines that divide the first pair of 
shaded regions, and the last pair. There are therefore 2 m ~ 2 potential lines. 
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/ 

m 


m — 


m— 1 

/ 

Job 2 

ni — 3 

pi 

V 

/ 1 



x 


Job 1 

Fig. 5-4. Graph of the final stages of a two-job flow-shop schedule. 

In each case the processing-times of the operations are marked off on the axes, but in 
Fig. 5-1 the axes represent machines, while in Fig. 5-2 they represent jobs. The point 
is that the operations are the central entities of a scheduling problem and there are two 
precedence orderings of these operations. One ordering is given: the routing is an 
ordering of the operations onto jobs. The other ordering is sought: the schedule is an 
ordering of the operations onto machines. 

Except for this special two-job case and the simple results of Theorems 5-1 and 5-2 
concerning the ordering on the first and last pairs of machines, analytical work on 
flow-shop scheduling ends abruptly with the three-machine shop. At the same time 
the “computational” procedures, enumeration, integer programming, and branch 
and bound, move out of the realm of practical computability. A problem with n jobs 
and m machines has (nl) m ~ 2 possible schedules. Even with m = n = 6, dimensions 
which could hardly be considered in any sense practical, there are 2.7 X 10 11 sched¬ 
ules and the problem is not computable. So beyond the tiny core of problems that 
have been solved by constructive algorithms and the slightly larger set of problems 
that are computable, there is nothing available except sampling results and various 
heuristic procedures—methods that hopefully offer high probability of finding a 
relatively good schedule, but little assurance of this for a specific problem and no 
hope of optimality. 

Heller [78] reports an investigation of a ten-machine flow-shop in which he 
(a) studies the form of the distribution of maximum flow-time of different schedules. 
(In his study maximum flow-time is called schedule-time); (b) seeks a method of 
biasing the schedule generation procedure to emphasize the lower tail of this 
distribution. 

He generated a set of 100 jobs, with integer processing-times apparently uniformly 
distributed between zero and nine. He then generated schedules at random by taking 
10 independent permutations of the integers 1-100 and computing the resulting 
maximum flow-time. The values for 3000 such schedules are shown in Fig. 5-5. 
He concludes that “the numerical experiments show that the distribution of schedule- 
times is normal; theoretical analysis indicates that the schedule-times are asymptoti¬ 
cally normally distributed for schedules with large numbers of jobs” ([78], page 178). 
The argument continues that this normality can be used to determine decision- 
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Fig. 5-5. Randomly generated schedules for a 100/10 /F/F^ problem (Heller [78]). 


” 3CSST “““• f “ ,here 

sched^timfoiserved forlnoT^ "* "flapping; the maximum 

“* myj ° b Unti ’ thiS ^ has been competed ZZt 
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Fig. 5-6. Randomly generated schedules for a 20/10 /F/F m problem (Heller [78]). 
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for further work in identifying conditions for depaiture. 



CHAPTER 6 


THE GENERAL n/m JOB-SHOP PROBLEM 


The general job-shop problem is a fascinating challenge. Although it is easy to state, 
and to visualize what is required, it is extremely difficult to make any progress what¬ 
ever toward a solution. Many proficient people have considered the problem, and all 
have come away essentially empty-handed. Since this frustration is not reported in the 
literature, the problem continues to attract investigators, who just cannot believe 
that a problem so simply structured can be so difficult, until they have tried it. 

6-1 A GRAPHICAL DESCRIPTION OF THE PROBLEM 

It is very easy to visualize the requirements of the job-shop problem as a sort of 
graphical jigsaw puzzle, in which one rearranges blocks representing the given set of 
operations. Each job i is given as a set of gi blocks, one for each of its gi operations. 
Each operation has three identifiers, ij, and k\ i, the job number to which the oper¬ 
ation belongs; j, the sequence number of the operation—1, 2,. . ., g*; and k , the 
number of the machine required to perform the operation. 

The length of each block is proportional to the processing-time required to per¬ 
form the operation. As the information is given, these operation-blocks are arranged 
in rows according to their parent jobs and in numbered order. For example, a 5/3 
problem might be given as shown in Fig. 6-1. 

Arrangement by job implies that the first identifier of each operation in a row is 
the same. The second identifier forms an increasing sequence in each row. Minimally, 
what is required is to rearrange these 16 operation-blocks into rows by machine, 
without changing the identifiers or the length of any blocks so that the last identifier 
of each operation in a row is the same. This can easily be done, as shown in Fig. 6-2, 
and is useful in that it describes the total amount of work facing each machine, but it 
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does not constitute a schedule for the work, since the operations cannot be done in the 
order indicated and at the times implied. The key to the problem is that ? 

construct an arrangement by machine such that if one we^o proTect the operatTon 
from this arrangement back onto an arrangement by job, the operations would be in 

shownfn'Fig^-T ind rT° U ^tli ° Verlap ' An adm >ssible machine arrangement is 
_it h . g ‘ ’ deluding the projection of the operations of Job 1. The other four 
could be simdarly checked. The graph, or Gantt chart, of Fig. 6-3 represents a 
feasible schedule for this 5/3 problem, for the operations could be performed bv 
mac ines m the order and at the times indicated without violating any of the 
constraints of the simple job-shop process. (For example, one job on a machined a 

ortoTwhileTh i 6 ^ 6 ” 110 " 8 ° f 8 SiDgle j0b ’ and operations in the required 
order.) While this schedule ,s possible, it is neither unique nor particularly good 

There are many schedules for this problem and many that are better than Fig 6-3 
foi any reasonable measure of performance. For examnlp Fitr & a u 

ctari Ul th f0r th ‘ S S3 T pr0blem that is quite obviousl y better than that °TFiTeT 
Clearty there is no schedule with a smaller maximum flow-time than that in Fif 6-4 

but for other measures of performance better schedules may exist. S ’ 

6-2 THE TWO-MACHINE JOB-SHOP PROBLEM 

The only job-shop problem for which a solution can really be said to be known is the 
two-machine problem („/2/0/f m „) „ llh , he sp e da] t b a 7eSlob e.n 

lw : op "“'r- ,ackion 1911 h “ ">°™ 

Johnson s two-machme flow-shop problem (Section 5-2) and that his algorithm 
can be applied with only minor modification. This means tha^a probt^S an 
,„ g « number of jobs c b, !olved with , veiJ — 

follows: pr ° Cedure starts ^ Petitioning the n jobs to be scheduled into four sets as 

U} maSine* i° fj ° bS WWCh ^ 0m operation , which is to be performed on 

{B) ma t c h hine t 2° f j ° bS WWCh haVe ^ ^ operation ’ which is to be performed on 

w ,he w » 

<6 " ! ,he » 69 - 

Initially, sequence the jobs of {AB} by Johnson’s procedure, just as if they were 
the only work to be done. Similarly, determine an ordering for he jobs of 57)11 
Johnson s rule, independent of the other jobs. The ordering of the jobs withta {^ 
d {5} has no effect on the maximum flow-time whatever, so select any arbitrary 
ordering of these jobs. Jackson point s out that an optimal schedule is obtained simply 
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On Machine 1: Jobs in {AB} before jobs in {A} before jobs in {BA}- 
On Machine 2: Jobs in {BA} before jobs in {B} before jobs m {AB}. 

The optimality of the arrangement is easily seen. The goodness of a schedule 

depends essentially on the amount of idle-time between J } ' 

times are a fixed obligation. Now, if there were no jobs in {BA }, the jobs ot {A), f }, 
and {AB} would be ordered so that the schedule is optimal; m this optimal schedule, 

T^can move o„ t0 ma chine 1, and idle-time within the machine 2 work on {^45} 
mav well be reduced by the deferment. There is simply no reason to consider sched¬ 
ules in which an operation on machine 2 on a job in {AB) occurs before the^enc1 o 
f B1 and {BA} work on that machine. Suppose one were to attempt to fit a job K of 
\bA\ into the idle-interval Xj that occurs between jobs I and Jm the initial scheduling 

f Sii E« if to toe -iito tor * is 

before iob / At worst it will cause / to be delayed, reducing X/, but it will not ah 

to£T.i d h.ucTno. ,to=t to n—« flow-time. A si.*, ,.d »mme.r,c .rg.»=« 
can be used to justify the ordering on machine 1. 


6-3 THE TWO-JOB JOB-SHOP PROBLEM 

The cphtad procedure fo, ,he two-job .ow-.hop problem jtanto 

[4] and has been stated more completely and formally by Hardgrave 
hauser f721. 


Job 1 

1, 1, 1 

1, 2,2 

1,3,3 

1,4,4 

1,5,5 1,6,3 

Job 2 

2,1,5 2,2,1 

2, 3, 4 

2,4,2 

2, 5,3 


Fig. 6-5. A 2/5 job-shop problem. 

The orocedure is exactly as given for the flow-shop case and the discussion of 
SeSon 5-5 applies. As an example, the two jobs shown in Fig. 6-5 are plotted on a 
u J 1 L in Ficr A 6 The eraph for the job-shop case is slightly different, m 
“adfd are^smay^be anywhereon the grlph, depending on the routing of the 
!wo obs aS are not connected" in the same way as the flow-shop example. A job 

rSed 

problem easier, since some of these shaded areas will presumably be out of the way 
of the schedule line and fewer branches should be required. 
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(1,2,2) (1,4,4) (1,6,3) 

Job 1 

Fig. 6-6. Graph of a two-job job-shop schedule. 

This graphical procedure could, of course, be generalized to higher dimensions, 
for three or more jobs, but even for three jobs it is rather unwieldy. 

6-4 INTEGER PROGRAMMING 

FORMULATION OF THE JOB-SHOP PROBLEM 

The general job-shop problem can be modeled as an integer programming problem, 
as can the flow-shop problem (Section 5—4) and the single-machine sequencing 
problems of Chapter 3. In order of chronological appearance as well as increasing 
simplicity, the models are due to Bowman [21], Wagner [197], and Manne [126]. 
The description here will follow Manne’s model. For simplicity of exposition and 
notation we assume that each job requires processing by each machine once and only 
once; this restriction can be circumvented, but with some notational complexity. 
Other sophistications, such as lap-scheduling, are also possible but are omitted here 
so as not to obscure the simplicity of the formulation of the model. Let: 

Pik = the processing-time of job i on machine k , 
r ijk = 1 if they'th operation of job i requires machine k , 

= 0 otherwise, and 

Tik = the starting-time of job i on machine k. 

From the requirement that only one job may be in process on a machine at any 
instant of time, we have for two jobs, I and J , either 

Tik — Tj ]c ^ p Jk or Tjk — T Ik ^ p Iki 

and clearly not both. 

Simply stated, either job J precedes job I or else job / precedes job J. Such either- 
or restrictions cannot be handled by ordinary linear programming and require the 
introduction of integer variables. 
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Let Yuh = 1 if job / precedes job J (not necessarily directly) on machine k\ 
let Y IJk = 0 otherwise. 

There is no need to define both Y IJk and Y JIk ; one will suffice. The two either-or 
constraints above may now be written as two independent restraints, both of which 
must hold. They are 

(M + pj k )Yu k + (Ti k — Tj k ) ^ pj k , 

(M + pi k )( 1 — Yij k ) + (Tj k — T Ik ) ^ pik- 

The M is a constant and is chosen sufficiently large so that only one of the above 
constraints is binding for Yu k = 0 or 1. (For example, set M = £; HkPik>) 

The operation precedence-constraints are handled by noting that £& r%jkTi k is the 
starting-time of the jt h operation of job i. For all but the last operation of a job, 
one must have 

T: r%jk(Ti k + Pik) = ^2 r i,3+i,kTik* 

k k 

For m machines and n jobs the system of variables and restraint equations is. 

Variables 

Ti k ^ 0, Yjj k = 0 or 1 

Equations 

T, rij k (Ti k + pa) ~ 2 
k k 

(M + pj k )Yu k + (Ti k — Tjk) ^ pj k 
(M+ pi k )( 1 — Yuk) + (Tj k — Tik) ^ pi k 

For even small-size problems this is a formidable system of inequalities. With 4 
machines and 10 jobs there are 220 variables and 390 restraint equations. 

A variety of objective functions may be handled. For min F, one takes the 
equivalent objective of minimizing the sum of the start-times of the last operation of 
each job, 

min 2 ^2 r imkTik- 

i k 

For min F max , one adds restrictions of the following form: 

2 r imk {T ik + pi k ) S fm„, for each i, 

k 

where F max is a variable and the objective is to minimize it. 

For minimizing mean tardiness the equations, 7\- — Ei — Fi — i = 1 , . . . , n, 
are added to the restraints. The objective is then min £7V 

Only one research effort has employed integer programming for the solution of 
job-shop scheduling problems. This study, by Wagner with Story [189] and with 
Giglio [66], was for the flow-shop structure and was summarized in Section 5-4. 


Number 


mn . 


m 


n(n — 1) 


Number 
(m — 1 )n 

n(n — 1) 

m— y— 
m fcJ) 
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Apparently the size of the resultant integer programming problem, the time-consuming 
and often erratic behavior of existing integer programming computer codes, and the 
limited availability of such codes have discouraged other investigators from employ¬ 
ing this approach. For the modest experimental investigations of heuristic procedures 
which are described in the following sections, an optimal solution would have been 
highly desirable for the purpose of absolute rather than relative comparison; yet the 
cost of obtaining an optimum solution via integer linear programming was deemed 
sufficiently large that it was not obtained. 


6-5 TYPES OF SCHEDULES 

Most of the rest of this chapter is concerned with approximate solutions to the job- 
shop problem, procedures that are intended to produce a relatively good solution 
with high probability, but which have little chance of obtaining a truly optimal 
solution. To facilitate discussions of these procedures it is useful to first discuss 
characteristics of schedules that are associated with goodness, and to identify certain 
types of schedules that might be expected to have relatively good values of the measure 
of performance. 

It is clear that there are infinitely many schedules for any job-shop problem, since 
idle-time can be inserted into any given schedule in infinitely many ways. For example, 
in Fig. 6-4 an amount of idle-time equal to any nonnegative real number can be 
inserted between operations (1, 2, 3) and (2, 4, 3) and the result is still a schedule— 
an arrangement of the operations that satisfies all the constraints of the simple 
job-shop process. 

It is also clear that most such schedules are patently uninteresting for any reason¬ 
able measure of performance and only schedules that are reasonably compact are 
worth considering. Consider the infinite set of all schedules that possess identically the 
same ordering of the operations on each machine. These schedules differ only in the 
amount of idle-time that has been inserted between the operations. Within this set 
there is a unique schedule called a semiactioe schedule [157] which dominates all other 
schedules in the set for any regular measure of performance. All other schedules in 
the set are said to be inadmissible. The semiactive schedule for a particular ordering- 
set can easily be obtained from any arbitrary schedule in the set by repeated execution 
of an operation called a limited-left-shift. This is simply to move each operation as 
far to the left as possible, on a graph like that of Fig. 6-4, until it is blocked either by 
the preceding operation on that machine or the preceding operation on that job, but 
the ordering of the operations is not to be altered. In a semiactive schedule no oper¬ 
ation can be moved by a limited-left-shift. It should be obvious that for any regular 
measure of performance it is sufficient to consider only semiactive schedules, since 
all the good schedules will be of this type. When one encounters any schedule not 
of this type one can easily obtain the corresponding dominating schedule. 

It is also obvious that there is now only a finite number of schedules to be con¬ 
sidered, since there is only one semiactive schedule for each ordering of the operations, 
and that there are only finitely many orderings. Unfortunately the number is still 
very large so that solution by exhaustive enumeration and comparative evaluation 
is not feasible even for relatively small problems and large computers. 
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Job 1 
Job 2 

Fig. 6-7. A 2/2 problem. 


1 , 1,1 

1 , 2,2 

2 , 1 , 2 

2 , 2 , 1 


It is even difficult to give a good upper bound on the number of semiactive sched¬ 
ules. It is usually much less than G\ where G is the total number of operations on the 
n jobs. For one machine (m = 1) this is exact, but it becomes a very poor upper 
bound as m increases. If hi, h 2 , . . . , h m represent the number of operations to be 
performed on each of the m machines, then (h 1 \)(h 2 \)(. . .)(h m \) is an upper bound. 
This bound is attained only if each job consists of a single operation so that there are 
no routing precedence constraints. For example, consider the simple case of two 
jobs and two machines shown in Fig. 6-7. There are two operations to be performed 
on each of the two machines, so that there are 2! 2! = 4 different arrangements of 
operations, but there are only three semiactive schedules, which are shown in Fig. 6-8. 
The fourth arrangement just does not represent a schedule, since it would necessarily 
violate the routing precedence requirements of both jobs. 


Machine 1 
Machine 2 

1 2 3 
Fig. 6-8. Three semiactive schedules for the 2/2 problem of Fig. 6-7. 


1 , 1,1 


2 , 2 , 1 


1 , 2,2 

2 , 1,2 




2 , 2 , 1 

1 , 1 , 1 


2 , 1,2 


1 , 2,2 


The expression ( n\) m is often cited for the number of semiactive schedules in an 
n/m problem [61, 63] but provides in general neither a very good estimate nor an 
upper bound. It is presumably based on the special symmetric problem in which 
each job has one and only one operation on each machine. In this case hi = n for 
each machine and this is a convenient form of the previous bound. It would not be 
attained since a large proportion of the operation arrangements would not be valid 
schedules. On the other hand, in the general case in which it is not required that each 
job have one operation on each machine, the number of operations on a given machine 
could be greater than n, and the number of semiactive schedules far greater than 
In any event it is hardly worth very much effort to find such a bound, or estimate, 
since the only practical use would be to demonstrate the enormous size of the problem 
and to discourage attempts at enumeration. It should be sufficient to note that for 
a 6/5 problem, (6!) 5 is approximately 1.93 X 10 14 , which is more than the number of 
microseconds in six years. It hardly seems likely that adequate computer time would 
ever be made available to solve a problem of this size by exhaustive enumeration, or 
that computer capacity will ever exist that could solve problems of realistic dimension 
by this approach. 
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acIeThl^ improvement is possible by restricting consideration to 

active schedules, schedules on which it is not possible to perform a left-shift on anv 
operation [64]. A left-shift of an operation is any decreas'e in the time atihich the 
operation starts that does not require an increase in the starting-time of any other 
operation. A hrmted-left-shift is a left-shift, but not conversely, for the limited-left- 
shift preserves the order of operations on a machine. The left-shift permits an oper¬ 
ation to jump over another operation into an interval of idle-time if that interval is 
arge enough to accommodate the shifted operation. Figure 6-8 provides a good 
intimation of ,1,1, difference. Schedule, 1. 2, 1 3 „ el, Liecli.e.Tcet 152 
can an operation be subjected to a limited-left-shift. However, Schedule 1 is not 

SriSlV ! Can be u perf0rraed on aeration (2, 1, 2); it can be moved into 
the initial idle interval on machine 2 without deferring the start of operation (1 2 2) 

Once this is done operation (2,2, 1) can also be left-shifted and the result is Schedule 3 
Similarly, left-sh,fti„g in Schedule 2 also results in Schedule 3. In this stople ex¬ 
ample, 3 is the only active schedule that exists and it is obviously optimal for any 

regular measure of performance. dy 

In general although the set of active schedules is usually a proportionately small 
and proper subset of the set of semiactive schedules, there are still an impossibly 
arge number. Also, it is sufficient to consider only active schedules since the optimum 
schedule(s) is active and for any nonactive schedule some dominating active schedule 
is readily obtained by left-shifting. e 

inm™k rth f e m SU I’ ClaSSi T Cati0n ° f schedu!es de Pends on detailed examination of the 
intervals of idle-time. Let us say that an operation is “ scheduleable ” on machine j at 

ttelobffiat 8rea t ter tha H °i 6qUal t0 the com P leti °n-times of all other operations of 

‘ sch2ffiSbl^aft PreC U ,T en ° Perati ° n - PerhapS m ° re simpIy > an operation is 
scheduleable after all preceding operations on the job have been assigned a place 

" ? . sch ® dule and *e last of these has been completed. If for every instant of dle- 

time < and for every machine j in an active schedule, there is no operation that is 

schedu eable ony at t, then the schedule is said to be a nondelay schedule * [157]- 

simply stated, there is no instance m which a job is delayed when the machine that is 

to process the next operation is available and idle. 


Job 1 
Job 2 


b 1,1 

1,2,2 

1,3, 1 

2, 1,2 


Fig. 6-9. A 2/2 problem. 


Nondelay schedules are by definition a subset of the active schedules, but not a 

It°k nm t“ S '“in 8 f' 111 Same SCTSe that the aCtive Schedules dominate the semiactive. 
It is not true that m every problem there is an optimal schedule among the nondelay 

cE,t S 'f ih eXamP K,’ 3 2/2 Pr ° blem " Sh ° Wn " Fi S- 6 “ 9 ’ and the -ly ‘wo active 
schedules for this problem are shown in Fig. 6-10. Schedule 1 is not a nondelay 

* This is what Jackson has called an “availability schedule” [88]. 
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Machine 1 
Machine 2 


1 , 1,1 


1 , 3 , 1 

. 

1 , 2 , 2 

2 , 1,2 


1 


1,1,1 


1,3, 1 

2, 1,2 

1,2,2 



2 


Fig. 6-10. The two active schedules for the 2/2 problem of Fig. 6 9. 


schedule, since machine 2 is initially idle while operation (2, 1, 2) is available for 
processing, yet this is clearly superior to the nondelay Schedule 2 for at least some 
regular measures of performance (maximum flow-time and others). Moreover a 
nondelay schedule is not as easily constructed from an arbitrary active schedule as an 
active schedule is from a semiactive one. Yet the nondelay schedules are a very 
important class, for while they are not readily derived from active schedu es they are 
equally easy to generate, and there is strong empirical evidence that while they may 
lack an optimal schedule, on the whole the nondelay schedules are better than the 
remainder of the active schedules. This suggests that when one lacks a procedure for 
constructing an optimal schedule directly and must resort to a heuristic or sampling 
approach, it may be more profitable to address the nondelay schedu es than the 
active schedules even though one may, in doing so, forfeit the infinitesimal probabih y 
that an optimal schedule may be obtained. 


6-6 GENERATION OF SCHEDULES 

Many of the heuristic, sampling, and computational approaches to the job-shop 
problem require the generation of a number of schedules for a particular problem. 
The types of schedules defined in the previous section are useful m describing these 
approaches, but it is also useful to define different types of procedures for there are 
many distinctly different ways of generating a set of active schedules or a pro em. 

Schedule-generation procedures have a basic similarity in that each operates on 
the set of G = T-Li Xi operations, selecting operations one at a time and assigning a 
starting-time to each. The order in which the operations are selected and the manner 
in which the starting-time is determined characterize a schedule-generation procedure. 

The most important distinction is between single-pass and adjusting piocedures. 
Under a single-pass procedure, once a starting-time is assigned to a particular opei- 
ation, this time is permanent and may not be changed to accommodate a later assign¬ 
ment. However involved the decision rule may be that selects the operation to be 
assigned and its starting-time, there is just one pass through the set of operations an 
precisely G starting-time decisions are made. Under an adjusting procedure each 
starting-time assignment is tentative and subject to repeated modification unt 1 
entire schedule has been completed. With very rare exceptions the generation pro¬ 
cedures that have been programmed for computers have been of the single-pass type 
There is of course, no reason why adjusting procedures cannot be implemented on a 
computer, but the explicit statement of reasonable rules for adjustment is a very 
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difficult task. Allegedly, human schedulers operating on some form of Gantt chart can 
epiploy various heuristic adjusting procedures which presumably give them an 

reahv tef H Ver ™ S hypotllesis has been proposed but never 

chart With ffietri t ‘V d !' aW ! ,aCks in ad J' ustin « a manually constructed Gantt 
chart. With the advent of graphical input-output devices for computers it is now 

conceivable that a meaningful experiment of this nature may be performed 

One might initially suppose that the restrictions placed on single-pass procedures 

m°oce d fi make S ° n 6 * Che , duleS maccessible t0 ‘bis type of generation, so that adjusting 
procedures would be theoretically preferable. Strictly speaking, this is not the case 8 

pro C d e ud r n g T F folio k a corre sp°nding single-pass procedure capable of 

producing it It follows that for any active schedule there is a single-pass procedure 

However, while this implies that the class of single-pass procedures is sufficient it 

optimafshiTir 311 Y mP y th3t U 18 desirable t0 restrict attention to this class. An 
op imal single-pass generation procedure assuredly exists for a particular problem 

but it may have neither rhyme nor reason, and no similarity to an optimal procedure 
or any other problem. It may be easier to search among adjusting procedures than 
to pursue a patternless single-pass procedure. 

A s P eciaU yP e of single-pass procedure that has been particularly important in 
esearch and m actual industrial practice is the class of dispatching procedures These 
are single-pass procedures m which the starting-times for any given machine are 
determined m such an order that they form a strictly nondecreasing Tequence of 
numbers. This means that the decisions are made in the same order as they will be 
implemented, and that the scheduling process can be spread out in time, maktag each 
decision immediately before it is to be implemented. The class of dispatching pro¬ 
cedures is sufficient in the same sense as the class of single-pass procedures; for any 
g ven active schedule, and therefore any optimal schedule, there is a corresponding 
patching procedure that would produce that schedule. However, the same objec- 
t on also applies, ,n that this dispatching procedure may not be systematic or under- 

w “" and xz 

An important concept in many schedule-generation procedures is the set ofsched- 

JZtt 0perat ! ons - an y moment ^is set, denoted {S„}, is a subset of the G oper¬ 
ations consisting of all those operations which have had their predecessors scheduled • 
or example, an operation is m {£„„} if a starting-time has been assigned to each of the 
preceding operations of that job. This means that for an n/m problem {5 } initially 
consists of exactly n operations, the first operation on each job. When one of this 
imtia set is selected and scheduled, it is replaced by the second operation on that job 

srheh 1 h a . SeC ° nd °P eratlon - Whenever the last operation of a job is selected ind 
scheduled, here is no replacement in {S M } and the size of the set is reduced by one 

for boffi ^ I' C ° mplet ® d whenever (£.} becomes empty. This concept is important 
for both single-pass and most adjusting procedures. For a single-pass procedure 
once an operation has been removed from {S„} it can never re-enter but with an 

wtKeLe^W ron Wh ^ e i SeqUenCeS V6ry frequentl y need to be rescheduled, and 
wm re-enter {h so } one at a time. 


fM UM 

SARHEGlE-MtLLOH tiMVERSlTY 
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There are two common ways of partitioning {S so }. The first is by job, partitioning 
(S so \ into n subsets, each consisting of at most one operation,* which become empty 
as the last operation of the particular job is scheduled. This partition is used by 
job-at-a-time schedule-generation procedures in which all the operations of a particular 
ob are scheduled consecutively; the * starting-time decisions for thus Particular job 
are made consecutively, without intervening decisions on any operation of any othe 
job. There are, of course, exactly n\ orderings of the n jobs so that, considenng pc. 
cedures which produce only active schedules, there are precisely u! job-at-a-time 
single-pass schedule-generation procedures. Each of these procedures produces 
unique (active) schedule, but these schedules are not always distinct; several p ‘ oc ' 
dures can produce identically the same schedule, for example, when certain jobs do 

not compete for the same machines. , * 

The second partitioning of {S eo } is by machine, into m subsets, each denoted 
ss*\ (k = 1 2 rri) and consisting of the operations scheduleable on 
particular machine ai the given moment. Each subset consists of operations waiting 
before that machine, and of operations all of whose direct predecessors are m process 
„ otto machines. Initially there are „ operation, disrrib.red ,„.o th<r m » 

!S k }. Particular subsets can alternate between empty and nonempty status until 
eventually all the subsets are empty and the schedule is completed. 

There are two particularly important methods of selecting the subset {S„}, fro 
which the next assignment is to be made, which provide the has* for thii class of dis 
patching procedures. Consider the set of operations which are m process denoted 
(5 ; }. An operation is placed in {S ip } as soon as it is removed from {S 30 }. The set 
{S-i is partitioned by machine into m subsets, and there is exactly one operation n 
each of these subsetsf (in process on each machine). When an operation‘ 
one of the subsets, denoted by {Sg,}, the previous occupant is removed from the 

Let 

Cfc be the process completion-time of the operation in {Si P }, 

s jk be the potential starting-time of operation; in {&} (this is the completion-time 
of the previous operation or zero if this is an initial operation of a job), and 

n, fr be the processing-time of operation j in (St). 


Then, 

1) max(C A , s jk ) is the soonest possible starting-time for operation; m {S* 0 }, and 

2) max(Cjh, *,-*) + p ih is the soonest possible completion-time for operation ; in 

{Si}- 


* This is true only for the simple job-shop process. When assumption (21 of the process 
(sle Section 1-2) requiring a strictly ordered sequence of operations on each job is relaxed, 
then two or more operations of a job may be simultaneously members of {S s „}. 
t To begin the process, consists of an imaginary operation, with a process completion- 

time of zero. 
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criterioii 110116 ” 15 ^ SUbSet ’ ^ iS ° h0Sen f ° r Sele ° ting tlle next operation by the 

min min [max(C*, s jk )l 

k jG{S k ) 

90 

and if the operation selected achieves this value, then the procedure is of a dispatch- 

,he pro “ d ' ,re " 8h, 

criter f io a n n0nemPty ^ {S “ } ’ ^ Ch ° Sen f ° r Selecting the next operation by the 

min min [max(C fo s 3k ) + Pik \ 

d”smtohL 0 2 P one ti0 F Se !u Cted *** **** tha “ tWs value ’ then the Procedure is also a 

that th 8 , ' urt ber> an y active schedule can be generated by this method so 

t at the procedure might be called active-schedule dispatching. Under this procedure 

“fir™ -" * a — with the astance that them is no 


{empty}, 


# -- V VAAV 111 V 

The difference between the two procedures 
problem of Fig. 6-9. Suppose that 

{*SVp} — {(1, 1, 1)}, 

{‘S'fp} — 

{Sso} = {empty}, 

{sio} = 

= 2, 

P122 — 

then 

^212 ~ 

O 

II 

£ 

II 

0? ^122 = 


^212 = 0. 


nonXip»SS C '"“' 2 “ Ch °“” f “ <«„ 


min min [max(C fo s jk )] = 0, 


and only operation (2, 1, 2) can be started at this time. Schedule 2 of Fig 6-10 
would result. Under active-schedule dispatching, 8 ' 6 10 

min min [max(C fo s jk ) + Pjk ] = 3 ; 


k yei^, 


(1 ; 2> 2) have POtential starti «g-t™es less than this 
if f 1 2 ^/kselii V t ’ th \ reS , ul 1 tmgscheduleis Schedule2 of Fig. 6-10, whereas 
results 2 ted ’ an actlve schedule with inserted idle-time, Schedule 1 of Fig. 6-10 

opeidon C from S fS 6C ! Ule < J bt ? Md u Y & generation Procedure which selects an 

operation from {S s0 } and schedules it at the soonest possible time consistent with the 

and ‘l 16 existing schedule for the machine which the 0peration 

can be nsSld h f 6 howeve T’ not a dis P atchin S procedure since an operation 
can be inserted before another previously scheduled operation. 
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A computer program that produces a schedule by the use of a dispatching pro¬ 
cedure is often called a job-shop simulation. The operation of the program appears .to 
simulate the activity of a physical job-shop process over time in the sense that the 
assignment decisions are made in the same order that they would be implemented 

1116 The concept of job or operation priority is inherent in many schedule-generation 
procedures. A priority is simply a numerical attribute of a job or operation on which 
selection is based. For example, in job-at-a-time schedule generation there must be 
some mechanism for determining the order in which the jobs are selected^and \ t ^s 
convenient to view this in terms of a priority system ; jobs are alwaysi selected m ord 
of increasing value of a numerical attribute assigned to each job. Then there is really 
onrone job at-a-time schedule-generation procedure, but there are n\ different ways 

° f TiSmity system must always have sufficient precision to lead to a unique selection 
so that two competing jobs should never have precisely the same value of priority. 
This may require that in support of the primary priority-attribute there may have to 
be secondary attributes assumed in order to resolve ties. For example, m job-at-a- lm 
generation the primary job-priority might be taken equal to the numbe ‘ n f “ e 
Since the priorities would be small integers one would expect frequent ties and the 
job identification number might be arbitrarily specified as the s ® condar y 
attribute, so that between two jobs with an equal number of operations, the job with 
the smaller identification number is selected first. . 

For even greater generality one can consider priority values to be obtained from 
probability dfstribution by the use of some random mechanism. A different distribu¬ 
tion is assumed to exist for each job-operation combination receiving a priority^ 
With such probabilistic priority schedule-generation procedures, the concept of 
replication becomes important, since for a given problem (a certain set of jobs and 
machines) one could randomly obtain different priority values and consequently 
different schedules. Meaningful replication involves either repeated generatio 
priorky values to make statistical statements about schedules for a particular problem 
and parity mechanism, or repeated generation of job-sets to make statistical state¬ 
ments about schedules for a particular problem class. , , At 

Two extreme types of probabilistic priority have been frequently^ employed At 
one extreme the distributions have been degenerate point-d'stnbutionsi wrth zero 
variance so that in effect a deterministic priority value is assigned to each J<*- 
example this would be the case when priority is taken equal to the opeiatio 
processing-time. In this case replication of the first kind is meaningless, since repeated 
scheduling of a given problem with a certain priority mechanism always Jesuits l 
identically the same schedule. At the other extreme the distribution for each job can 
be exactly the same nondegenerate distribution. The distribution used is irrelevan 
since only the relative ordering between values has bearing on the 
provides random selection whenever two jobs (or operations) are in competition and 
represents the case in which there is no rational basis for selection. Replication of 
both kinds is meaningful for this type of priority schedule-generation. 
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Dispatching procedures for schedule generation always include a priority mech¬ 
anism to select among operations competing for machine assignment. In some cases 
the priority may be implicit in the mechanism of the computer program, but it must 
be present. Operation selection is actually in two stages for such procedures. The 
first stage is the selection of a machine, say K, to which an assignment is to be made; 
the second stage is the selection of one operation from among possibly several oper¬ 
ations in {S so }, Once the machine has been determined it is not automatic that the 
operation with minimum SjK is selected, for to do so implies a particular priority 
mechanism: first-come, first-served. For example, under nondelay dispatching, any 
of the operations with s jK ^ C K is eligible for selection and a priority mechanism is 
required for resolution. In the most general sense this would be a probabilistic 
mechanism, ranging from the degenerate distribution extreme (such as first-come, 
first-served) to the common distribution extreme in which each eligible operation is 
equally likely to be selected. The degenerate distribution extreme results in a unique 
schedule for a particular problem and replication of the first kind is meaningless 
Therefore, to be completely descriptive, one might speak of probabilistic priority 
dispatching, but there really is no other kind of dispatching; there are only special 
cases m which either the probability or the priority is not evident. Thus the term 
dispatching includes schedule-generation procedures which are based on some prob¬ 
abilistic priority mechanism. 

6-7 BRANCH-AND-BOUND APPROACH TO THE JOB-SHOP PROBLEM 

The branch-and-bound technique has been described previously in connection with 
the traveling-salesman problem (see Section 4-1.1) and the flow-shop problem 
(Sections 5-3 and 5-4). A similar approach to the n/m/G/F max problem has been 
given by Brooks and White [22]. 

In the tree of unsolved problems generated by this approach, each node represents 
an active schedule for a particular subset of the operations, and a point in time at 
which there is more than one operation which could be scheduled next on the par¬ 
ticular machine chosen (as described in the preceding section). Each branch descend¬ 
ing from a node represents the selection of one of the competing operations. Selection 
of a particular branch is based on determining the minimum value of a lower bound on 
the maximum flow-time for each possible branch. As usual, the power of the pro¬ 
cedure depends heavily on the quality of the lower bounds, particularly those used 
in the early stages of branching. Three of the more promising possibilities for these 
bounds are given below. In each case the computations are based on the conditions 
which would exist in the partial schedule at the node to which the branch would lead. 

1) Construct any complete schedule starting from the partial schedule in-hand 
using one of the simple dispatching procedures discussed in the next section. Take as a 
bound the maximum flow-time for this complete schedule (this is actually an upper 
bound). 

2) For each job, find the earliest time at which it could possibly start on its next 
unscheduled operation. Add to this the sum of the processing-times of all the unsched- 
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uled operations of the job. Take as a lower bound the maximum of these quantities. 
This bound is good if there are several jobs whose remaining processing-time require¬ 
ments are large relative to the others. 

3) For each machine find the minimum time at which an unscheduled operation 
could be started. Add to this the sum of the processing-times of the unscheduled 
operations which require this machine. Take as a lower bound the maximum of these 
quantities. This bound is reasonably good if there are a few machines whose workload 
is considerably higher than the others. 

Computationally, procedure 1 involves the most work and procedure 2 the least. 
However, both procedures 2 and 3 are effective only under special circumstances. 
The difference in the operation of these three bounding procedures is illustrated by 
the following 3/4 problem. 


Operation 

12 3 4 

Machine p Machine p Machine p Machine p 



Since all the jobs have their initial operation on machine 1, there is a conflict on 
machine 1 at time 0. The three branches out of the top node of the solution tree 
correspond to selection of job 1, 2, and 3 at time zero; call these branches B i, B 2 , 
and B s . The branch chosen by each of the bounding procedures will be determined. 

1) A complete schedule for each branch is required. If the ones chosen are those 
given in the Gantt charts of Fig. 6-11 (the third identifier of an operation is omitted), 
the branch with the least lower bound is B 3 . The next branch and bound would be 
based on the partial schedule which has job 3 started at time 0 on machine 1. 

2) If job 1 is chosen, then each job could potentially start at time 6 and the 
remaining processing-times would be 21, 19, and 19, so that the lower bound for Bi 
is 27. For B 2 it is 28 (l + max(27, 18, 19)) and for B d it is 32 (5 + max(27, 19, 14)). 
Branch B l would be followed. 

3) If job 1 is chosen, then the earliest possible times that each machine could star, 
on the rest of the operations are 6, 7, 10, 6 (machines 1 through 4, respectively), 
The sum of the processing-times of the unscheduled operations on each of the four 
machines would be 6, 10, 29, and 14. The lower bound associated with B i is then 
max(6 + 6, 7 + 10, 10 + 29, 6 + 14) = 39. For B 2 the lower bound is 33 and for 
B 3 it is 34, so that B 2 would be followed. 

Brooks and White conclude that the procedure is computationally prohibitive for 
problems of practical dimension, but it could nevertheless be an attractive alternative 
to integer programming for solution of small problems. Furthermoie their results 
suggest some interesting dispatching procedures, corresponding to following a par¬ 
ticular path in the branch-and-bound solution tree, without backtracking. 
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A complete schedule for ft; 

6-8 EXAMPLES OF SCHEDULE GENERATION 

COmPUter has -d to 

complete report of this work we have selected? Pr ° b e ™ s , Rather than making a 
with which we have been directly associated to ilh,It ^ 1*® m ° re extensive studies 
that may be obtained. In aggregate we would rthe approach and the results 
interesting and that the 

there is a basis for some insight into the nroble ° ® mendousl y successful. However, 
useful if, in fact, anyone ^ wouU ^ 

approach is so obvious that each investigator nitis?? Pr ° blem ’ Moreover the 
way before resorting to more sophisticated method d ‘ SC ° Ver what can be d °ne in this 
tried may help to forestall endless repetition of ibis’work* * ^ been 

Bakhru 6 S^ [ ^XtldT^ D ,C ^ ,lIe8 ^ C ° fflpared “ a -My by 
job had exactly m operations, one on each ntachil™- Wlth permutatlon ro »tings-, each 
A sample of 11 such problems was 
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Table 6-1 


Random Sampling of 10/6 Schedules (Permutation Routing) 

Mean flow-time 


Random sample of 50 
active schedules 


Random sample of 50 
nondelay schedules 


Problem 

number 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


Minimum 
of 50 


Maximum Minimum 

of 50 of 50 


61.9 

61.5 

62.8 

51.7 
56.0 

67.7 

51.8 

57.4 
60.0 
52.6 

61.4 


74.9 

75.4 
81.2 

63.6 

74.7 

82.8 

65.4 

72.3 

75.5 

62.4 
77.3 


59.1 
61.3 

69.2 
49.0 

54.1 

65.2 
51.0 
55.0 
58.9 

51.3 
61.0 


Maximum 
of 50 


69.4 

70.3 

73.8 

59.8 

67.9 
75.6 
62.1 

67.5 

69.6 
61.0 

68.6 


Problem 

number 

1 

2 

3 

4 

5 

6 

7 

8 
9 

10 

11 


Maximum flow-time 


Random sample of 50 
active schedules 


Random sample of 50 
nondelay schedules 


Minimum 
of 50 


76 

83 

86 

68 

74 

95 

69 

76 

82 

67 

84 


Maximum 
of 50 


106 

115 

119 

99 
109 
122 
112 
108 
119 

100 
116 


Minimum 
of 50 


71 

78 

82 

64 

70 

85 
66 
73 
75 
62 

86 


Maximum 
of 50 

Lower 

bound 

103 

71 

99 

67 

106 

73 

91 

64 

93 

56 

116 

71 

83 

59 

95 

67 

113 

65 

88 

54 

105 

78 


dom sample of 50 active schedules and a the meS fltwTtae 

e generated. Both the sample —unn and mean flow . t ime, for 

m each sample of 50 is displayed in schedule was better than the maxt- 

h of the 11 problems, the maximum nond ‘ y minimum nondelay schedule was 
m active schedule. For 10 of the pi ob e state ments can be made using 

ter than the minimum active schedule. The same stateme 
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maximum flow-time as a measure of performance (the single reversal is not the same 
problem under the different measures). 

A lower bound on maximum flow-time can be easily obtained by summing the 
operation times on each job and the operation times on each machine. The maximum 
of these n + m sums is a lower bound, but not necessarily an attainable one. These 
values are shown in the second part of the table. In at least two of the 11 problems the 
minimum of the 50 nondelay schedules is an optimal schedule since its maximum 
flow-time equals the lower bound. Optimal schedules may have been obtained for 
other of the problems (i.e., the bounds given may not be attainable). Averaging over 
the 11 problems the maximum flow-time of the best nondelay schedule is 12% greater 
than the lower bound; the best active schedule is 19% greater than the lower bound. 

These results suggest that if one were to seek a good schedule simply by selecting 
the best of a randomly generated set of schedules it would be more efficient to sample 
from the population of nondelay schedules. An example in Section 6-5 demonstrated 
that for an arbitrary problem it is not true that the set of active schedules is dominated 
by its nondelay subset; for some problems, there may not be an optimal nondelay 
schedule, but it is obvious from the evidence of Table 6-1 that for some problems 
there is. Howevei, the existence and attainment of an optimal schedule is almost 
irrelevant since a willingness to settle for high probability of obtaining a good schedule 
is almost implied by the resort to a sampling procedure. In general, it would seem that 
the population of nondelay schedules offers better prospects in this regard than the 
larger set of active schedules. 

Further evidence on this question is available from a study by Jeremiah, 
Lalchandani, and Schrage [102]. In this case, the experimenters, rather than generat¬ 
ing schedules at random, selected operations from the set of “scheduleable” operations 
according to some attribute of the operations and/or the jobs associated with the 
operations. Once an operation was selected, the starting-time was determined so as to 
produce an active schedule. The procedures for selecting operations from {S so } that 
were considered were the following: 

RANDOM Select operation at random. (This is the same as the procedure used to 
generate active schedules in [13].) 

MOPNR Select operation for the job with the largest number of operations 
remaining to be processed. 

MWKR-P Select operation for the job that has the most processing-time on oper¬ 
ations subsequent to the “scheduleable” operation. 

MWKR/P Select operation for the job that has the greatest ratio between work 
remaining to be done and the processing-time of the “scheduleable” 
operation. 

SPT Select operation which has the shortest processing-time. 

MWKR Select operation for the job that has the most work remaining. 

LWKR Select operation for the job that has the least work remaining. 

The schedules produced by these procedures were compared to the nondelay 
schedules produced by the corresponding dispatching procedures. A machine is first 



Table 6-2 Performance Summary: Mean Flow-Time 
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selected for the next assignment, and then an operation selected from among those 
“scheduleable” on that machine according to one of the following rules: 

RANDOM Select operation at random. 

SPT Select operation which has the shortest processing-time. 

MWKR Select operation for the job which has the most work remaining. 

LWKR Select operation for the job that has the least work remaining. 

LPT Select operation which has the longest processing-time. 

FCFS Select operation which first entered {S so } (first-come, first-served). 

Although the procedures on these two lists appear to be similar, the distinction 
between selecting from all of {S so } and from the subset associated with the earliest 
available machine is important, and the resulting schedules are quite different. 

A portion of the results of this study for mean flow-time, maximum flow-time, and 
mean machine finish-time are given in Tables B-l through B-3 of Appendix B and are 
summarized in Tables 6-2 and 6-3. 

A total of 84 different problems were considered in six different categories. Three 
different procedures were used to generate the routings for these sample problems. 
One category consisted of permutation routing (denoted Perm in the tables) in which 
each job has m operations, one on each machine. Three of the categories employed 
random routing (denoted Rdm in the tables), in which each machine is equally likely 
to be the machine which handles the first operation of a job; after each operation the 
job is equally likely to move to each of the other machines for its next operation, or to 
be considered completed. The number of operations on a job is a random variable 
with a geometric distribution; the expected number of operations is m. It is obviously 
not necessary for each job to have an operation on each machine, and in many cases 
a job will have two or more operations on the same machine, although consecutive 
operations on the same machine are not allowed. The two remaining categories 
employed what was called fixed random routing (denoted FixR in the tables), in which 
each job has exactly m operations, but they are determined at random without the 
constraint that each job must have an operation on each machine. This type of routing 
is considered to be intermediate between the permutation and random extremes. 

The summarized results for mean flow-time are given in Table 6-2. This provides 
additional evidence of the general superiority of nondelay schedules. For all 14 of the 
10/4/Rdm /F problems, the best nondelay schedule obtained was better than the best 
active schedule. The contrast is particularly interesting for the SPT and MWKR 
procedures, which were used to produce both active and nondelay schedules. In 
every case the nondelay schedules were superior. The same result was obtained for the 
10/4/Perm/F problems; in all 20 cases, the best nondelay schedule was superior 
(only the best of the various active schedules obtained is listed in the table) and in 
direct contrast to the SPT procedures, the nondelay SPT schedule was, in each case, 
better than the active SPT schedule. 

In the case of active schedules three procedures are dominant: SPT, RANDOM, 
and LWKR. In the 84 problems, there were only two cases in which one of these rules 
did not yield the best performance. 
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However, these results are disappointing with respect to the identification of one 
procedure that consistently produces better schedules than the others, with five 
different procedures (including random generation) producing the best schedules for 
at least one of the 84 problems. There is also little basis for saying anything positive 
about the effect of either the size of the problem or the manner of determining 
the routing. 

The results for maximum flow-time (Table 6-3) are substantially different in that 
there is less of a choice between active and nondelay schedules, but a clear indication 
of type of generating procedure. Of the fourteen 10/4/Rdm/F inax problems there 
were only five in which the best nondelay schedule was better than the best active 
schedule obtained. Two resulted in a tie. In fourteen of the twenty 10/4/Perm/F lllax 
problems the nondelay schedule was better (with four ties). 

When one is determining which job to assign next, it is worth one’s while to con¬ 
sider the total remaining processing-time, since MWKR often produced the best 
schedule, and when it did not, the best would be associated with a minor variation 
that simply represented another way of measuring the same consideration. It seems 
preferable to favor jobs with much work remaining rather than those with little, and 
to use this consideration rather than the processing-time of the operations in . 
There seems a clear advantage to this selection as compared to random generation. 

For some problems, the average time it took the machines to complete their 
processing was also obtained; these results are presented in Table B-3, for general 
interest, even though this criterion has not generally been considered in other models. 
Curiously, although this is an average over machines, remarks would be much more 
like those for maximum flow-time than mean flow-time. 

6-9 PROBABILISTIC DISPATCHING 

The investigation of [102] also touched on the question of truly probabilistic dispatch¬ 
ing, in which some attribute of the operation or job is used to randomize in a biased 
manner the selection from {S so }. With some amount of randomness present in the 
selection, different schedules will be produced if a procedure is repeatedly applied to 
the same problem. One could produce a set of schedules in this way and then by 
examination select the best of these. The argument for such a procedure is something 
like the following. Suppose that one had identified an attribute, X, that was important 
to the ordering of operations in a schedule so that a dispatching procedure based on 
this attribute tended to generate better schedules than those selected at random. 
For problems of a certain class, this could be represented as in Fig. 6-12, in which 
E(X) represents the expected schedule value for problems of this class if strictly 
deterministic dispatching based on attribute X is employed, E{R) denotes the expected 
schedule value if schedules are generated at random, and M represents the expected 
schedule value using probabilistic dispatching. Now if a dispatching procedure is 
employed that causes selection to be biased but not completely determined by attri¬ 
bute X, the result might be as pictured by the distribution in Fig. 6-12. If the attribute, 
X t is actually beneficial, one would anticipate that M would lie to the right of E(X), 
and presumably to the left of E(R). The point of the procedure is that the variability 
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admitted may cause some 01 the schedules that could be generated to have values 
better than E(X ). Depending on the variance of the distribution and the distance 
between E(X) and M , a sample of reasonable size might contain one of these good 
schedules.* 

Ten examples of 10/4/FixR problems were examined in this way. Schedules 
were generated by strict application of SPT, MWKR, and LWKR dispatching pro¬ 
cedures and then 50 schedules were generated by a probabilistic variation of each of 
these procedures. Also, 50 were generated by the use of the RANDOM procedure. 
These results are given in Tables 6—4 and 6—5. In each of these procedures the mem¬ 
bers of {S so } were ranked according to the particular attribute and then geometrically 
decreasing probabilities were assigned to the operations in ranked order. For example, 
under probabilistic SPT, the operation with the shortest processing-time was most 
likely to be selected from {*S so }, but by chance any of the operations could be selected. 

For mean flow-time, in every single case the minimum of the set of $0 was better 
than the single schedule produced by the corresponding deterministic procedure. The 
same was true for maximum flow-time, except for two cases which produced equiva- 


Table 6-4 


Probabilistic Generation of Active Schedules: Mean Flow-Time (10/4/FixR/F) 


Problem Repli- 
number cation 

SPT 

Pure Min. of 50 

MWKR 

Pure Min. of 50 

LWKR 

Pure Min. of 50 

46 

1 

133.2 

123.4 

146.2 

133.3 

123.5 

109.0 

47 

2 

146.5 

136.4 

187.0 

171.8 

140.1 

131.6 

48 

3 

158.0 

141.0 

170.9 

161.3 

150.5 

130.1 

49 

4 

131.7 

121.8 

143.4 

139.8 

128.9 

113.8 

50 

5 

123.2 

110.8 

145.8 

138.6 

110.2 

107.4 

51 

6 

121.4 

112.6 

152.0 

139.4 

130.7 

110.4 

52 

7 

148.0 

125.3 

152.4 

144.9 

126.3 

120.1 

53 

8 

150.7 

132.7 

204.6 

186.5 

134.7 

125.1 

54 

9 

159.8 

146.9 

179.8 

175.7 

151.3 

141.6 

55 

10 

150.1 

131.1 

181.7 

153.7 

129.4 

122.8 


RANDOM 
Min. of 50 


124.0 

152.4 

142.8 
131.0 
115.7 
117.0 

124.3 

144.4 

153.9 
144.1 


* This argument might apply equally well to either active or nondelay schedule-generation. 
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Table 6-5 


Probabilistic Generation of Active Schedules: Maximum Flow-Time (10/4/FixR/F ma x) 


Problem 

Repli- 


SPT 

MWKR 

LWKR 

RANDOM 

number 

cation 

Pure 

Best of 50 

Pure 

Best of 50 

Pure 

Best of 50 

Best of 50 

46 

1 

206 

171 

164 

160 

222 

201 

188 

47 

2 

253 

221 

219 

213 

279 

237 

214 

48 

3 

219 

206 

205 

196 

263 

224 

235 

49 

4 

247 

228 

164 

164 

273 

207 

180 

50 

5 

248 

196 

195 

195 

229 

209 

191 

51 

6 

214 

173 

193 

170 

225 

187 

170 

52 

7 

234 

188 

193 

185 

222 

197 

191 

53 

8 

373 

288 

243 

237 

333 

274 

249 

54 

9 

300 

227 

210 

204 

263 

231 

218 

55 

10 

258 

207 

248 

216 

239 

234 

210 


Table 6-6 

Probabilistic Dispatching Procedures: Maximum Flow-Time 


Number 


Problem 

number 

n 

m 

Routing 

of 

schedules 

Type 

schedule 

RANDOM 

SPT 

MWKR 

FCFS 

96 

20 

9 

Rdm 

1 

Nondelay 


20.7 

28.3 

22.5 





100 

Nondelay 

21.2 

19.9 

21.2 


97 




1 

Nondelay 


15.0 

19.0 

16.8 





100 

Nondelay 

15.2 

14.1 

15.2 


98 




1 

Nondelay 


24.3 

29.5 

25.8 





100 

Nondelay 

24.3 

22.2 

24.3 


99 




1 

Nondelay 


23.1 

30.3 

25.0 





100 

Nondelay 

23.3 

22.7 

24.3 


100 

60 

9 

Rdm 

1 

Nondelay 


32.5 

53.3 

32.8 





50 

Nondelay 

30.8 

29.7 

30.8 


101 




1 

Nondelay 


30.9 

55.5 

33.8 





50 

Nondelay 

33.0 

29.7 

33.0 


102 

100 

9 

Rdm 

1 

Nondelay 


45.7 

93.4 

58.0 





40 

Nondelay 

56.0 

44.8 

56.0 


103 




1 

Nondelay 


47.8 

90.9 

54.3 





40 

Nondelay 


46.9 

73.2 


104 

6 

6 

Perm 

1 

Nondelay 


52.7 

55.8 

54.7 





100 

Nondelay 

48.2 

46.7 

48.2 


105 

10 

10 

Perm 

1 

Nondelay 


834 

1011 

1036 





100 

Nondelay 

875 

791 

875 


106 

10 

7 

Perm 

1 

Nondelay 


68.9 

73.5 

74.5 





100 

Nondelay 

68.0 

66.8 

68.0 






1000 

Nondelay 


66.4 
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lently good schedules. There is also an interesting consistency between the 
deterministic rule that produced the best schedule and the probabilistic rule that 
produced the best schedule. Under both measures of performance, with only three 
exceptions, these were corresponding rules. 

Nugent [157] has pursued the matter of probabilistic dispatching to much greater 
depth. He parametrized the distance between a particular deterministic-dispatching 
procedure and purely random schedule-generation and tested probabilistic procedures 
that lie on different points on the scale between these extremes. He was able to vary 
the amount of randomness that entered into operation selection and attempted to 
determine experimentally how much to permit in order to obtain a good schedule 
from a small sample. He conducted these tests both on his own randomly generated 
problems and on problems that had previously appeared in the literature in reports of 
other investigations. A portion of his results is given in Tables 6-6 and 6-7. The tests 

Table 6-7 

Probabilistic Dispatching Procedures: Maximum Flow-Time 


Number 


Problem 

number 

n 

m 

Routing 

of Type 

schedules schedule 

RANDOM 

SPT 

MWKR 

FCFS 

96 

20 

9 

Rdm 

1 

Nondelay 


48.7 

41.9 

48.5 





100 

Nondelay 

43.6 

41.4 

39.6 


97 




1 

Nondelay 


39.5 

37.7 

40.7 





100 

Nondelay 

37.1 

34.8 

31.3 


98 




1 

Nondelay 


54.4 

49.1 

55.3 





100 

Nondelay 

49.1 

48.6 

46.1 


99 




1 

Nondelay 


50.1 

49.5 

54.5 





100 

Nondelay 

51.1 

48.8 

44.5 


100 

60 

9 

Rdm 

1 

Nondelay 


108.5 

76.4 

105.5 





50 

Nondelay 

94.2 

89.9 

74.9 


101 




1 

Nondelay 


100.6 

82.6 

107.7 





50 

Nondelay 

101.9 

93.3 







40 

Nondelay 



80.3 


102 

100 

9 

Rdm 

1 

Nondelay 


132.0 

106.9 

131.2 





40 

Nondelay 

126.7 

116.4 







20 

Nondelay 



106.4 


103 




1 

Nondelay 


128.6 

103.0 

124.6 





40 

Nondelay 


111.8 

107.5 


104 

6 

6 

Perm 

1 

Nondelay 


88 

61 

67 





100 

Nondelay 

59 

58 

58 






1000 

Nondelay 


57 



105 

10 

10 

Perm 

1 

Nondelay 


1074 

1108 

1235 





100 

Nondelay 

1050 

1022 

1047 






300 

Nondelay 


960 



106 

10 

7 

Perm 

1 

Nondelay 


108 

81 

86 





100 

Nondelay 

82 

78 

78 
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were considerably more extensive than would appear from these tables, for where the 
table shows a sample of 100 schedules produced by a probabilistic SPT dispatching 
procedure, there were actually 100 schedules for each of several probabilistic SPT 
procedures, differing in the amount of randomness introduced. The value reported is 
the best schedule from any of the probabilistic procedures, so that it often represents 
the best of 500 to 1000 schedules. 

These results give a rather clear indication that probabilistic dispatching can 
produce better schedules for either maximum flow-time or mean flow-time as a 
criterion than strictly deterministic dispatching; but the improvement appears to be 
modest, and considerable effort is required. By direct comparison of this procedure 
with every other procedure that has been published with data adequate for testing, 
Nugent shows that this procedure can produce better schedules for any n/m finite 
problem than any other sampling, generation, dispatching, or heuristic procedure 
that has been offered. It even matches the solution obtained by integer programming 
in the few cases in which that has been used. 

Nevertheless we regard this as something less than a breakthrough on the problem, 
since the effort required is prodigious. Although it was possible to parametrize the 
amount of randomness in these probabilistic procedures, there was little consistency 
in the values of the parameter that yielded good results for different problems, and it 
appears unlikely that this experience can be summarized in a way that would reduce 
the effort of a subsequent investigator. Moreover, the whole concept of probabilistic 
dispatching seems like something of a trick that is applicable only to relatively small 
problems. As the number of decisions contributing to the value of a schedule increases, 
one would expect that the relative variability of the process would diminish, and that 
the chances of obtaining a schedule better than the one produced by the correspond¬ 
ing deterministic dispatching procedure would become disappointingly small, while 
at the same time the effort required to generate replicate schedules would increase. 
This diminishing return is evident in the results in Tables 6-6 and 6-7. In problems 102 
and 103, the largest problems tested, the best schedule obtained by probabilistic 
dispatching is hardly any better than the best obtained by deterministic dispatching. 

However, there does appear to be something more than variability at work in 
these procedures and further inquiry would be warranted. Certainly the most surpris¬ 
ing and intriguing result in Nugent’s work is the manner in which the performance 
of several of the probabilistic procedures varies as the amount of randomness is 
increased. For a procedure that can be varied between the extremes of random 
generation and SPT dispatching, one would think that for a given problem the 
expected (average over many schedules) mean flow-time (an average over n jobs) 
would decrease smoothly and monotonically from one extreme to the other, perhaps 
with a curve something like that in Fig. 6-13. In fact, Nugent discovered a number of 
procedures that exhibited performance such as shown in Fig. 6-14. These are sampling 
results and subject to error, but the confidence limits on each of the points were such 
that there was just no question about the general shape of the curve. The interpretation 
is most interesting. For this combination of problem and procedure, it is not just 
variability that permits the probabilistic procedure to produce good schedules, 
because in expectation these procedures are better than the corresponding deter¬ 
ministic dispatching procedure. 
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Fig. 6-13. Conjectured performance of Fig. 6-14. Sample of actual performance 
probabilistic dispatching procedure. of probabilistic SPT dispatching procedure 

(20/9/Rdm/F-Problem No. 98). 


Nugent also examined the performance of a form of active-schedule dispatching. 
A machine could be held idle even though there were jobs available for assignment, if 
some more attractive job would soon be available. The problem was, of course, to 
find appropriate meanings for “more attractive” and “soon.” Nugent was successful 
in the sense that in each of the 9 problems in which he tried to do this he was able 
to find a better schedule (for mean flow-time) than was obtained by any of the non¬ 
delay procedures. Again the searching effort was considerable and the successful 
values were not consistent from one problem to another. The improvement in mean 
flow-time was 3% to 5%, but no general improvement in maximum flow-time was 
observed. The fact that Nugent’s best schedules were not nondelay schedules does not 
contradict previous indications that the nondelay schedules are a preferred subset of 
the active schedules; the delay schedules produced were carefully contrived modifica¬ 
tions of nondelay schedules and in no sense a random sampling of the complement of 
the nondelay active schedules. 

6-10 HEURISTIC PROCEDURES 

Each of the preceding studies has essentially been the exhaustive application of a set 
of relatively simple and direct single-pass procedures. At the other extreme a human 
being faced with an n/m job-shop problem would rely on a much more complex 
mixture of procedures, undoubtedly including adjusting procedures. It would seem 
that the gap between these two would permit many interesting inquiries. If one cannot 
at this point reproduce on a computer the complex intellectual process by which a 
man manipulates a Gantt chart, one should at least be able to contrive procedures an 
order of magnitude more complex than single-pass dispatching procedures. One 
paper promising “A Heuristic Approach to Job-Shop Scheduling” [61] on close 
examination turns out to be a comparison of dispatching procedures which were no 
more complex than the ones described in the preceding pages. The whole question of 
adaptive or learning procedures is open to exploration and we think promising, 
although the results of the single study thus far [52] are admittedly not encouraging. 
However, that study seems strangely conceived and was subject to the computational 
limits of a very modest machine (IBM 650), so that we do not consider it adequate 
basis for discouragement. 
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One rather limited study that does provide some basis for optimism about heuristic 
procedures was performed by Crabill [40]. The procedure he examined might be 
classified as a job-at-a-time adjusting procedure . All the operations of a job were 
scheduled in succession, yet in this scheduling the starting-times of previously sched¬ 
uled operations of other jobs could be changed. At each operation to be scheduled, the 
local effect on the maximum flow-time of jobs is determined and the best position for 
inserting the operation into the existing schedule is established. The operation is 
inserted into this best position, and its ramifications for previously scheduled oper¬ 
ations are determined by computing new operation starting-times and left-shifting 
operations so as to achieve an active schedule for the set of scheduled operations. 

The procedure used by Crabill in selecting the best position to insert an operation 
of Job / into an existing schedule is to select the position such that a lower-bound 
estimate of the flow-time of jobs is minimized over the set of jobs already scheduled 
and the job being scheduled (job I). Suppose that the potential starting-time of job / 
on machine K is time T and that the jobs scheduled on machine K but uncompleted 
at time T are jobs i = 1, 2, . . ., L and that they are scheduled on machine K in that 
order. There are L + 1 possible positions which job / could occupy, before job 1 or 
right after each of the L scheduled jobs. Let 

Di be the current finish-time of job i on machine K, 

Ci be the current completion-time of job i, 

Ci be the smallest possible completion-time of job /, 

Eu be the finish-time of job / (/, 1, 2, . . ., L) on machine K if job J is inserted into 
schedule position / = (0, 1,. . ., L), and 

Pi be the processing-time of job / on machine K. 

For each schedule position, /, the following quantity is calculated: 

max(Cj + En - T - p l9 max [C* + Eu - Dj\). 

The position with the smallest value for this quantity is chosen as the schedule position 
of job I. If job i is finished later than Di its final completion-time may be potentially 
increased by Eu — Di (the bound is not precise, for waiting-time at a subsequent 
operation may nullify this increase or precedence constraints may amplify this 
increase). The waiting-time of job / if started in position / is Cj + En — T — pj. 
The position with the least increase in the lower-bound completion-time of any job 
is the position selected. 

The procedure requires an order in which jobs are inserted and here an iterative 
approach was used. The first iteration inserted jobs in decreasing order of total 
processing-time. Any subsequent iteration inserted jobs in decreasing order of the 
completion-times acquired in the previous iteration. 

Table 6-8 summarizes the limited experimental runs with this procedure. The 
problems were a subset of those employed in [102] and reported in Appendixes B-l 
through B-3, so that direct comparisons may be made. In 13 out of 20 problems, an 
optimal schedule was produced by the adjusting procedure. This compares very 
favorably to 7 out of 20 problems obtaining an optimal solution by the selection of the 



6-10 


HEURISTIC PROCEDURES 131 


Table 6-8 


Job-At-A-Time Adjusting Procedure: Maximum Flow-Time (10/4/Perm/F max ) 


Problem 

number 

Replication 

Number of 
iterations 

Adjusting 

procedure 

Best from Table B-2 

76 

1 

9 

161* 

161f* 

77 

2 

9 

211 

223 

78 

3 

9 

251* 

: 251t* 

79 

4 

9 

166* 

203 

80 

5 

9 

183 

1771* 

81 

6 

9 

243 

241*f 

82 

7 

9 

190* 

193 

83 

8 

9 

167* 

167f* 

84 

9 

9 

225* 

225f* 

85 

10 

9 

170* 

170f* 

86 

11 

9 

241* 

241*]** 

87 

12 

9 

223* 

223t* 

88 

13 

9 

214 

2061* 

89 

14 

9 

137 

132f 

90 

15 

9 

227 

241*1* 

91 

16 

9 

161* 

171 

92 

17 

9 

196* 

202f 

93 

18 

9 

211* 

216f 

94 

19 

9 

225 

232*1* 

95 

20 

9 

142* 

144f 


* Optimal result, by a lower-bound argument, 
f Nondelay schedule. 


best result from a set of dispatching procedures. Whenever a dispatching procedure 
achieved an optimal solution, the adjusting procedure did also. In 16 of the 20 
problems, the adjusting procedure yielded an equal or better value for maximum 
flow-time. 

A statement made by Gantt four decades ago in support of the use of the Gantt 
chart still seems like an appropriate note on which to end this chapter: “This graphic 
layout makes it possible to group orders and distribute them over the available ma¬ 
chines in a much more intelligent manner than by the hit-or-miss method of deciding 
what the next job will be whenever a machine runs out of work” [27]. 






CHAPTER 7 


GENERAL NETWORK PROBLEMS 
RELATED TO SCHEDULING 


In more general terms a job-shop might be considered to be simply a network. It 
consists of nodes (machine groups) with a certain type of traffic between various 
nodes. This traffic or flow between nodes consists of discrete particles (jobs), which 
require a time resource at a node (the processing-time) and which may be stored at a 
node if insufficient resources are available. Sequencing the processing of the particles 
which arrive at a node—the topic of Chapters 5 and 6—is but one aspect of the general 
question of flow in networks. There are a number of closely related questions which 
are concerned with internode traffic and interference rather than in-node sequencing. 
The purpose of this chapter is to introduce three of the more important of these 
problems and to indicate their relationship to the scheduling problem. Many of these 
problems originally arose in contexts which are completely unrelated to the environ¬ 
ment of a manufacturing-oriented production shop but which nevertheless fall within 
the domain of job-shop problems when job-shop is used as a generic description of a 
class of network flow situations. 

For the description of the problems and of the algorithms for their solution it is 
convenient to use some of the terminology from the theory of graphs and networks. 
The notation adopted is that of Ford and Fulkerson [54]. 

A graph consists of (a) a set of nodes, and (b) a set of arcs which connect the nodes. 

The set of nodes will be denoted by {N }. Nodes in this set will be denoted by the 
letters t, x, y, or z or by the numbers 1, 2, . . ., n, where n is the number of nodes. 

The set of arcs will be denoted by {A }. Arcs in this set will be denoted by the 
letter v, by the ordered pair (x, y), where x and y are nodes or by the numbers 
}> 2 , • • - ,m, where m is the number of arcs. For the problems considered it is mean¬ 
ingful to assume that a graph may not contain arcs of the form (x, x) or more than 
one arc of the form (x, y). Pictorially a graph is displayed as: 


Figure 7-1 

The circles represent nodes, the numbers within the circles are node numbers, and a 
directed line segment is an arc which exists. 
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For an arc (a;, y), x is called the initial node of the arc and y is called the terminal 
node of the arc. The set of arcs which have a; as the initial node is denoted by {A(x)} 9 
or the set of nodes after x. The set of arcs which have a; as the terminal node is 
denoted by (£(a;)} , or the set of nodes before x. 

Nodes s and t will be called the initial and terminal nodes of the graph, respectively. 
For the problems considered, it will be meaningful to require that node 5 be the only 
node of the graph with {B(x)} empty and that node t be the only node of the graph 
with (T(a:)} empty. 

A path is a sequence of distinct arcs, (vu v 2 > • • •» Vk), such that two adjacent arcs 
in the sequence have one node in common. A path is a directed path or route if there 
is the further stipulation that for two adjacent arcs in the sequence the terminal node 
of the first arc corresponds to the initial node of the second arc. A cycle is a path in 
which arcs 1 and k have one node in common, and a directed cycle or closed route is a 
directed path which is a cycle. It is often convenient to represent a path by the 
sequence of nodes which are common to the arcs on the path. It is also possible to 
define the notions of path, route, cycle, and closed route in terms of a sequence of 
nodes rather than a sequence of arcs. 

In Fig. 7-1, {(1, 2), (2, 3), (4, 3)} is a path but not a route, {(1, 2), (2, 3)} is a 
route, {(1, 2), (2, 3), (1, 3)} is a cycle but not a closed route, and there are no closed 
routes. 

A graph is called a connected graph if there is a path from every node to every 
other node. In this chapter all the graphs considered will either be connected graphs 
or will be graphs which can be transformed into connected graphs without loss of 
generality. 

Often there are functions defined on the set of nodes and on the set of arcs. 
These functions associate with each node or arc a specific numerical value. They are 
of the form g(-), where g will be chosen to have some mnemonic significance. It is 
convenient to introduce the functional notation g(X), where {X} is a set of nodes, 
g(y, X), and g(V), where { V } is a set of arcs. In such cases, 

g( X) = 2] S(.x), s(y, x ) = Yj s(y, x), and g(V) = SO)- 

xE{X} xE[X) vG;F) 

A graph may be used to display precedence relationships among the nodes. This 
notion of a precedence graph was introduced in Section 1-2 and used in Chapter 4. 
In such graphs, an' arc describes a precedence relationship between a pair of nodes: 
arc (a;, y) means that node a; directly-precedes node y, or in the notation used in 
Section 1-2, 

a; »y. 

A directed path from a: to y thus indicates a sequence of directly-precedes relations; 

x »z 1 » z 2 z k » y, k ^ 0. 

If there exists a directed path from a; to y, x is said to precede y, and this is written as 
follows: 


x > y. 
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7-1 CRITICAL ROUTE ANALYSIS 

Often the description of a job requires the use of a nontrivial precedence graph for the 
description of precedence among its operations. A linear string of operations does 
not suffice, for example, in cases in which a job consists of several subassemblies or in 
which a subassembly must be subjected to intermediate assembly, test, and dis¬ 
assembly of component parts. 

The material of Section 4-3 represents one generalization of the work of Chapter 3 
which involves precedence among operations. Some of the mechanisms presented in 
Chapter 6 are capable of handling jobs of this complex nature, yet the results presented 
did not invoke them; in no cases did the jobs consist of more than a linear sequence 
of operations. The difficulty of dealing with such jobs in the scheduling environment 
is that one must consider not only delays caused by the limited resources (machines), 
but also deal with the delays of operations which cannot start until the precedence 
constraints are satisfied. 

However, there are many situations in which jobs of a complex nature must be 
scheduled and for which one can assume that there exists an unlimited supply of 
machines. There is, then, no competition for machines, either across or within jobs. 
Queuing delays are nonexistent, but there are delays due to precedence restrictions. 
Jobs can be scheduled and processed independently of each other, so we need only 
examine the scheduling of the operations of a single job, which is often called a project. 

Without queuing delays one may assume that an operation may proceed im¬ 
mediately upon the completion of all its predecessor operations. Clearly, at least 
one of these predecessor operations determines the earliest time at which the operation 
can start. An operation could be termed critical if a small increase in its processing¬ 
time requirements or a delay in starting it were to delay the processing of its successor 
operations by an equal amount. A critical route would be a route in which all oper¬ 
ations represent critical operations. There always exists at least one critical route and 
there may be several; the purpose of critical route analysis is to identify the critical 
route or routes. During the processing of the job, attention can be focused on the 
operations of the critical routes, for any delay in their processing will extend the 
completion-time of the job. Using critical route analysis, it is also possible to measure 
the “criticality” of every operation of the job. 

Critical route analysis is the basis for the many project planning tools which have 
been developed. Foremost among these are PERT [124], CPM [106], and GERT 
[166]. A fundamental discussion of these project analysis techniques can be found in 
Moder and Phillips [142]. These techniques add many embellishments such as 
variability in processing-times and cost-time structures, but the underlying procedure 
is a critical route analysis. 

The algorithm for this analysis will be stated formally and then applied to an 
example problem. A job is depicted as a precedence graph in which each node 
represents an operation. A function p{x ), defined on the operations x = 1, 2, . . ., «, 
represents the processing-time for operation ;c. An arc (x, y) means that operation a 
directly-precedes operation y, so that it must be completed before operation y can 
start. Let operations 5 and t denote the initial and terminal operations, respectively 
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(such operations may have to be artificial operations with zero processing-times). 
The problem is to find a route from s to t such that any increase in p(x) of an oper¬ 
ation * on the route will increase the completion-time of operation t. This problem 
can also be stated slightly differently: find the route or routes from s to t for which the 
sum of the processing-times of operations on the route is a maximum.* 

A related problem is to find the set of operations, {C}, such that for a e {C} 
any increase in p(x) will increase the completion-time of operation t. The set (C) can 
then be used to generate all critical routes, if more than one exists. 

Let e(x) represent the earliest time at which operation a can start (e(s) is assumed 
to be zero). If y e {5 (a)}, then the earliest time at which y can be finished is 
e (y) + p(y). Since operation a cannot be started before all of its predecessors are 
completed we must have 

e(x) = max (e(y) + p(y)). 

yG{B(x)} 

When one starts with operation s one can develop e(x) for every other operation of the 
job by working “forward” through the graph (assuming that there are no closed 
routes; for example, no operation must precede itself). The completion-time of the 
job is e(t) + p(t). 

The development of the function e(x) does not in itself provide sufficient informa¬ 
tion for the identification of critical operations. Although one might suspect that if 
an operation determines the earliest starting-time of a directly following operation, 
then it should be a critical operation, but this is a necessary yet not sufficient condition. 
Consider the example 



Here e(2) is determined by operation s but p(2) can be increased to 5 without delaying 
the start of operation t. 

The criticality of an operation can be developed by determining the latest time at 
which it could start without increasing the completion-time of operation t beyond 
e 0) + P(0- Let /(a) denote this time. An operation would be critical if /(a) = e(x) 
and, further, /(a) - e(x) is a measure of the degree of criticality. Clearly, /(/) = e(t). 
Furthermore, since the latest time at which an operation can be started is determined 


* In this alternative form the problem is a linear programming problem; the solution of its 
dual problem leads to an algorithm which is very similar to the one given here. 
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by the latest time at which its directly-following operations can start, we have 

/(*) + p(x) = min l(y). 

y£=.{A(x)} 

Starting with operation t, l(x) can be developed for every operation of the job by 
working backward through the precedence graph. 

Algorithm 

In addition to the functions already defined on the nodes there is a set of nodes 
(C(a)} for each node a. This set will contain the nodes of {B(x)} which would 
increase e(x ) if their processing-times were increased; if y G {C(x)}, then y G {B(x)} 
and e(y) + p(y) = e(x). 

There are two main stages of the algorithm, the forward stage and the reverse 
stage. In each stage and at any phase of the algorithm the set of nodes is partitioned 
into two sets: 

1) {L}, the set of nodes which has been labeled (c(a) or l(x) has been determined), 

2) {U}, the set of nodes which has not been labeled. 

Forward stage 

Initially, e(x) = 0 for all x e {N}, s G {L}, and the rest of the nodes are contained 
in {£/}. 

1) Remove from {U} and place in {L} any node, such that for all y G {B(x )}, 

y G {£}• 

^ Let e(x) = max (e(y) + p(y)). 

3) Place in (C(a)} all nodes y G (R(v)} such that e(x) = e{y) + p(y). 

4) If {t/} is empty, then stop. Otherwise, go to step 1. 

Reverse stage 

Initially, l(t) = e(t), t G {L} and all other nodes are contained in {U}. 

1) Remove from {(7} and place in { L } any node, a, such that for all y G {A (v)}, 

y e {L}. 

2) Let 

l{x) = min ( Ky )) - p{x). 

yE:\A(X)) 

3) If I(x) > e(x), then empty (C(a)} . 

4) If {U} is empty, then stop. Otherwise, go to step 1. 

At termination, 

a ) /( 7 ) _f_ p(t ) is the shortest length of time in which the job can be completed, 

b) any operation with a nonempty set (C(a)} is a critical operation, 
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c) S2 ,he “*“ “*• f ™" * - < * ■*. 

An example problem and solution are given in Fig. 7-2. 



g V r: i, ' iwai iUULC analysis. The critical operations are 1 ? « * 
are two critical routes: (a) 1, 2, 5, 10, 11, 12 , and (b) l 6 1 i 2 

-> precedence;-^-reverse tracking of critical route. U ’ ’ ’ *’ 1Z 


-5 x^.. incie 

Arrows here mean: 


such a route, it fatmpMsible for My oL o/themto'be^lfcSfn ° f 

be selected from {U} and placed in {L}, then it must be frue &at i } ' * * * ‘ 0 

be removed from {£/}, then there is a closed route 1 in the grap^ "° 

7-2 SHORTEST-ROUTE DETERMINATION 

for an are feTst „( "The eoua Tot ’ T "T* * at the Averse-time 
y ’ ^ ^ be e( l ual to time on the reverse arc, p(y , x ), or even 
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^^Thi^probtem hasrecd ved 'considerable aUenttL^a^Tfor a summary), and 

the most intuitive appeal. 

Algorithm 

Two functions defined on the set of nodes are used as working variables m the 

1) S< o(^ m During the course of the algorithm this will be a lower bound on the time 

required to get from s to and f 

2) b{x) will represent the node before * on the route of smallest total time fro 

to* X 

At any phase of the algorithm the set of nodes, {N}, is partitioned into two sets: 

1) {[/} a set of unpassed nodes. If xS {If}, then the shortest route from s to * has 
not been determined, and 

2) {P} a set of passed nodes. If then the shortest route from 5 to * has 

been determined. 

initially, «(*) = 0, a(x) - oo for * * * and {£/} contain all the nodes. 

General steps in algorithm 

1) Let x be a node in {U} such that 

a(x) = min a(y). 

y£{U) 

2) If x equals t, then off) is the shortest time from , to r and the shortest route is 
(s, ..., b{b(Jj), bit), t). Stop. 

3) If x is not t, then remove x from {U} and place x in { } . or a 

y G n {u}}, 

if a(y) > a(x) + p{x, y), then let a(y) = a(x) + p(x,y) and b(y) = x. Return 
to step 1. 

To find the shortest route from ,v to all other n° des ’ st ®P ^ 
and 3 are cycled until {If} is empty or until a(x) _ oo at step . ( ) <1 

termination, then there is no route from s to x. 

Example 

and below that the current value of b(x). The traverse ume g 
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Fig. 7-3. (a), (b), (c) Shortest-route determination. 

e^h arc Consider node 1 to be the initial node and node 7 the terminal node 
Imtm ly the graph corresponds to Fig. 7-3(a). The set {U} consists of all seven nodes! 
The algorithm selects node 1 from {0} and places it in {F}. The result is shown in 
Fig 7-3(b). Node 4 is selected next from { V}. The algorithm is repeated until finally 

• , !? TT y md thS graph appearS as in F 'S' 7 ^ 3 ( c )- The shor test route from 1 to 7 
is 1, 4, 3, 6, 5, 7, with a total traverse-time of 15. 

The shortest-route-times from any node to every other node can be determined by 
applying the algorithm n times, once with each node as the initial node and using the 
modification mentioned in order to find the shortest route and shortest traverse-time 
from s to any other node x. In this case, however, there is a matrix procedure which 
uses min-addition and which involves less total computation [164]. 

7-3 ASSEMBLY-LINE BALANCING PROBLEMS 

With this background it is appropriate to mention assembly-line balancing as a 
network problem which has received considerable attention during the past two 
decades and which is often mentioned in conjunction with job-shop scheduling prob¬ 
lems. The assembly of a complex product is described in terms of a precedence graph. 
Each node, x, of the graph represents an assembly operation, requiring a pfocessing- 
time/>(*). Assembly of the product is to be accomplished by moving the products 
along an assembly line past various subassembly stations. Each of these stations may 
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perform one or more operations subject to precedence constraints; it can perform 
an operation only if all of its predecessor operations are not performed in a subsequent 
station. The problem is to partition the set of nodes into g sets, {A 1 }, {A 2 },. •., {A 0 }, 
where the set {A { } contains the operations assigned to station /. To obey the prece¬ 
dence constraints one must have the following: 

if x> y,xe {Ai}, and y G {A,}, then i ^ j. 

The total processing-time assigned to station i is p(Ai). 

There are two different versions of the assembly-line balancing problem. 

1) Minimize g subject to p(Af) ^ given constant, all i, 

2) min max p(Ai). 

Short of brute-force enumeration schemes, no direct analytic solutions to this 
combinatorial problem have been given. A branch-and-bound technique (cf. Chap¬ 
ters 4 5 and 6) can be applied as a form of subtle enumeration. Several heuristic 
solutions have also been proposed. Ignall [86] has given an excellent review of the 
status of the problem. 
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SELECTION DISCIPLINES IN A 
SINGLE-SERVER QUEUING SYSTEM 


thTouTh 6 h k St t r h° nSeSt l nd the m0St Unrealistic of the conditions assumed in Chapters 3 

stZ 4 £ S ‘ mUltaDe0US arriVal ° f 3,1 the J° bs t0 be considered. As noted in 

Sect on 4-2, this assumption is essential for most of the results that wer, Z f 

work “ iVt 1"' “ >» » *= «»e .ha. ,h. 

s»S^SS=~S 

rr 7'“ 

P e the transform can seldom be inverted svmbolirallv 

obuk, the moments of ,h. dis,ribu.io„ by Jeren.h" ^ “ “ 
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unner- and lower-case letters have been nsed to denote derived and given values, 
respectively an upper-case letter will now be used to indicate a random variably 
Functions with upper-case letters will denote distribution functions; functions with 
lower-case ktters^will denote density functions. The Laplace-Stieltjes transform* of 

SLS1.. will be tooted by • Greek U«er. The P-mcpI symbol. 

are the following: 


Quantity 


Random Distribution Laplace Density 

variable function transform function 


Processing-time 
Waiting-time of a job 
Flow-time of a job 
Length of a busy period 


P 

W 

F 

T 


G(p) 
A(w) 
B(f ) 
H{t) 


7(z) 

a{z) 

7}{Z) 


g(p) 
a{w ) 

b{f) 

h{t) 


The average utilization of a single-machine shop has been given bv (Section 2 4). 

V = Xp, 

where X is the mean arrival rate and p is the mean amount of work P er j ob - ^ the 
imnt case except for certain special conditions of preemption and sequence- 
dependent setup, the mean amount of work per job is equali to t J t \ U £(R) 

the random variable representing processing- time, denoted ( )• P 1 , 

n these chapters Except for the cases of preemption and setup, U - p, so that 

"i Sont^uio. of.be gi«t di f ib»,k». of to..»d P.« 

times and is unaffected by the choice of selection discipline. For the analysis oi me 
folkwing *k hoi i. I. • very gene™, eondkon th,t these -nbubon. be 
selected so that p < 1, in which case the system is said to be nonsaturated. 

8-1 QUEUES WITH POISSON ARRIVALS 

Most of the queuing literature pertains to the special case in which the times between 
kb iqoence of independent obmrvation. from . tod 

distribution Equivalently, the number of arrivals in a given interval of time 
random variable with a Poisson distribution.! This is called a 
the context of queuing theory, Poisson arrivals or random arrivals. This model 
leen used pa tly because it is a plausible representation of many physica processes, 
^anotheranymore important reason for its use is the tremendous analytical con- 

venience that this process affords. Avnnnential inter- 

If V is the time elapsing between two successive arrivals, P 

arrival-time assumption implies that 

Prob (V < v) ~ 1 — e~ Xv , v > 0. 

of its useful properties are given in Appendix A. 
f A proof of this equivalence is given in [38]. 
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The mean and variance of interarrival-times are 1 A anH t A 2 ,. 

haTthT fom bUti0n ^ ^ nUmbCr ° f arriVals in an arbitra ^ tim ^ Si'of length ) 


Prob (N = n) = e ~ u 


n\ 


n = 0, 1,. 


The mean and standard deviation of N are \t and y/\t 

.h., S " ^™ b d ir r ““ 

* ,„ y 011er * *- 

<fcvelo^£te"bS^ytto1iSr"^ ° f ““ Poi ’“ n "™ l '*■““* »®1» 

The memoryless property 

arrival process. Suppo^thlt ^ttaeTnits^lfterV° "bidbef 6 “ T arbitrary 

Prob (V < y + / | V > y). 


■V — 


— t- 


^72 y «^S 1 ^lX 1 pS(? <IJ ^ d C °f itional P r ° b f ility is 

value of y. Thus y \ — 0, and does not depend on the 

Prob (V < y + t \ y > v) = Prob (y < V <y+ t) 

Prob (V > y) 

e~ Xy — p-Mv+t) 

~-F5?-= 1 - • 

The process is said to be memorvlew in that 

ment about the time remaining befo e the n jLlaroneT § State ' 

when the last arrival occurred ’ ® S n0t have t0 consider 

Aggregation and branching of Poisson streams 

by ,h , e fM ,h,t ,i,e a ® re 8.tio« or 

p“^ £„• • i " 8fc »« “ r “oS xssfK 
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Consider an arrival stream which is formed by accepting input from k S< 2 C ?' 

If ea“np„, is Poison, with the * component “"jobi 

the combined stream is also Poisson with a rate of X Xi + 
per unit time. 



For the case of two input streams, let Ni(() and JV 2 (0 1?®Jngtn^^both. 6 these 

denoted by N(t), is Poisson with rate Xi + X 2 . the proDaouny 
value n is given by 


n i 


Prob (JV(0 = «) = 2 Prob 

7i-l —0 

^ (XaO"^ 1 

(n - »i)! 


, JV 2 (0 = n - «i) 


-Aof 


«1 =0 


ni\ 


(\ 1 +\ 2 )i n 


n\ 


2 V„ J Xl X * - n\ 

»i=o N 7 


(X0 n -A* 


, . . ^ _u ^ for Xi and \ k for X 2 in this computation, 

BJ wi.i.0 *h proves the as„.!o„ for an, nnnrber of 


we 


taP p'orThTcase in which a Poisson stream of arrivals branches into * output paths, 


X VJX HAW *** ”- , 1 • 

let n be the probability that a job takes output path i. 



If the input rate is X and the output paths ate chosen independently, the Ith output 
! “T, ««t”e ™mto5 topu. job. ta < time units, and let«» be the number of 

jobs is known, is given by the multinomial distribution as 

\ fl! „«l« n 2 . . . 

Prob (N\(t) = nu . . ., N k {t) = n k | N(t) = n) - ^T^TTTT^i 1 2 
The conditioning on the value of 1 V(0 is removed by multiplying by the probability 



8-1 


QUEUES WITH POISSON ARRIVALS 145 


that N(t) - n to yield 

Prob = n 1} , N k (t) = n k ) 


n i! • • • n k \ 


_ e “ x * 

! ri rjc e „! 


= n 


( Tikt) ? 

i c? • 


That the output streams are independent Poisson processes is proved by the fact that 
the joint probability above factors into k Poisson probabilities. 

The random property 

Poisson arrivals are often called random arrivals because of the following property: 
Given that a job arrives in an interval of length the moment of its arrival has a 
uniform distribution over the interval 

Prob ( y < arrival moment < y + dy | arrival in t) = » for 0 < y < t. (1) 

To prove this assertion, one first finds the joint probability that there are n arrivals 
in the interval and one out of the n arrival instants falls in the subinteryal, (y, y + dy). 
Consider the interval to be divided into three segments having lengths y, dy, and 
(t — y — dy) as shown below: 


Arrivals 


n — 1 — k 


Time 0 y y +dy t 

If the number of arrivals falling in the first segment is k, (k = 0, 1, . . ., n — 1), 
the number occurring in the last segment must be (n — 1 — k), in order to have one 
in (y, y + dy) and preserve the total of n. The probability that arrivals in (0, t ) 
occur in this way is the product of the three appropriate Poisson probabilities: 


ex# 


(X dye-™") 


,p—^ d y\ y dy)] — y— dy) 

} \ (n- 1 - k)\ 


\ n e- xt 

(n - 1)! 


n M 1— k 


y (t - y - dy) r 


The probability of n arrivals in (0, t), one of which takes place in (y, y + dy), is 
obtained by summing this expression over the possible values of k with the aid of the 
binomial theorem: 


A w c- Xi , ^ in - 1 


in - 1)! 




y\ t _ y - d y) n -'- h = & L - J 2&- \ e -^&y. 


Ignoring factors of the order (dy) 2 and smaller, this becomes 

A A«-l 

Prob (n arrivals in (0, t) with one arrival in (y, y + dy)) = ^ r r. e~ u \ dy. 
This joint probability is converted to a conditional probability by dividing by the 
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probability that there are n arrivals over the whole interval to yield 
Prob (one out of n arrival instants in (y, y + d y) | n arrivals in (0, /)) 

I OO" 


(X0" _1 -X*. J 
(^T)! e xd * 


n\ 


e^ = n^ 
t 


It is equally likely that any one of the n jobs is responsible for causing an arrival instant 
to fall into the d y subinterval. Therefore the conditional probability that a job arrives 
in (y, y + dy), given that it is one of n arriving in (0, t) for (0 < y < t), is d y/t. 
This conditional probability is independent of the conditioning on n, so it is the 
unconditional probability. 


The random modification 

Another useful property is based on the solution to the following problem: Given a 
job that arrives while another job is being processed, what is the distribution of the 
remaining processing-time for the job at the moment of arrival? This quantity is the 
random modification of a processing-time. 

Denote by X the total processing-time of the job which the new arrival finds in 
process, and let Y be the amount of processing-time remaining for that job at the 
instant of arrival. A sequence of processing-times (with idle periods deleted) and the 
relationship between X and Y is shown below: 


Pi 

P 2 

Ps 


X 





tr— 


Arrival 


It is shown in reference [7] that if G(p ) is the processing-time distribution function 
and E(P) is the mean processing-time, then 

Prob(/>< X< p + dp) = ^p-- (2) 

This result has an intuitive interpretation in that the desired probability should be 
proportional to the long-run portion of time devoted to processing-times of length p. 
This, in turn, should be proportional to the product of the processing-time p and the 
frequency, d G(p), with which such intervals occur. The denominator, E(P), is a 
normalizing factor required to make the integral of this probability equal to one, 
since J* p clGf/j) = E(P). 

To determine the distribution of Y, note that, by the random property, the 
conditional distribution of T, given that X = p, is the uniform distribution. That is, 

Prob (y < Y < y + dy | X = p) = ^ for 0 < y < p. 
Multiplication by (2) gives the joint probability 
Prob (y < Y < y dy, p < X < p dp) 

= ^WP) dy ’ < 3 > 

The marginal distribution of Y is obtained by integrating this expression over the 
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allowable values of p. This yields the density function of Y as 
ProbO< Y<y + dy) = jdy - &y for 0 < j, < co. 

Letting y Y (z) be the Laplace transforms associated with the distribution of the 
random modification, we obtain 


7r(z) = L e ~ S! '~^ J dy 


.-«» 1 ~ G(y) 
'o ' E(P ) 

from which we obtain the kth moment of Y as 


1 - Y(z) 
zE(P) 


(4) 


E(Y k ) = 


E(P k+1 ) 

(k + 1 )E(P) 


(4a) 


Cases in which the underlying random variable is something other than processing¬ 
time are also important. The above formulas may be used in such instances by 
replacing P , G(p), and 7(z) by the symbol for random variable, distribution function, 
and Laplace transform of the random variable concerned. 


Poisson-exponential queues 

Many analyses of a steady-state queuing system have depended on the special prop¬ 
erties of the Poisson arrival process and exponentially distributed processing-times to 
construct a system of differential-difference equations relating system states in time. 
For example, Morse [143] employs this technique throughout his book. 

As an example of this type of analysis, consider the simple queuing situation 
with Poisson arrivals, in which the processing-times are exponentially distributed with 
mean p . If the system is not idle, and if the selection discipline does not depend on 
processing-times, the probability of a job completion in a dt interval is p d t. System 
state is desciibed by the number of jobs in the system. Let p n (t ) be the probability 
that there are n jobs in the system at time t; the set of equations satisfied by these 
state probabilities is 

= mO) - xp 0 (0 

and 

= \p n -i(t) + pp n +\(i) — (X + p)p n (t) for H = 1, 2, . . . 

It can be shown that, for p = X/p < 1, the system will reach equilibrium, and the 
set of difference equations describing the equilibrium-state probabilities is obtained 
by setting the time derivatives to zero. 

The steady-state solutions are then easily found to be 

p n = lim p n (t) = p n ( 1 - p ). ( 5 ) 

t —>oo 

Much of the early literature on selection disciplines (until the end of the 1950’s) 
employed this type of approach. However, the resulting systems of equations were 
often prohibitively difficult. The following sections use an alternative approach that 
is simpler and more powerful. 
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8-2 SYSTEM STATES 

A queuing system can be analyzed by defining a set of states which the system may 
occupy. For our purpose these states will often be much grosser than those needed 
for a detailed description of the system at a point in time. For example, state 0 might 
correspond to an idle machine and state 1 to a busy machine. The state obviously 
does not completely describe the system, since it could be in state 1 with only one job 
being processed, or it could have a dozen jobs waiting in queue. 

When this device is used, the states will be defined so that the state selection 
process is Markovian; the probability of a transition from state y to state k will depend 
only on j and k and not on the path by which the system reached state j. Results 
from the theory of semi-Markov processes (see, for example, [39]) can then be used 
to make probability statements about finding the system in some particular state at 
some moment in time. Most important is a statement about the steady-state prob¬ 
ability of being in some state in terms of the amount of time that the system occupies 
the state in the short run. 

For some state, j, a representation of its start and recurrence are illustrated in 
Fig. 8-1. Measured from the time of entrance into state j, the system remains in 
state j for a time Mj. It then moves out of state j, passes through a sequence of other 
states, and returns to state j again Lj time units after its previous entrance to that state. 

For the interval illustrated in Fig. 8-1, the proportion of time that the system is 
in state j is Mj/Lj. For several such consecutive intervals, with time in state j of M jk 
and times between entrance to state j of Lj k (for the /cth interval), the proportion 
would be 'EkM jk /E k L jk . The asymptotic probability is given by Smith [188]. 
If 

iTj = steady-state probability of state j, mj = E(Mj), lj = E(Lj), 
then 

t Tj = lim Prob (state j at time t) = -r 1 • (6) 

t —>00 H 

This result, with the properties of a Poisson process for arrivals, is the basis of 
the analysis in this chapter. States can be defined so that statements can be made 
about the flow-time of a job conditioned on the particular state that the system 
occupies at the moment of its arrival. It is a property of the Poisson process of 
arrivals that the probability that an arriving job finds the system in state j at the 
moment of its arrival is equal to the steady-state probability of being in state j, iTj. 
The states defined will be Markovian due to the Poisson process of arrivals, so that 
Eq. (6) may be used to determine these steady-state probabilities. The mean values, 
mj and /,, will always be easily determined. 



Enter Leave 

state j state j 


| Time 

Enter 
state j 

Figure 8-1 
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8-3 THE BUSY PERIOD OF A QUEUE WITH POISSON ARRIVALS 

In a queuing system with Poisson arrivals the series of idle periods and busy periods 
form two alternating and independent sequences of identically distributed random 
variables. The memoryless property of the exponential distribution implies this 
independence and also that the idle periods have exponentially distributed lengths. 
The distribution of the busy-period lengths may depend on the selection discipline, 
but only if the discipline entails extra processing as, for example, with some of the 
preemptive rules. This fact will be shown presently. The distribution of the busy- 
period lengths will be important for the development of flow-time distributions under 
various selection procedures. 

The state of a queuing system can be measured by the backlog of work, measured 
in units of time, consisting of the sum of the processing-times of the jobs in queue 
plus the remaining processing-time of the job on the machine. A typical plot of back¬ 
log is given in Fig. 8-2. An upward jump equal in magnitude to the processing-time 
of a job occurs at the time of each arrival. When the backlog is nonzero it decreases 
at rate — 1 so long as there is no additional work imposed due to preemption, or no 
period of inserted-idleness. When the backlog becomes zero it remains so until the 
next arrival occurs. The order in which the jobs are selected from queue cannot affect 
this graph; it is completely determined by the moments of arrival and the processing- 
times of arriving jobs. 

Since the busy periods correspond to the unbroken periods when the backlog 
is greater than zero, this simple argument shows that all selection disciplines not 
involving inserted idleness or extra processing share a common distribution of busy- 
period lengths. 

Therefore we are free to choose a convenient discipline for analysis even though it 
might be uninteresting and artificial from a practical point of view. Consider one 
such discipline, which allows us to view a busy period as consisting of the processing 
of the initial job that starts the busy period, plus a series of random variables which 
are themselves the lengths of busy periods. To implement this special discipline two 
separate waiting lines are established: the main queue and the initial queue. The n 
jobs, possibly zero, which arrive during the processing of the initial job go into the 
initial queue and all other jobs arriving during the course of the busy period join the 
main queue. A job is always selected from the main queue, if possible; otherwise one 
is selected from the initial queue. The busy period ends when both queues are empty. 
Within either queue jobs are selected on a first-come, first-served basis. Figure 8-3 
is a plot for a busy period in which three jobs arrive during the processing of the 
initial job. The upper plot shows the number of jobs in the initial queue while the 
lower plot shows the number of jobs in the main queue. The crosses on the time axes 
indicate job completion-times. 

Each job from the initial queue goes into processing only when the main queue is 
empty. As it is being processed, other jobs may arrive at the main queue and these 
jobs, as well as some future arrivals, are processed until the main queue again becomes 
empty. Thus the time period between the selection of two successive jobs from the 
initial queue has all of the characteristics of a busy period which is started by an 
initial job. Further, these pseudo busy periods have lengths which are independently 
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and identically distributed and which in fact have the same distribution as the length 
of the real busy period. 

These observations enable one to derive the Laplace transform associated with the 
distribution of the busy-period length. Let 

P = processing-time of the initial job, 

N = number of jobs arriving during the processing of the initial job, 

T = busy-period length, 

Tj = length of pseudo busy period started by the jth job, which arrived during the 
processing of the initial job. (By convention, T 0 = 0.) 

From the independence and distribution properties of the T/s we can write 


E(e zT | P = p, N = n, T 0 = 0, T x = t u ..., T n = t n ) = exp ( -z f p + ^ h 

\ ' 3=0 


E{e~ zT \P= p,N=n) = e~ zp (r,(z)y. 
Since the distribution of N is Poisson with mean \p, 


E( e - zT | P = p) = e- zp e~ Xp £ 


(\pr,(z)) n _ 


The final result is obtained by integrating with respect to the processing-time dis¬ 
tribution: 

v(z) = E(e ~ zT ) = r d G(p) 

Jv =0 


v(z) = y(z + X - Xij(z)). (7) 

Unfortunately yj(z) appears on both sides of this functional equation and it is 
usually impossible to obtain an explicit solution. Nevertheless, moments of busy- 
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Figure 8-4 

period length can be derived from Eq. (7), and these will be useful in the study of 
flow-time. The first two moments of T, as determined from — ij'(O) and tj"( 0), are 

E(T) = Y-E^p ’ (7a) 

E ^=(T~pf- (7b) 

Frequently it will be useful to consider a more general kind of busy period which 
is initiated by the performance of some task other than the processing of an initially 
arriving job. The initiating task will be called a delay, while the time spent processing 
jobs is a delay busy period . The delay and the delay busy period taken together are a 
delay cycle. The relationship between these three time intervals is illustrated in 
Fig. 8-4. The essential features of this situation are that the delay commences when 
there are no ordinary jobs in the system, and the delay cycle ends when a job is com¬ 
pleted and there are no jobs in the system. The delay busy period may be viewed as a 
series of pseudo busy periods of the type used above. 

Associated with the lengths of the delay, the delay busy period, and the delay 
cycle are the random variables Tq , T b , and T c , the distribution functions H o, H b , 
and H c , and the Laplace transforms y 0 (z)> m(z) 9 and r) c (z). The notation used for the 
delay is made analogous to that for busy periods rather than processing-times because 
the concept of delay cycles will provide models useful in the study of priority queues, 
where the interesting types of delays are often busy periods. 

We shall always be given rio(z). The derivations for t?&(z) and t] c (z) in terms of 
VQ (z) and y(z) proceed in the same manner as the derivation of Eq. (7). The Laplace 
transforms and first two moments of the distributions of T b and T c are: 


Vb(z) = Vo( A - Ar?(z)), 

(8) 


(8a) 


(8b) 

rj c (z) = rjo( z + A — A^(z)), 

(9) 

is 

c, 

11 

1 £ 

(9a) 

, \E(P 2 ) , , E{Tl) 

E(T C ) - (1 _ pf E(To) + (! _ p)2 

(9b) 
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8-4 THE DISTRIBUTION OF FLOW-TIME 

UNDER THE FIRST-COME, FIRST-SERVED DISCIPLINE 

In practice, the first-come, first-served (FCFS) discipline is often a convenient and 
natural selection discipline. In theory, it provides a norm for the comparison of 
disciplines and is embedded as a secondary rule in many other disciplines. The 
Laplace transform associated with the distribution of flow-time under FCFS will be 
derived in terms of the Laplace transform of the processing-time distribution. The 
analysis is easily extended to situations which involve delay cycles, and these in turn 
can be used to analyze priority-class disciplines. 

The flow-time of a job which arrives when the machine is idle is simply its 
processing-time. Thus with probability 1 — p, F = P and /3(z) = y(z). With 
probability p, a job arrives during a busy period and has to wait. For such jobs we 
use the notation E(e zF | busy) for the Laplace transform of their flow-time distribu¬ 
tion. To derive this expression, a busy period is viewed as a sequence of intervals 
which are dependent random variables. The Laplace transform of flow-time condi¬ 
tional on a job arriving in one of these intervals is then determined and is combined 
with the nature of the dependence between the intervals to obtain the desired result. 

Let the first interval of the busy period be the processing-time of the initial job 
and denote its length by T 0 , The next interval, of length T u is the time required to 
process all jobs which arrive during interval number zero. When we continue in this 
manner, Tj is the sum of the processing-times of all jobs that arrive in interval number 
j ~ 1* The sequence of intervals is depicted in Fig. 8-5, where I V) represents the 
number of arrivals in the yth interval. 

Arrival 

of 

initial 

job 


Number of arri\aK \ 

r 


L J 

ty-i 



Time 




— Tj^ = 

i— 1 

CO 

- 

y,~i 

£=l 


J -—* 

j=0 1 


Figure 8-5 


Let r}j(z) and Hj(t) be the Laplace transform and distribution function of Tj. It is 
possible to express ^(z) in terms of the Laplace transform of by a derivation 
similar to that used for busy-period length in Section 8-3. From the convolution 
property of the Laplace transform, we have 


E(e zT i | Tj_ t = t, Nj = n) = (7(z))», 

so that 

„<z) - *.-•") - £ ,-»■ j _ „ w) . (l0) 


*=0 


n —0 
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Figure 8-6 

The busy period will be represented as an infinite series of intervals, with the zth 
interval having length Tj, This infinite representation is valid under nonsaturation 
conditions, since with probability 1 there is a finite j for which Tj is zero. Nonsatu¬ 
ration also implies that lim^oo Vj(z) — 1. 

Ignoring the idle periods, define the system to be in state j at a particular instant if 
a jth interval of a busy period is in progress. Due to the assumption of Poisson arrivals, 
the probability that a job arriving during the busy period arrives when the system is 
in state j is equal to the steady-state probability that the system is in state j. By 
Eq. (6), and referring to Fig. 8-5, this probability, denoted by xy, is given by 

Tj = Prob (state j | busy) = E(Tj)/E(T). (11) 

Let E(e~~ zF | j) be the conditional Laplace transform associated with the flow-time 
of a job which arrives during ay'th interval. The flow-time of a job is affected by the 
interval number through the length of the interval; after it arrives it must first wait 
until the interval is over and then it must wait until processing is completed on all 
jobs which arrived before it in the interval. The situation is shown in Fig. 8-6. 

By the convolution property of the Laplace transform we have 

E(e~ zF | Tj = t,Y = y,N = n) = e~ zy (l (z)) w+1 . 

Eliminating the condition on N yields 

E(e~ zF \ Tj = t, Y = y) = e- zy l(z)e- Ht ~ y) £ ^ ~ 

n — 0 

= e -*Vy( z -) e -Mt-v) e Mt-vmz)' 

The random variable Y plays the role of a random modification for theyth interval. 
We may use Eq. (3) of Section 8-1, replacing P by Tj and G(p) by Hj{t), to obtain 

Prob (y < Y < y + dy, t < Tj < t + dt) 

= ^Sr§ dy> 

The conditioning on Tj and Y may be removed to obtain 

f*QQ /» t 

E(e- zF \/) = 7(z) / (e-^-^»e- y(X7w - x +*)^{dy. 

Jt=0 jy= 0 j) 

= -y(z) _/ 

£(T 3 )(X7(z) - X + z) Jt =0 
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The second half of the integral is i?y(z). When we replace j with j + 1 in Eq. (10), 
we recognize the first half to be vj+i(z) so that 

E(e~ zF | J) = “ W(z)) 


Using Eqs. (11) and (12), we have 


E(T,)(\y(z) - X + z) 


E(e zF | busy) = ]T Vj E{e lF \ j ) 


E(T)(\y(z) - X + z) ^ ^ i+l(Z) 


The summation above telescopes into (l — i? 0 (z)), which in this case is (l — y(z)), 
since interval zero consists of a single processing-time. Also, substituting in Eq. (7a) 
for E(T), we have 

Eie~ zF | busy) = d ~ PM*)0 ~ ?(*)) . (13) 

1 £(P)(\t(z) - X + z) ( ’ 

As the final step, we account for jobs which arrive during an idle period to obtain 

/3(z) = (1 - p)7(z) + pE(e~‘ F | busy) = • (14) 

The first and second moments of flow-time are obtained from ~(3'( 0) and (3"( 0). 
(The derivative of /3(z) evaluated at zero is an indeterminate of the form 0/0 and 
L’Hopital’s rule must be applied twice.) The results are 


E(F) = E(P) + 


\E(P 2 ) 


v ' -vw . 2(1 _ p ) 

E(E 2 ) - E(P 2 ) I pE{p2) I XE(/>3) I ( X£ ( p2 )) 2 nil , 

L{t ) - E(F ) + j _ p + 3(1 _ p) + 2(1 - p) 2 d4b) 

Corresponding results for waiting-time follow easily since flow-time is the sum of 
the two independent random variables: waiting-time and processing-time. From 
(3(z) = a(z)y(z) we have 

<> 5 > 

The first and second moments of waiting-time are 


E(W) = 


\E(P 2 ) 
2(1 - p) 


E(w ^ 8 > , ( x £(/* 2 )) 2 n , n 

L ^ W >- 3(1 — p) ' 2(1 - pf 05b) 

These Laplace transforms may be easily inverted when processing-times are 
exponentially distributed. If 


G(p) = 1 - e 


p > 0, 
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Ai + Z 


B (f) = 1 - e -<F-x,/ 

The distribution of waiting limp;» • , J - ■ (16) 

A( 0) = (i __ lues of waitmg-time: 

— (1 — p) ~f~ p(\ — \)wy w > 0 (17) 

followed by a busy jbtoj 1 *' 1 88 & con,binati °n of an initial delay 

mannei-analcgous to the method^orFCFS Sf ° rmS ^ monlents are obtained Tn°a 

3? f * ** Then r is 

ZalTrT arriV6S when thjmachos idf S*^ than the «*«**%- 


0 c (z) =-- 


and 


(18) 


= E(P) + . E(J%) 

2 V ~P) 2E(To) ' 


Th P t a , ~ P> ' 2F(r 0 ) (18a) 

- ,ie *-**- —« fJ * 

°c(z) =-LZI^O(Z) (T _ )(, , 

«»> 

8-5 !^ ECTION “sopunes that 

are independent of processing-times 

xp-sz jess 

a hough they do have different flow-time distribni "'l' Same mean flow-time 

tt’yz '"“z ™ ,re ^S™r’s ep ,““* rir "i» r( *"> 

**** >* — ~ ^titsssts 
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8-5.1 Distribution of Number of Jobs in the System y . stat e conditions . 

Let * represent the number ofjohs present at time t, the dis- 

Speciflcally, this means that if MU 

tribution of * is defined by ^ = ^ = (*(0 = »)• 

17 v i, the same for all rules which do not 

We wish to show that the distnbu ion 

J Prob (N = n) = Um Prob (N k = «), 

»« - - ssrxzzszzx " “ 

Mk jobs arrive while J for Nk = °> 

^+i = (m1+i + "<• - 1 ?orNk> °- jsa 

This relationship shows that the sequences of^wi«i<Mn = i | N k = j)> are 

\farkovchain for which the during a processing time, 

probability statements about the number of jobs s that are mde- 

Tbe 1 distribution of M k will be *e sa me for^jW ^ ^ processing . ti dis - 
pendent of processing-times; ‘‘.^ ^/we conclude that the limiting distribution 

of J0bs m the system we may .e 

generating function for the distributio its flow -time. Given that a job 

behind by a departing j* ““' ‘"“" j the number of remaining jobs U Po«on 

to denom «« <« * ” 

/.<X> ran /I f\ n 


{(x) = E{X N ) = 


-X/ 


00 

£ 


x «0 


Jf 0 ' _o n * 

When we sub,«e (X - »x) f» - 

(1 - p)(l - x)7(X - Xx J 


/3(X 

fcfs 


Xx). 


£(*) “ “ 

By differentiation, the first moment of N 1S 

X bAJr ) 


E(N ) = P + 


( 20 ) 


( 21 ) 


(21a) 


2(1 - P) 
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in the syste f m for mean number of jobs 

is heavily influenced hv +i, a • t 14a ^ mdicates that the 

^ j muuencea by the variance of the 


the variance of P, then 


processing-time distribution 


amount of congestion 


If 


is 


E(W) 


2(1-~ p - } (iE(P)f + 0-2). 
variance of P k(E(P)) 1S Erla " 8 Wlth mean E(p ) and with k phases, the 

e(w) = himi n , , „ , 

2 (1 ~ p) (1 + (22) 

Two special cases of in'pmmnce'are/*= ^ reciprocal of the number of phases, 

constant processing-time. From Eo On * expo ” entlal distribution, and k == 
exponentially distributed proce^S “T "****“ ^ 

processing-time equal to the mean of ZtZTeZl J * CaSe ° f a consta « 
For the FCFS rule them L , exponential distnbution. 

rme, there is a converse to Eq. (21); 


d(z) 

FCFS 




(23) 


tiation the moments P of A'To" te Mp!-essed 2 in th^’ ^ of differen ' 

?• <*> «*"« the results 

h/Gu + z), then qUeUes t0 be obtained expeditiously. ~ - 

The function ((x) then simplifies to 

m = (] ~ p)/(1 = t 0 - P ) P V, 

so that n=G 


if y(z) = 


Prob (N = n) = (1 


P ) p "- 


8-5.2 The Last-Come, First-Served Discipline 

processing. It fa plh^finhkfiyl^pSg 6 STSf 6 lat6St arrival from 9 ««ie for 
this is a natural and common discipline For examnle^ SItUations in whi ch 
center may be stacked in such a way that the late^T ’ J° bs arnvin S at a machine 
thus the one selected. One would suspect that thkT^ r ^ m ° St accessible and 
very long flow-times, and that the distributkn of 1 ? P W ° U ' d lead to 
would have a higher variance than that for the iSsS™* ^ LCFS rule 
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For the LCFS rule, 

waiting-time is easily obtained fr0 ” * e deV ^ P cedence over those already waiting^ 

A job that arrives during a busy pmod ^ P ^ - t might als0 haV e to stand 
It must wait until the job in proces^ a l r during the completion of the job in process 
aside for other jobs which arrived later > d " rl ^ dr ssing , etc. In other words it 
and also all other jobs which^arrived S P dissi ated . W e conclude that the 

must wait until the queue of all later arr ‘ v § J described in Section 8-3, where 

waiting-time for such a * b ^ion of aprocessing-time. 

the delay part is the random modl " h r P andom modification of a processing- 

E(e- sW I busy) = E ^ z + X _ X,,(Z)) 

As in the case of FCFS, a 

tranSf ° rm aSS0Ciafed ^ ^ 

under LCFS is x (j _ „( z )) (24) 

a(z) = E(e - zW ) = 1 - P + (T+Y^Tx^)) 

The second moment of waiting-time is 

X£(P 3 ) ( 24a ) 

£(1F 2 ) = 3 JT^Tpy + 2(1 - P ) 3 

The Laplace transform associated with the distribution of flow-time is obtained from 
(3(z) = a(z)y(z): \Y(z)(l - ij(z)) _ ( 25 ) 


, N . A. I _ 

? ) = (1 - P) T < z) + (z + X - x»(z)) 


The second moment of flow-time is 


The secona .. x£(p . ) _ . (25a) 

ELF 3 ) = £(P 2 ) + Y=7 + FT^p) 2 + 20 - P )3 

V «i„„ for EOF 2 ) above with that for the FCFS rule, Eq. (15b), 

Comparing the expression tor ) 

we see that 


£lcfs(^ 2 ) 


-Efcfs(^)* 


„ arne the second moments of waiting-time 
While the mean waiting-times are the same, ^ ^ Qf ^ processing:tl me 

differ by a factor that depends on p • ^ that the variance of waiting- 

Li. ** “I” 1 * 1 ' ! h 'V7L LS L tcFS rule. The rf.hon.hip 

heavily favors the FCFS rule ior mg 
-ioo:„»iv laroe for o near 1. 




8-6 


NONPREEMPTIVE PRIORITY AND SHORTEST-PROCESSING-TIME 


8-5.3 The Random Rule 

In some queuing situations it is either impossible or undesirable to impose a particular 
selection discipline. In order to model these cases, we assume that service is rendered 
according to the random rule. Under this rule, all jobs in queue at the moment a job 
is to be selected have equal probability of being chosen. 

The analysis of the distribution of flow-time under the random discipline is more 
difficult than for FCFS or LCFS. The usual approach is to write differential-difference 
equations involving the conditional distributions of waiting-time given that an arriv¬ 
ing job finds itself to be one of n jobs waiting. If the system of differential-difference 
equations can be solved, the distribution of the number of jobs in the system can be 
used to find the distribution of waiting-time. Examples of this kind of analysis for the 
special case of exponentially distributed processing-times may be found in Riordan 
[170] and Morse [143]. 

For constant processing-times, Burke [23] has given a numerical method for 
calculating the waiting-time distribution. Kingman [111] has studied the random 
discipline applied to queues with Poisson arrivals and general processing-time dis¬ 
tribution, and has obtained sets of difference equations from which it might be possible 
to determine the moments of the waiting-time distribution. 

Riordan [170] gives formulas by which the first four moments of the waiting-time 
may be computed when processing-times are exponentially distributed. For that spe¬ 
cial situation, Riordan’s results indicate that 

Frandom(JU 2 ) = _ ^2)^fcfs(1F ). 

One may conjecture that this relationship is also true for any processing-time dis¬ 
tribution. Then of the three processing-time-independent disciplines that have been 
discussed, the FCFS rule would have the least variance of waiting-time, while the 
LCFS rule would have the greatest. 

8-6 NONPREEMPTIVE PRIORITY AND 

SHORTEST-PROCESSING-TIME DISCIPLINES 

The general assumptions underlying all priority disciplines are: that each arriving 
job belongs to one out of r classes, that the within-class arrival processes are Poisson, 
and that each class may have its own distribution of processing-times. The classes are 
assigned class indexes in inverse order of priority; class 1 is the highest-priority class 
and its members take precedence over jobs of the other classes. This convention of 
giving lower indexes to the higher-priority classes is somewhat confusing, but uni¬ 
versally accepted in the literature. A nonpreemptive priority discipline will select a 
job from the queue only after the job in process is completely finished. It selects a job 
from the class with the lowest index, breaking ties by the use of the FCFS rule. In 
this section we develop the distributions of waiting-times and flow-times for non¬ 
preemptive priority disciplines and study the shortest-processing-time rule as a limit¬ 
ing case of priority class selection. 
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8-6.1 Nonpreemptive Priority Disciplines 

The r classes are indexed by k, k = 1, 2,..., r. For class k we have 
\k = Poisson arrival rate for jobs of class k, 

Pjo = random variable for processing-time of a job from class k , 

Gkip) = distribution of processing-times for jobs of class k 9 

7 k (z) = Laplace transform associated with processing-times of jobs of class k, 

Pk = X kE{P k ) = utilization factor for jobs of class k . 

To analyze the waiting-time under this type of discipline we focus attention on 
jobs belonging to a particular class, say class k. If it were not for the existence of the 
other r - 1 classes of jobs, class k jobs would constitute a system operating under the 
FCFS rule with Poisson arrivals at rate \ k and processing-times drawn from G k (p). 
Jobs from other classes disrupt such a system in two ways. First, while a class A: job 
is being processed, higher-priority jobs may arrive and cause the selection of the next 
class k job to be delayed. Second, an idle period can terminate with the arrival of a 
job from some other class, causing the ensuing busy period to be a delay cycle rather 
than a simple busy period for class k. The first type of disruption can be accounted 
for by an appropriate redefinition of what is meant by the processing-time of a type k 
job. The second type can be dealt with by using results on delay cycles. 

From the point of view of their effect on the progress of class k jobs, it is clear 
that jobs from classes 1 through k 1 are equivalent and that jobs from classes k -f- 1 
through r are equivalent. These jobs will be grouped into two composite classes, 
denoted by class a (for priority above that of class k ) and class b (for priority below 
that of class k). From the discussion of aggregation of Poisson streams in Section 8-1, 
one can see that the arrival processes for these composite classes are Poisson, with 
rates 

fc—1 r 

x ® = 2 x *' and x 6 = X! (26a) 

The symbols and functions for the composite classes are given by 
P a , Pb random variables for processing-time, 

G a (p ), Gb(p ) distributions of processing-time, 

k - 1 y, 

G a (p) = (1/Xa) J2 KGi(p), G b (p ) = (l/Xj) XiGi(p), (26b) 

i—k-\-l 

Va(z), y b(z) Laplace transforms of processing-times, 

Pa, Pb utilization factors, and 


Pa = KE(Pa), Pb = XbE(P b ). 

When a type k job goes onto the machine there are no class a jobs present. While 
it is being processed, type a jobs may arrive. Before the next type k job can be pro¬ 
cessed, or until the system is idle as far as type k jobs are concerned, these arriving 
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class a jobs and their successors must be processed. To a type k job waiting in queue 
the processing-time of a type k job ahead of it consists not of P k but of P k plus the 
time required to get the system free of class a jobs. This time interval will be called 
blocking-time, and will be denoted by P ka , since it plays the role of a processing-time. 
It is useful to define a class ka job as a task that occupies the machine in a blocking¬ 
time. Once some type k job gets access to the machine, all type k jobs in its busy 
period effectively encounter processing-times of P ka for the previous type k jobs 
processed. 

From this description we see that blocking-time is equivalent to a delay cycle for 
which the delay portion is a class k processing-time and the jobs processed in the delay 
busy period are from class a. Denoting the Laplace transform associated with the 
distribution of blocking-time by 7 ka (z), from Eq. (9) we have 

yUz) = + K - Xa%(z», (27) 

where r] a (z) is the solution of 


Va(.z) 7 a (z -j- \ a haVa(z)), 

and represents the Laplace transform associated with the length of a busy period in 
which only class a jobs are processed. The first moment of blocking-time is 


E(P ka ) = E(P k )/( 1 - p a ). 


(27a) 


The notion of blocking-time effectively handles the first type of deviation from a 
FCFS system with only type k jobs arriving. Dealing with the second deviation 
involves a consideration of how busy periods get started. Some class k jobs will 
arrive during periods when the machine is idle, and will not have to wait. All others 
arrive during delay cycles, of which there are three types, depending on the class of 
job which starts the delay cycle. Any of these three types of delay cycles ends whenever 
a processing completion leaves the system empty of both class a and k jobs; there 
may or may not be class b jobs in the system when any one of these delay cycles ends. 
A type a cycle commences with the arrival of a class a job at an idle machine. Likewise, 
the arrival of a class A: job at an idle machine causes the initiation of a type k cycle. 
A type b cycle is started every time a class b job goes onto the machine, whether it 
arrives at an idle machine or whether it has been waiting for the system to clear of 
class a and k jobs. The three types of cycles are diagrammed in Fig. 8-7. It is im¬ 
portant to note that any instant of time during which the machine is busy falls 
unambiguously into one and only one of these three cycle types. A true busy period 
consists of at most one cycle which is either type a or type k and possibly several 
type b cycles. 

Equation (19) can be used to obtain the Laplace transform associated with 
waiting-time conditioned on the type of cycle. When we let the subscript /, i = a, k, b , 
denote the type of delay cycle, Eq. (19) becomes 


aci(z) 


(1 Pfca)( 1 V (h( z )) 
E(TQi)(\7(z) — X + z) 


(28) 


Here p ka equals the arrival rate of type k jobs times the expected blocking-time, or 
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Figure 8-7 


\ k E(P ka ) = pk/( 1 ~ Pa)’ For type a cycles T 0a is a busy period involving only class a 
jobs. For type k cycles T ok is a blocking-time, P ka . For type b cycles T ob is itself a 
delay cycle in which the delay portion is the processing of a class b job (P b ) and the 
jobs in the delay busy period are from class a. Equation (9a) is used to obtain E(T ob ) 
and Eq. (9) to obtain r] 0b (z). The required substitutions for the use of Eq. (28), and 
the results, are given in Table 8-1. 

These conditional Laplace transforms may be combined by using the probabilities 
that an arriving class k job finds each type of cycle in progress. Define the system to 
be in state 0, a , k, or b at an instant in time according as the machine is idle or engaged 
in a cycle of type a , k , or b. Let ni be the steady-state probability that the system is in 
state i, let m be the mean length of state i, and let h be the mean time between en¬ 
trances into state i. The required probabilities are equal to the tt/s, which are given 
by Eq. (6), t n = tm/h. 
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Table 8-1 


h 

Cycle 

type 

X 

Pka 

y(z) 

V0i(z) 

a 

Xfc 

Pk /(1 — pa) 

yka(z) 

V a(z) 

k 

X fc 

pk/(l — pa) 

\(i) 

yka(z) 

b 

Xfc 

Pk /(1 Pa) 


7b(z + \ a — \aVa(z)) 


/, 

Cycle 

E(T 0i ) 


Oici(z) 

type 




a 

E(P a )/(l - Po ) 

1 Pa Pk 

1 - Va(z) 

XjfcYjfca(z) — Xjfc + Z 

E(Pa) 

k 

E(Pka)/ (1 - Pa) 

1 — p a ~ Pk 

i - yUz) 


X/ C T ka (z) ~ \k + Z 

E{P k ) 

b 

E(P b )/(l - Po ) 

1 — Pa — Pk 

1 — 7 b (z + Xa — 'KaVaiz)) 


XfcYjfcoCz) — Xfc + z 

E(Pb) 


Let p = p a + Pk + Pb- Clearly, p is the system utilization and the probability 
that any arriving jobs have to wait, and ttq =1 — p. The mean length of time 
between successive entrance into the idle state, / 0 , is equal to (1/X)/(1 — p). 

To find l a and 4, let Ni(f) 9 i = a, k, b , be the expected number of busy periods in 
an interval of length t which are initiated by the arrival of a class / job to the system 
when it is in the idle state. The rate, r* at which such busy periods occur may be 
taken as 


fi 


lim 

t —>00 


Nj(t) 

t 


These rates are in the same proportion to each other as are the corresponding job- 
arrival rates because an initiating job will be from class i with probability X»/X. 
Then 

n = ~r a and r b = ~ r a . 

A a A a 


The total rate, r, at which busy periods are initiated is the sum of the individual rates, 
or 

r = Gz + r k -f r b = r a (l + ~ = r a * 

\ A a A a / A a 


1 = A i. 

Fa X a V 


This implies that 
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The mean time between the initiation of successive busy periods is / 0 , and a limiting 
result in renewal theory (see [162], page 180) implies that 


/n = - 


so that 


/ _„ ^ / 
la ~ T~ IQ- 

Aa 


Since /„ = (1/X)/(1 - p), it follows that l a = (1/X a )/(1 - p). Similarly, 4 = (1/X*)/ 

d - P). 

Since every class b job is responsible for initiating a type b cycle, there are on the 
average X & type b cycles per unit of time. From the renewal-theory result just cited, 
it follows that l b = 1/V The term m u for / = a, k, and b, is obtained by the use of 
Eq. (9a), so that m % = £(r of )/(l - p te ). When we use these values, the state prob- 
abilities, 7 r i} are 

7T 0 = 1 — p 9 7T a = pa(l — p)/(l — pa — Pk), 

7Tfc = Pk( 1 — p)/(l — pa — Pk), Kb = P&/(1 — Pa — Pk)‘ 

The unconditional Laplace transform, a k (z) 9 associated with the distribution of 
waiting-time for a class k job is 

a k(z) = E(e~~ ZW k) = 7Tq + 7T a CXca(z) + 1 TfcQ! c fc(z) + 7T& 0 : c &(z) 

_ (1 — p)(z + Aq — KVa(z)) + A&(l — 7 h (z + Xq — A a 7 ? a (z))) ^ 9 ) 

XfcY k(^Z -J” “ 1 “ ^ 

The first moment of waiting-time is 

„. w XMPl) + X*E(/>|) + X»£(P?). (29a) 

£(W4) = 2(1 - p„ - p,)(l - p.) ( ) 

This result may be expressed in terms of the original r classes by making the following 
substitutions: 


\jxjpZ) = E = E 

£=1 *=&+l 

With these substitutions, Eq. (29a) becomes 

X7=i X t F(Ff)_ 


= E P* 


= -— v t-T‘v7EV* ' (29a ° 

2(1 — 2~ii= 1 Pi)(l 2-rt=l P«) 

Suppose that there are r classes of jobs. The overall expected waiting-time or 
flow-time will be minimized by assigning priorities in inverse order of the class 
processing-time means. That is, the class indexes should be set so that for i < y, 
E(P -) < E(Pj). More generally, assume that there is a linear cost or other weighting 
factor, uj, associated with the waiting-time for members of class y, and that the 
measure of performance to be minimized is the average cost per job, which is 


E(W U ) = 


h'E(Wj) = E 


Xj«js:= i XiF(pf> 


i 2X(1 - EH P.)0 - p0 
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The optimal priority assignment in this case would be such that 


E(Pi) < JEKPz) < 


u i 


«2 


E(Pr) 

u r 


,o TI,eorem 3 - , ° (sm “ 3 -- 7 > “ d »■» 

If the jobs’ processing-times are known when they arrive, the nonpreemptive 
priority discipline can be used to reduce mean flow-time below that obtainable through 
the ^e of a processing-time-independent discipline. In the simplest case two classes 
would be defined by choosing a number, d, and giving priority to jobs having pro¬ 
cessing-times less than d. The optimal value of d depends on the processinf-time 
istribution and the arrival rate. The expected waiting-time taken over all jobs is 


F.(W\ = -A^ 2 ) ~~ pG(d)\ 

K } 2d « P) 


The factor in large parentheses represents the ratio of mean waiting-time for the 

bvT^T C rU ! t0 th ” Waiting_time for the FCFS ru le* Denoting this ratio 
y (d), it is easy to see that R(d) is less than one because pi = A G(d)E(P \ P < d) 
which is less than A G{d)E{P) = pG(d). w t I r a), 

s j r h z::r m :- th ?,f^ )has adensity function ’ g(px we ma y ° btain ^ expres¬ 
s' 0 ? relating the optimal dividing point to the arrival rate for a given processine-time 

t"zero Ut TLL"!va^et lng ^ T ^ ^ makeS ^ 

= ~PS(d)(l - X/q / dG(j)) -f A df>(d)( 1 - pG(d)) 

6 - \fttdG(t)) 2 

Setting this expression equal to zero implies that d should be chosen so that 

(l ‘“(o 


E(P) 


1 + A 


dG(d)j 


0. 


(30) 


It can be shown that for a given G(p), d is an increasing function of X and varies 
between E(P) and a value so large that class 2 does not exist. To show that d is an 
increasing function of X, we differentiate Eq. (30) with respect to X to obtain 


J-U+ f 

E(P) dX + J 0 


tdG(t) 


dG(d) - XG(d) g 


0. 


After integrating by parts and solving for dd/dX, we have 

dd f d 0 G{t) dt 


dX 


(1 /E(P)) - XG(d) 


which is greater than zero for A E(P) =-- p < 1, 

limb nf !r er hm r it ° f d isobtained settin g * equal to zero in Eq. (30). The upper 
limit of d comes from setting X equal to l/E(P), corresponding to p = 1 in Eq. (30). 
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Then Eq. (30) becomes 

d(\ - G(d}) + f%AG{t) - E(P) = d{ 1 - G(d)) - [ tdG(t) = 
which is satisfied for d such that G(d) 


0, 


ch is satisfied for d such that G(d) — 1. 

When processing-times are uniformly distributed on (0, 0), Eq. (30) becomes 


Id _ j 


Xd^ 

20 


= 0 


or 


_ 2 \/4 


2X0 


In terms of p — X0/2, this is 


rf -J (1 _VT 


P)* 


For exponentially distributed processing-times having mean 1/m, relationship 
(30) is 


lid 


i + -a 

P 


r^) - X de — X fif(l — e _M<! ) = 0 or 


e~ lid 
ixd — 1 


1. 


8-6.2 The Shortest-Processing-Time Discipline 

The idea of using a nonpreemptive priority discipline to reduce mean waiting-time 
can be extended by defining r + 1 boundary points (0 = d 0 <di < ••/ <<«, 
with d so large that G(d r ) = 1. A job having processing-time P with < P < a, 
will be" a member of class j. The overall mean waiting-time resulting from this way 

setting up the classes is 


E(W) 


G(dj) — G(dj— i) 


(31) 


2 £1 (1 “ X/^dG(0)0 “ x/o J t dG(0) 

If the number of classes is increased in such a way that (cl, - 
arbitrarily small for all j, the selection discipline would always choose the job with the 
lowest processing-time. This is the queuing version of the shortest-processing-time 
discipline. The Expression for the mean waiting-time under the shortest-processing- 
time discipline as found by taking the appropriate limit of Eq. (31) is 


E(W) 


X£(E 2 ) 

2 


/*00 

J o=0 (l. — 


dG(p) 


(32) 


'p=o ( 1 „- x/f =0 t dG(0)0 - k/f=o ldG(0) 

If G(p) is continuous, the denominator may be replaced by 

(1 - X JJtdG(O) 2 - 

When preemption is not allowed, the shortest-processing-time discipline is optimal 
with respect to minimizing mean flow-time. This statement of optimality requires 
Qualification since it is possible to do better in situations m which the arrival and 
processing-times of jobs are known in advance of their arrivals. However, the problem 
Ef how to make the best utilization of such advance information (presuma y y 
incorporating inserted-idleness) has not been satisfactorily solved (see Section 4 2). 
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8-6.3 Multiple-Level Nonpreemptive Priority Disciplines 

A multiple-level priority system would be the dynamic analog of the multiple-class 
sequencing model of Section 3-8. The partitioning of jobs into classes can be con¬ 
sidered as taking place in two stages, perhaps using two attributes of the jobs. A 
primary attribute would partition the jobs into classes, and a secondary attribute 
would partition them into subclasses within each primary class. For example, the 
primary partition might be into classes of urgent and nonurgent jobs, and the par¬ 
tition within these classes might be according to processing-time. One would then 
select any urgent job before any nonurgent job, and among urgent jobs, select a 
short job before a long one. 

Of interest is the effect that this superposition of the primary classes has on the 
basic operation of the secondary partitioning system. For the example above, it is 
intuitively clear that this multiple-level partitioning will not be as effective as simple 
partitioning by processing-time in the reduction of mean flow-time or mean system 
state. One way to examine this question is to compare the performance of a system 
with an r-class nonpreemptive discipline to a similar system in which each of the r 
classes is divided into two subclasses in such a way that each subclass has a Poisson 
arrival process. Let/represent the fraction of the jobs of original class k to be assigned 
to the preferred subclass of k . The original class k is then replaced by two classes: 

class k, with Poisson arrival rate/X*, 

class k + r, with Poisson arrival rate (1 — f )\ k . 

Let E(W k ) be the expected waiting-time for a class k job under the original rule, and 
E(Wk) be the expected waiting-time for a job originally of class k under the two-level 
rule. From Eq. (29 a'), we have 

E(W k ) = -S f-i ^ E ( p2 i) _ 

2(1 - - ZLi Pi) 

and 


E(Wl) = £ UPf) 

i= 1 


_ / _ 

■2(1 -/StJpiXi -/ZLiPi) 



_ (1 - /)/(! - fpf _ . 

2(1 - ((1 - /)/(! - /p))EfcfpO(l - (d - /)/(! -/p))Sti Pi) 


This expression of E(W’ k ) says that the expected waiting-time of a class /cjob in a 
two-level rule is a linear combination of its waiting-time performance in the two 
systems: 
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Table 8-2 

Expected Flow-Time for Two-Level SPT Rule* 


Values 

of/ 


Values 
of p 



0.0 

0.2 

0.4 

0.6 

0.8 

1.0 

FCFS 

0.60 

1.962 

2.054 

2.138 

2.192 

2.174 

1.962 

2.500 

0.70 

2.312 

2.455 

2.598 

2.715 

2.727 

2.312 

3.333 

0.80 

2.882 

3.104 

3.352 

3.603 

3.746 

2.882 

5.000 

0.90 

4.197 

4.562 

5.025 

5.614 

6.306 

4.197 

10.000 

0.95 

6.263 

6.794 

7.503 

8.527 

10.181 

6.263 

20.000 

0.98 

11.283 

12.092 

13.216 

14.969 

18.400 

11.283 

50.000 


,, E(P) = 1 and / equals fraction of jobs in high 


* Exponentially distributed processing-times 
priority level. 


This relationship is, at the least, intriguing. It can be used to show that per¬ 
formance cannot be improved by a two-level procedure. The E(W k ) is convex in 
Pi and p k , so that for any 0 < / < 1, 

/ , _W_ 

2(1 - /ZfciPiXi - /Ei=ipO 2(1 - (l - /EfciVXi - (1 - /)£i=i pd 

”2(i -EjripiXi -EtiP.) 

Since (1 — fp ) < 1, 

_ / _ 

2(i - /EtJp.Xi -/SLiPi) 

_ (i - n/o - fp? _ 

+ 2(1 - ((1 - /)/(1 - /p))£i=f P,)(l - ((1 - /VO - /P))£i=iPi) 

_l_ 

" 2(1 - Efci P»)(1 - Ef-1 Pi) 

At the endpoints (/ = 0 and / - 1), E(Wi) = E(W /: ). The performance is, 
however, usually not symmetric in / about / = 0.5, in contrast to the result of 
Section 3-8. Table 8-2 gives results for a two-level SPT rule. 


8-7 PREEMPTIVE PRIORITY DISCIPLINES 

Preemptive priority rules operate in a manner similar to that of nonpreemptive 
priority disciplines, except that a job which arrives while a lower-priority job is on the 
machine will go onto the machine immediately and the lower-priority job will go back 
to the head of the queue of its class. Preemption may be necessary when there are 
emergency classes of jobs, or when the machine is subject to breakdowns. 
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8-7.1 Preemptive Resume and Preemptive Repeat Disciplines 

There are three types of preemptive priority disciplines which will be analyzed. They 
differ as to the nature of the processing-time requirements of preempted jobs as they 
return to the machine. If preemption causes no loss so that the processing of a pre¬ 
empted job can be taken up where it left off, the rule is called preemptive resume; 
otherwise it is called preemptive repeat, for which we distinguish two varieties. When 
the variability in processing-times is caused by erratic behavior of the machine, it is 
reasonable to assume that each time a single job returns to the machine a new 
processing-time is sampled. But if the within-class processing variability arises from 
differing requirements of the jobs, then the processing-time for a job is sampled only 
once, regardless of the number of preemptions experienced. These two cases are called 
preemptive repeat with resampling and preemptive repeat without resampling. These 
three preemptive rules will be analyzed in parallel. The same equation number will 
be used for parallel expressions, appended by pr, rs, or rw* to differentiate among the 
disciplines. 

The type of analysis is similar to that used for nonpreemptive priorities. Attention 
is focused on a given class of jobs, say class k , and on how a preemptive system with 
additional classes differs in operation from a FCFS system with only class k jobs. The 
first departure is that a job waiting to get on the machine for the first time observes not 
P k but some other time interval for a previously selected job from class k to clear the 
machine. The second departure is that busy periods can start in ways other than by 
the processing of a class k job. 

For a class kjob the waiting-time, W k , is the time which elapses between the arrival 
of the job and the time it first goes onto the machine, and it does not include the time 
a job must stand aside after it has been preempted. Residence-time, P rk , is the time 
which elapses between the time the job first goes onto the machine and its completion¬ 
time. Flow-time is the sum of waiting-time and residence-time. A single interruption 
in the processing-time of a preempted job will be called a breakdown and the length 
of such an interruption a breakdown-time, Tj jk ; a job may encounter several breakdowns 
before it is completed. Gross processing-time, P gk , is the total amount of time that a 
job actually spends on the machine. For a preemptive resume rule, gross processing- 
time and processing-time are the same, although they are, in general, different for 
preemptive repeat rules. 

Figure 8-8 illustrates the relationships among these random variables, and shows 
a job which suffers two preemptions. In this case the gross processing-time is the sum 
of three separate intervals. If the discipline is preemptive repeat, the first two of these 
are wasted processing-times, P wk , and the final interval during which processing is 
completed is a successful processing-time, 

Residence-time in preemptive rule analysis plays the same role as blocking-time 
m the analysis of nonpreemptive disciplines. Residence-time will be expressed in 
terms of its components, breakdown-time and gross processing-time, and then results 


* The letters pr refer to “preemptive resume,” rs refers to “repeat with resampling,” and 
rw refers to “preemptive repeat without resampling.” 
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Arrival Preemptions Completion 



on the FCFS rule operating in a delay cycle will be used to determine the flow-time 
of class k jobs. Since it is convenient to express the final results in terms of gross 
processing-time, its moments and transform will be developed along with those for 
residence-time. 

When a breakdown starts on a class k job there can be only one higher-priority 
job in the system—the one which has gained the services of the machine. This 
interrupting job may come from any class with an index less than k. The breakdown¬ 
time consists of the residence-time of this job plus the residence-times of class k — 1 
jobs until the system is entirely clear of jobs from classes 1 through k — 1. Thus 
breakdown-time and residence-time depend on each other recursively. The residence¬ 
time for class 1 jobs determines the breakdown-time for class 2 jobs which determines 
the residence-time for class 2 jobs, etc. At present we shall avoid this recursive problem 
and use the symbol T bk for a breakdown-time suffered by class k jobs. The Laplace 
transform associated with the distribution of T bk will be denoted by r} hk (z). A break¬ 
down occurs with Poisson intensity Ai + A 2 + * • * + A*—i. The symbol A a will be 
used for this sum; N will represent the number of preemptions suffered by a job before 
it is completed. 

The residence-time under preemptive resume is the processing-time, P k , plus the 
sum of the breakdown-times which interrupt processing, so that we have 

| P k = p, N = n) = <r’ s (m(z)) B . 

The distribution of N, given P k = p, is Poisson with parameter \ a p, so that 


7 rk {z) = £(<r zPrt ) = f e - 2p J dG *0») 

J P = 0 n=0 U ‘ 


— 7fc(z -{“ K,J 

(33, pr) 

The first two moments of residence-time are 


E(P rk ) = (1 + \aE(T bk ))E(P k ), 

(33a, pr) 

E{P%) = (1 + X a E{T bi )fE{Pl) + \ a E(T 2 hk )E(P k ). 

(33b, pr) 

Under preempt resume, P gk = P k , so that 


= 7 fc(z), 

(34, pr) 

E(P sk ) = E{P k \ 

(34a, pr) 

E(P %) = E(Pl). 

(34b, pr) 
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The residence-time under a preemptive repeat rule with resampling consists of N 
independent pairs, P wk -f- T bk , followed by an independent P sk . If P k is used to repre¬ 
sent the processing-time of a job drawn on a particular attempt to be processed 
completely and Y is the interval from the start of processing to the next arrival of a 
class a job, the joint density of Y and P k is 

Prob (y < Y < y + dy, p < P k < p + dp) = X a e~ x ^ dy dG k (p). 

The probability that an attempt to complete is successful is the probability that Y 
is greater than P k , or 

Prob (success) = r f” \ a e~^ Ay &G k (p) = ['* dG k {p) = Y*(\ 0 ). 

J P =0 Jy=p Jp=0 

Thus the distribution of N is geometric with parameter y k (\ a ). 

The length of a wasted processing-time is Y , under the condition that Y is less 
than P k , so that 

Prob (y < P wk < y + dv) = gjg b 0 < Y < y + dy, Y < P k ) 
wk _ y -r y, Prob (Y < P k ) 

/*oo 

= r-MK) l =v ^ e ~ KydG *(ri d y- 

From this, y wk (z)~ the Laplace transform associated with the distribution of P wk ~ is 






d G k (p) dy 


K 1 - y k (z -f- X a ) 
z + X a 1 - y k (\ a ) 


In a similar manner we obtain the Laplace transform associated with the distribu¬ 
tion of P sk as 

Given that a job is preempted n times, its residence-time is the sum of n wasted 
processing intervals, n breakdown intervals, and one successful processing interval. 
These In + 1 random variables are all independent, and we may write 

y rk(yp) = y(K)y S k(z) ^2 mi — Y&(x a ))Y w yfc(z)?7 b &(z)^ 
n X / 


(33, rs) 


7 .M _ ( Z + Xa)Tfc(z + x a ) 

M) " ^ + Xa - W*)( 1 - y h (z + x o) )' (33 ’ rs) 

The Laplace transform associated with the distribution of gross processing-time, 
P gk , is obtained by replacing 7] bk (z) by 1 in the above expression. The result is that 


y gk (z) =_ ~f~ X a )7fc(z -f - X a ) _ 

^ + X a — X a (l — y k (z + X a )) 


(34, rs) 
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The first two moments of P r k and P g k are 

E(P rk ) = (1 + KE(T, jk ))E(P„ I; ), (33a, rs) 

E(P* k ) = (1 + \ a E(T bk ))E(P% k ) + 2\ a E(T bk )(l + \ a E(T bk ))(E(P ok )f 

+ \ a E(T bk )E(P sk ), (33b, rs) 

^ ~ 3'*A«) - (34a, rs) 


E(P ok ) 


E(P%s) 


X a y k(Xa) 


\a(~*k(K)y 


(1 - T*(X a ) - X 0 £(P ie - x “ P ‘)). 


(34b, rs) 


The residence-time under a preemptive repeat rule without resampling consists of 
N dependent pairs, P w k + T&jb followed by TV The dependence can be avoided by 
first working with random variables conditioned on a particular value of P k and then 
integrating over the distribution of Pk. 

The conditional distribution of the number of preemptions is also geometric: 
Prob (N = n \ P k = p) = (1 - 

The conditional density of a wasted processing-time is given by 


Prob (y < P wk < y + d>> | P k = p) = for y < p, 


from which 


Since P«k = then 


X a 1 - 
z + A a 1 — 

, then 

E(e ~ zP [ P k = p) = e~ zv - 


— (2+^g)2/ 


When we combine these results, the conditional Laplace transform associated with 
residence-time is 


-(z+X a )3A \n 


E(.e I Pk = P) = - « X “ P )^)(^J( 1 - e -*«P ) ) 

(z + X 0 )e' _(2+X “ :iIJ 
z+X a - X aVbk (z)(l ~ e- (2 + x « , * > ) 

The final step is to integrate the above expression with respect to the distribution of P k : 

y ( z \ _ f - (z + X a )e - d G k (p). (33, rw) 

™ J p= oz+X a -X a r, ik {z)( l- e -< Z +W) 

Again, the Laplace transform associated with the distribution of P g k is obtained by 
setting t}bk(z) to 1 in the above expression. Equation (34, rw), so obtained, is omitted. 
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The first two moments of P rk and P gk are 

E(P rk ) = (1 + \*E(T ik ))E(P ek ), (33a, rw) 

E{P 2 rk ) = (1 + KE(T bk ))E(P%) + - ^f 1 . + ^E(T bk )) _ 1)2 ) 

+ KE(Tf jk )E(P, jk % (33b, rw) 

E(P gk ) = M-y- 1 , (34a, rw) 

E(Pgk) = (2/\ a )(y k (—2\ a ) - 7 k (—X a ) - \ a E(P k e KPk )). (34b, rw) 


Once we have determined the Laplace transform for residence-time for each type 
of preemptive discipline, we can use these to determine the Laplace transform of 
flow-time by the use of our analysis of FCFS operating in delay cycles. Some class k 
jobs may arrive when the machine is either idle or is processing jobs of lower priority 
and these class fcjobs will not have to wait. For such jobs, F k = P rk . All others arrive 
during delay cycles, of which there only two types. A type a cycle is initiated when an 
arriving class a job finds no class k or a jobs in the system, and ends when there are 
no class k or a jobs in the system. A type k cycle starts when an arriving class k job 
finds no class k or a jobs in the system and ends in the same manner as a type a cycle. 
So far as class A: jobs are concerned, the machine is busy only when one of these cycle 
types is in progress and idle otherwise, even though it may be processing lower- 
priority jobs. Compared with nonpreemptive priority rules, only the top two cycles 
of Fig. 8-7 exist under preemptive disciplines, since jobs with priorities lower than 
class k have no effect on class k jobs. 

To obtain the Laplace transform associated with flow-time, conditional on the 
type of cycle, we use Eq. (18). When we let the subscript /, / = a , k , denote the type 
of delay cycle, Eq. (18) becomes 

R (z') = C 1 ^fc7?(P r /;))Y r fc(z)(l t]q j{z)) 

E(T oi )(\ k yrk(z) - X, + z) 

For a type a cycle T Qa = T bk and for a type k cycle T ok = P rk . 

The unconditional Laplace transform associated with the distribution of flow-time 
for class k jobs can be found, as for nonpreemptive priorities, once the tt/s are 
determined. Define the system to be in state i, i = 0, a, or k , at an instant in time 
according to whether the machine is idle or is engaged in a type a or a type k cycle. 
As before, these are determined by the use of Eq. (6). 

The mean length of the idle state, m 0 , is l/(X a + \ k ). The term x 0 is not 1 - p 
but 1 — U, since generally with preemption the expected gross processing-time 
required by a job is higher than E(P ). To determine tt 0 , note that the expected time 
between idle periods, / 0 , is equal to the expected time of the idle period plus the 
expected time of the cycle which follows, or 

/ _ _ , Km a + \ k m k 

to = m 0 H.. ., - 

From Eq. (9a) we obtain a k 

m a = E(T bk )/{ 1 - \ k E(P rk )), m k = E{P rk )/{ 1 - \ k E(P rk )). 
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We also note from our discussion of nonpreemptive priorities that 


X a + X& 


r Xa + X& , 

Ik = -^- *0 

A k 


and the ir/s are 


E(W k ) = E(F k ) ~ E(P r h) = 


7T 0 = 1 - U = (1 - X*£(P r *))/(l + X«i?(7k)), 

7T a = X a P(7k)/0 + \ a E(T b jc)), 

W]c = \ k E(P rk )/ (l + KE(T bk )y 

The unconditional Laplace transform associated with the distribution of flow-times 
for class k jobs is 

~ 7r 0 7 r fc(z) -f- TTa/^caOO “f - 'R'k@ck(z') 

_ k k E{P rk ))(z ~t~ \ a k a y}h k (z)') (35) 

(1 + \ a E(T bk ))(z +\ k ~ \ k y rk (z)) 

The first moments of flow-time and waiting-time are 

\ _ T?/p \ j_ k k E(P rk ) _I_ \ a E(T bk ) ^ 

( *) ~ ( rk) + 2(1 - X k E(P rk )) + 2(1 + \ a E(T bk » 

F(W \ = F(F ^ — F(P } = ^ E (P rk ) _-_ \ a E(T bk ) (36a) 

E(W k ) E(F k ) ( rk ) _ x&£ . ( p rfc) ) + 2 (i + X a P(P bfc )) } 

Equations (33a) and (33b) give E(P rk ) and E(Pf k ) in terms of the first two moments 
of P gk and T bk . To express the first moment of flow-time in terms of the moments of 
gross processing-time, a relation between breakdown-time and gross processing-time 
is required. This relationship is recursive, as discussed. The breakdown-time for a 
class k + 1 job is either a type a cycle or a type k cycle for a class k job. Letting T ca 
and T ck denote the lengths of these cycles, we have 

rp _ | Tea with probability X a /(X a + \ k ), 

M+i - \ Tck w ith probability X^/(X a + \ k ). 

The moments of T ca and T ck can be determined by the use of Eqs. (9a) and (9b). 
From these, the moments of T btk+1 are 

x \ a E(T bk ) + \ k E(P rk ) . 

E(Tb ’ k+l) = (X. + X*)(l - X; : E(P^ (37a) 

^2 , KE(Tt k )( 1 - \ k E(P rk )) + X^)(l + KE(T bk }) 

£(Jm+i)= (X„ + X,)(l - X^,.))* ( } 

Expected waiting-time can be expressed recursively; from Eq. (36a) we have, 
for class k + 1, 

F(W . = >‘k+iE(P s r , k + 1 ) , (x» + x fc )£(rf,, +1 ) _ 

( h+1> 2(1 - \ k+1 E(P r , k+ 1>) 2(1 + (X„ + \k)E(T b , i+1 )) 

When we use Eqs. (37a), (37b), and (36a), this reduces to 


E{W k+ 1) 


- 2 ( . -CfeU + 


(36a') 
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When we use Eqs. (33a) and (33b), which give the moments of residence-time in 
terms of the moments of gross processing-time, and apply Eq. (36a 7 ) recursively, we 
can obtain, after considerable algebraic manipulation, the first moment of flow-time 
in terms of the moments of gross processing-time. To simplify the expression, let 

i 

A» = X) V, 0>i = *iE(Pgd, Ki = *iE(P$i). 

1 

For each of the three types of preemptive-repeat disciplines the expected flow-times are 


m 

m 

E(F k ) 


E{P gk) 


+ 


E<-1 Ki 


1 - ZU ^ 2(1 - Zi=i «<X1 - ELi cod 


(38, pr) 


E(Pgk) 


i - Eti co, 

E(Pgk) 

i - Eti co, 


+ 


Eti to - £fci cod + 2x i (s(Pg i )) 2 E)-i coj) 


2(i - E*-i«<Xi - EUcod 


(38, rs) 


+ 


Eti («,0 - Efci cod + 2(Xj/ A t _i)(Eti coj)E((e Ai ~ lP > — l) 2 )) 


2(1 - Eti 1 «iXl - Eti cod 


(38, rw) 

By using Eqs. (33a) and (37a), we can show that the first term in Eq. (38) is E(P rk ), 
so that the second term represents the first moment of waiting-time, and 

E(P,„ C ) 


E(Prk) = 


i - Et; oi 


(39) 


The amount of work required of the machine per unit of time is co&. Over the r 
classes the system utilization is then 

r 

U = X) c*k- 
1 

For a preemptive-resume rule, P g k = Pk, so that c cj c = p/ c and U = p. For the other 
two preemptive rules, U > p. 

When one compares Eq. (38, pr) with (29a 7 ), one notes that the mean waiting-time 
in the resume case is the same as it would be for the nonpreemptive priority discipline 
if the r — k lowest-priority classes did not exist. Further, when there are classes with 
priority lower than that of class k, the mean waiting-time under preemptive resume is 
lower than that for nonpreemptive priorities. This should be expected, since under 
preemption the lower-priority classes can in no way effect the progress of class A: jobs, 
whereas without preemption there is the chance that an arriving class k job may have 
to wait until some processing is completed on a lower-priority job. 

Under the preemptive-repeat disciplines, more congestion results when processing- 
times for preempted jobs are not resampled. Jobs that have long processing-times are 
the ones that tend to be preempted. Under a non-resample regime, such a job retains 
this same long processing-time on its next attempt to be processed, whereas under 
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Two classes, exponential service, both with mean processing-time of 1.0. (Non-resample case corresponds to Ai = 0.0.) 
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resampling a preempted job at least has an opportunity to draw a shorter processing¬ 
time for its next try. 

The difference between these two models with respect to mean flow-time can be 
tremendous, as shown in Table 8-3. The computations for this table are based on two 
job classes having identical exponential processing-time distributions, with mean 
processing-times equal to 1. Each column represents a value of the overall arrival rate, 
Ai + A 2 , and each row represents a value of Xi. The figures in the body of the table 
are the mean steady-state flow-time per job averaged over both classes. 

The memoryless property of the exponential distribution implies that, in this case, 
the preemptive-resume rule will yield the same results as the preemptive-repeat rule 
with resampling. (With exponentially distributed processing-times, P gk and P k have 
the same distribution.) Since both processing-time distributions have the same mean, 
the overall flow-time is independent of the proportion of jobs in class 1, and these two 
rules have the same overall mean flow-time as would the FCFS discipline with arrival 
rate -f X 2 . These values correspond to the first row where X x is 0.0. 

For the nonresample rule there are three types of upper bounds on permissible 
values of X x , depending on the magnitude of X x -f- X 2 . Certainly X x must not be 
greater than the overall arrival rate. In the present example, this bound is operative 
for (Xi -f X 2 ) < 0.5. A second upper bound is provided by the condition that 
E(e 2X i p 2 ) must be finite. When we let l/p k be the mean processing-time for class k 
jobs, this condition manifests itself here by the requirement that 2X x < p 2 , or X i < 0.5. 
When this bound is exceeded, the variance of the gross processing-times of class 2 
jobs becomes infinite, implying that eventually a low-priority job will not be able to 
get through the system. No matter how small X 2 is, if it is not zero, there is an upper 
limit to the class 1 arrival rate that can be sustained. 

The third bounding condition is that U must be less than 1. For exponentially 
distributed processing-times, the condition turns out to be Xx/Vi + X 2 /0u 2 Ml ) < 1. 
In the present example, for a fixed value of Xi + X 2 = X, the maximum permissible 
value of Xi is the smaller root of x 2 — x + 1 — X == 0. This upper bound becomes 
limiting for 0.75 < X < 1.0. 

8-7.2 Semi-preemptive Priority and 

Shortest-Remaining-Processing-Time Disciplines 

In Section 8-6 it was suggested that mean flow-time could be reduced below the value 
obtainable with a processing-time-independent discipline by imposing a nonpre- 
emptive priority discipline with class membership based on processing-time require¬ 
ments. If the situation were such that preemption in the resume mode is allowable, 
one might consider carrying out a similar scheme using the preemptive resume 
discipline. Compared to the nonpreemptive priority rule, this would tend to reduce 
the waiting-time of the shorter (high-priority) jobs but increase the residence-time of 
the longer jobs. However, if a preemptive resume rule were used, there would be 
occasions when a preempted job which is nearing completion had less remaining 
processing-time than the job that displaced it. To interrupt under these circumstances 
is not in the best interest of reducing mean flow-time. The semipreeiriptive pviovity 
discipline is designed to remedy this defect of preemptive resume by using the amount 
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of processing-time remaining, rather than the original processing-time requirement, 
to determine class membership. This allows the priority status of a job to improve as 
its processing progresses. 

When one employs the notation of Section 8-6.2, the semipreemptive priority 
discipline operates in the same manner as the preemptive-resume priority rule except 
that a job whose remaining processing-time is in the interval (dit-i, 4) is considered 
to be a member of class k. In the limit, as the class intervals are made arbitrarily 
small, this discipline becomes the shortest-remaining-processing-time discipline. 
Under this rule, a newly arriving job will preempt a job on the machine if the 
processing-time requirement of the new job is smaller than the remaining processing¬ 
time of the job in process. In selecting another job at the moment of a job completion, 
preference is given to the job with the least remaining processing-time. 

When the number of classes is small, the semipreemptive priority discipline may 
not produce lower overall mean flow-time than the preemptive resume discipline 
operating with the same classes. But when the number of classes is increased, the 
semipreemptive rule becomes relatively better, and in the limit the shortest-remaining- 
processing-time discipline becomes optimal with respect to minimizing overall mean 
flow-time. This optimality of the shortest-remaining-processing-time discipline does 
not actually require the arrival process to be Poisson, but this will not be proved here. 

In developing the expression for mean flow-time under a semipreemptive priority 
discipline, we shall consider the mean waiting-time and the mean residence-time 
separately. The class membership of a job cannot change during its waiting-time, so 
we may begin by investigating the mean waiting-time of jobs that arrive as members 
of class k. 

For economy of notation, let cr k be the utilization due to jobs that arrive as 
members of the first k classes. In the notation of Section 8-6, 


Cfk 


k 

'£pi = 

i— 1 



t dG{t). 


The numerator of Eq. (29a'), giving the mean waiting-time for class k jobs under the 
nonpreemptive priority discipline, represents the product of the overall arrival rate 
and the second moment of the processing-time distribution, and may be rewritten as 


£ kiE(Pf) = \E(P 2 ) = 

i= 1 



t 2 dG(t) = X 



/>oo 

t 2 d(7(7) -j- A / 

J d k + 


t 2 dG(t). 


When the priority assignment is based on processing-times, the second integral above 
represents the contribution to E(P 2 ) made by jobs of lower priority than class k. 
In the new notation Eq. (29a') becomes 


E(W h ) = 


A Jo* t 2 dG(t) + \J^ + * 2 dG(0 
2(1 - o-fc-OO - <r k ) 


(40) 


Under both nonpreemptive and semipreemptive priority disciplines, a necessary 
condition for a class k job to go onto the machine for the first time is that the system 
be empty of all jobs that were originally from the first k — 1 classes and all previous 
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class k arrivals. This shows that the interference of jobs from the first k classes to 
class k jobs is the same for both disciplines. Under a semipreemptive priority disci¬ 
pline, a job whose original processing requirement is greater than d k can have no 
effect on class k jobs until its remaining processing-time is reduced to d k . At that 
point it becomes a class kjob. From the viewpoint of class k jobs, all lower-priority 
jobs behave as though they arrive with processing-times of d k . The arrival process for 
this new kind of job is no longer Poisson, but that is of no consequence; that the 
arrival process of class b jobs is Poisson was neither required nor used in the deriva¬ 
tions leading to Eq. (29a ; ). 

These observations imply that to write an expression for E(W k ) applicable to a 
semipreemptive priority discipline, we need only replace the second integral in the 
numerator of Eq. (40) by (l - G(d k ))di, giving 


E(W k ) = ^° k * dUW X(l — G(d k )^ dj . 

2(1 - <r A _i)(l - cr k ) 

To determine the mean residence-time, suppose that a job requires p units of 
processing-time while it is in class i status before it can acquire the priority of class 
i ~ \ jobs. While the job is in class i status, it is subject to the same interruptions as 
would a class i job in a preemptive resume system having the same class structure. 
Then, according to Eq. (39), its mean residence-time in that state is p/( 1 — < 7 \-_i). 
The total residence-time of a job that arrives as a member of class k is the sum of its 
residence-times in each priority status from k to 1, and 


E(P rk ) 


E(Pk) ~ <4-i , ^ dj - 
1 ~ *■*_! + 1 - 


The overall mean flow-time is 


dj —i 

i—i 


E ( f ) = E (G(d k ) - G{d k ^))(E{P rt ) + E(W k )), 





The formula for the expected flow-time under the shortest-remaining-processing- 
time discipline is obtained by taking the limit of this expression as r grows large and 
d k — d k __i goes to zero. This results in 




+ - / ( _ /Lo t 2 d G(t) + p 2 ( 1 - G(p)) _ \ drY . 

2 L-o\(i _ x/?_ 0 tdG(O)(l - X/Lo/dG(0)/ 


( 42 ) 
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8-8 THE DUE-DATE RULE AND RELATED DISCIPLINES 

A research group under Jackson at UCLA has studied the properties of what it terms 
dynamic priority disciplines [94, 97, 99, 71]. Jackson and his group have made an 
interesting and useful distinction between static and dynamic priorities. Under a 
static priority discipline, the distribution of priority indexes of jobs arriving at a 
particular queue is stationary, and a given job in queue with a particular priority 
index faces each new arrival with the same probability that its index will be exceeded 
by that of the newcomer. Under a dynamic priority discipline, the distribution of 
indexes changes over time, presumably in such a manner that each succeeding arrival 
has lower and lower probability of taking preference over a job already in queue. 
However, under a static discipline, a job simply waits in queue until by chance there 
remains no job with higher priority in the same queue. For a job with a low priority 
in a heavily loaded system, this can be an exceedingly long wait. Under a dynamic 
discipline the job’s chances of escape improve with age so that extreme values of 
waiting-time are eliminated. 

Operationally, priority is the sum of the job’s time of arrival and a quantity called 
an urgency number. Variations in discipline are obtained by altering the mechanism 
for assigning urgency numbers. As one limiting case, when the urgency numbers are 
all identically zero, there is the normal FCFS discipline. At the other extreme, if the 
range of the urgency numbers is so great as to completely dominate the arrival-times, 
then one could assign those numbers to follow any nonpreemptive priority discipline. 
In this sense all priority disciplines are dynamic, but it is useful to reserve this designa¬ 
tion for the class of disciplines that lie between the extremes and for which both the 
arrival-time and the urgency number are significant. 

The principal rule of this type is obviously the due-date rule, and Jackson fre¬ 
quently refers to dynamic disciplines as “due-date-like” rules. The urgency number 
corresponds to “n”—the allowable processing-time (as defined in Section 2—1). 
The measure of performance has consistently been waiting-time, and the studies have 
been concerned with the complete distribution of waiting-time, particularly the upper 
tail. Of particular concern to the UCLA group is the effect of various priority disci¬ 
plines on the slowest jobs to pass through a system, where much of the other work has 
been concerned with the average of all jobs that pass through the system. Specifically 
the work has centered on two conjectures by Jackson [97]. Let A u (w) be the equilib¬ 
rium probability that a job which is given urgency number u will wait no longer than w. 
For 0 < / < 1, define 

w u (f) = inf (w | A u (w) > /). 

This is the waiting-time corresponding to fractile / in the cumulative waiting-time 
distribution for jobs with urgency number u. For jobs with urgency number u, w u (f ) 
gives the (minimum) waiting-time which, with probability f, will not be exceeded. 

Similarly, for the same system operating under the FCFS discipline, for 0 < / < 1, 
define 

w(f) = inf (w | ^fcfs (w) > /)• 

Conjecture 1. In any dynamic priority system operating in equilibrium, if u and v are 
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urgency numbers which are actually attained, then 

lim (w u (f) — w v (f )) — u — v. 

That is, the difference in waiting-times approaches the difference in urgency numbers 
m the upper tail of the distribution. 

Conjecture 2. In any dynamic priority system operating in equilibrium, there exists a 
number u such that if u is any urgency number which is actually attained, then 

lim (wjf) - ,,.(/)) = 

That is the difference in waiting-time between jobs with urgency numbers u and what 
would be experienced under FCFS approaches the difference between u and u* in the 
upper tailofthe distribution. It is further conjectured that u* is approximately the 
mean of the distribution of urgency numbers. 

An alternative way of considering these conjectures is the following. With “due- 
date-hke” rules one would normally consider lateness, rather than waiting-time to be 
the primary measure of performance. Suppose one defines an allowance, a' to be the 
allowable or preferred flow-time after deducting the inescapable actual processing- 
ime. lhen a { — ^ p { . Now the lateness of a job is given by l H ~ W — a •. If 

the urgency number, u, is interpreted to be an allowance of the a' type then w ( f) — u 
is the lateness corresponding to fractile/in the cumulative lateness distribution for 
jobs with urgency number u. The Jackson conjectures then become: 

Conjecture 1. In any dynamic priority system operating in equilibrium, if u and v 
are urgency numbers which are actually attained, then 

/-► 1 Wv(f) — V 

Conjecture 2 In any dynamic priority system operating in equilibrium, there exists 
a number u such that if u is any urgency number which is actually attained, then 

lim = 1 . 

Roughly speaking, this suggests that in any dynamic priority system the maximum 
lateness that might be expected for each job is the same, regardless of the urgency 
number assigned. Stated in another way, given any arbitrary set of due-dates (or 
mechanism for assigning due-dates) the dynamic priority discipline that sequences 
according to these due-dates offers each job the same probabilistic bound on lateness. 

One might conjecture that for a given mechanism for assigning due-dates the 
dynam' 0 priority rule using these due-dates offers the lowest upper bound on lateness 
that can be achieved. This bound is uniform for each different value of allowance 
(urgency number). Other priority disciplines might provide a lower bound for certain 
values of allowance, but this would be offset by greater bounds for other values, so 
that in particular the maximum lateness bound would be greater than for the dynamic 
priority discipline This would be the continuous-case analog of due-date sequencing 
(section 3-3) in the static case, which minimizes the maximum lateness. However 
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the present discipline seems to bear somewhat more resemblance to slack-time 
sequencing (Section 3-3), which controls the minimum rather than the maximum 

lateness * 

Recall the situation with respect to mean lateness. This is minimized in the finite 

sequencing case by the SPT rule, and the mean of the distribution of latenesses is 
minimized in certain continuous single-server cases by the SPT discipline (Sections 3 2 
and 8-6.2). We may conjecture that an analogous situation exists with respect to 

maximum lateness. t . 

Jackson has proved Conjecture 2 (and hence also 1) for a single-server discrete 

queuing system with geometrically distributed interarrival-times and processing-times 
r991 He also has strong empirical evidence in support of the hypothesis for a single- 
server, Poisson-exponential queuing system [97], He exhibits these results by plotting 
the cumulative waiting-time distributions for specific values of urgency number on 
semilogarithmic coordinates. One such plot (from [97]) is reproduced as Fig 8-9. 
On these coordinates the waiting-time distribution under FCFS plots as a straight line. 
Conjecture 2 says that the graph of a waiting-time distribution for a dynamic prion y 
discipline is asymptotically parallel to the line for FCFS: a separate line for each value 
of u but each parallel to the others at the upper tail of the distributions 

The due-date rule operating as a preemptive resume system would always be 
processing the job with the earliest due-date, interrupting processing of a job when 
another one arrives if the arriving job’s due-date is closer than the due-date of the 
job in process. If there is only a finite number of arrivals the situation would be that 
of Section 4-2: a single machine, a finite number of jobs, and intermittent arrivals. 



Fig. 8-9. Waiting-time distribution for a dynamic-priority dis¬ 
cipline, p — 0.8 (from Jackson [97]). 
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In that situation the due-date rule operating with preempt resume does minimize the 
maximum lateness (this was proved by Jackson [90]). There is as yet no proof that this 
property (or a probabilistic counterpart) carries over to the continuous, infinite- 
horizon case. Yet the situation is so similar to that for the shortest-remaining- 
processing-time discipline that the same result must hold. 

A dynamic priority discipline of a multiplicative nature has been analyzed by 
Kleinrock [112]. There are r classes of jobs, as in a nonpreemptive priority discipline, 
and each class, k, has associated with it a number b k , where b k < b k+1 , k = 1, 2, • • • ’ 
r ~ 1* ^he priority, of a job of class k at time t is given by (t — T)b k , where T is the 
arrival time of the job. The job with the highest value for priority is selected for 
service by the machine. Jobs of the same class are processed in FCFS order, since 
only the arrival time, T, differs for jobs of the same class. Two jobs of different classes 
can be ranked differently, depending on the difference between their arrival times and 
on how long they have waited, as shown below. For example, in the figure below, 
from time t x to time t 2 job / is preferred over job /, but after t 2 job J is preferred. ’ 



We present Klemrock’s result without proof. It is established in a manner similar 
to that originally used by Cobham [28] to establish Eq. (8-29a'). If E(W k ) is the 
expected waiting-time for a job of class k , then, 


where 


E(W k ) = U+ Hi=i PiyikEjWj) ^ 

1 Pi%ik 


1 if bi > b 
bi/b k if bi < b k 


and 


|0 if bi < b k 
U - h/bi if bi > b k . 


(43) 


b ’ k ~ then E( J- ( 43 ) reduces to the expected waiting-time under 

FCFS, Eq. (15a). On the other hand, if b k /b k+1 is set equal to c k , k = 1, . . . s r — 1, 
and b r is allowed to approach zero, the limiting form of Eq. (43) is equivalent to the 
result for nonpreemptive priorities, Eq. (29a'), with the class indexes reversed. Thus, 
in a sense, the discipline proposed by Kleinrock is a generalization of a nonpre- 
emptive priority discipline. 


8-9 THE EFFECT OF PROCESSING-TIME-DEPENDENT 
DISCIPLINES ON FLOW-TIME 

Many of the disciplines studied in the preceding sections were motivated by the 
general principle that giving preference to shorter jobs will tend to reduce mean 
flow-time and the expected number of jobs in the system. It is worth illustrating just 
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how much can be accomplished by this approach. Since all selection disciplines 
which do not use information related to processing-times yield the same mean flow¬ 
time, the first-come, first-served discipline is a reasonable standard against which the 
improvement obtained from the other rules may be measured. 

The data in Tables 8-4 and 8-6 represent the mean flow-times for a range of arrival 
rates under six selection disciplines; FCFS, nonpreemptive (NP), semipreemptive (SP)- 
preempt resume (PR), shortest-processing-time (SPT), and shortest-remaining, 

Table 8-4 

Comparison of Mean Flow-Time for Various Queuing Disciplines 


Mean steady-state flow-times 


Arrival 






SRPT 

rate 

FCFS 

NP 

SP 

PR 

SPT 

0.30 

1.429 

1.377 

1.267 

1.246 

1.359 

1.197 

0.40 

1.667 

1.555 

1.404 

1.372 

1.518 

1.296 

0.50 

2.000 

1.782 

1.578 

1.540 

1.713 

1.425 

0.60 

2.500 

2.088 

1.845 

1.778 

1.962 

1.604 

0.70 

3.333 

2.542 

2.245 

2.147 

2.312 

1.874 

0.80 

5.000 

3.328 

2.970 

2.821 

2.882 

2.352 

0.90 

10.000 

5.284 

4.847 

4.590 

4.197 

3.552 

0.95 

20.000 

8.529 

8.036 

7.646 

6.263 

5.540 

0.98 

50.000 

16.636 

16.046 

15.481 

11.283 

10.494 

0.99 

100.000 

28.283 

27.699 

26.905 

18.449 

17.625 


* Exponentially distributed processing-times with mean 1.0. 


Table 8-5 


Optimal Class Dividing Points for Two-Class Rules* 

Nonpreemptive Semipreemptive Preemptive 

priorities priorities resume 


Arrival 

Boundary 

Prop, in 

Boundary 

Prop, in 

Boundary 

Prop, in 

rate 

point 

class 1 

point 

class 1 

point 

class 1 

0.30 

1.138 

0.679 

1.045 

0.648 

1.323 

0.734 

0.40 

1.200 

0.699 

1.115 

0.672 

1.386 

0.750 

0.50 

1.278 

0.722 

1.200 

0.699 

1.464 

0.769 

0.60 

1.378 

0.748 

1.307 

0.729 

1.561 

0.790 

0.70 

1.514 

0.780 

1.455 

0.767 

1.691 

0.816 

0.80 

1.718 

0.821 

1.675 

0.813 

1.885 

0.848 

0.90 

2.101 

0.878 

2.078 

0.875 

2.245 

0.894 

0.95 

2.524 

0.920 

2.515 

0.919 

2.640 

0.929 

0.98 

3.134 

0.957 

3.133 

0.956 

3.214 

0.960 

0.99 

3.627 

0.973 

3.629 

0.974 

3.686 

0.975 


* Exponentially distributed processing-times with mean 1.0., 
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processing-time (SRPT). In both tables, the mean processing-time is equal to 1.0. 
Table 8-4 is for exponentially distributed processing-times, while Table 8-6 is based 
on processing-times uniformly distributed over the interval (0, 2). The examples of 
the three finite class rules (nonpreemptive, preemptive resume, and semipreemptive 
priorities) are for two classes with the optimal point separating the high- and low- 
priority classes in each case. These boundary points and the resulting proportions of 
jobs in the high-priority classes are given in Tables 8-5 and 8-7. 

Table 8-6 


Comparison of Mean Flow-Time for Various Queuing Disciplines* 

—-——-—--— 1 ---*-i———.— . . ii 

Mean steady-state flow-times 


Arrival 

rate 

FCFS 

NP 

SP 

PR 

SPT 

_— a _ 

SRPT 

0.30 

1.286 

1.262 

1.228 

1.228 

1.245 

1.203 

0.40 

1.444 

1.394 

1.348 

1.348 

1.379 

1.309 

0.50 

1.667 

1.569 

1.512 

1.512 

1.541 

1.451 

0.60 

2.000 

1.816 

1.749 

1.749 

1.766 

1.656 

0.70 

2.556 

2.204 

2.028 

2.028 

2.115 

1.984 

0.80 

3.667 

2.930 

2.849 

2.849 

2.764 

2.610 

0.90 

7.000 

4.949 

4.870 

4.870 

4.575 

4.379 

0.95 

13.667 

8.750 

8.681 

8.681 

8.041 

7.850 

0.98 

33.667 

19.643 

19.592 

19.592 

18.206 

18.007 

0.99 

66.000 

37.300 

37.260 

37.260 

34.993 

34.791 


* Processing-times uniformly distributed on (0, 2). 


Table 8-7 


Optimal Class Dividing Points for Two-Class Rules* 



Nonpreemptive 

priorities 

Semipreemptive 

priorities 

Preemptive 

resume 

Arrival 

Boundary 

Prop, in 

Boundary 

Prop, in 

Boundary 

Prop, in 

rate 

point 

class 1 

point 

class 1 

point 

class 1 

0.30 

1.089 

0.544 

0.864 

0.432 

0.864 

0.432 

0.40 

1.127 

0.564 

0.920 

0.460 

0.920 

0.460 

0.50 

1.172 

0.586 

0.988 

0.494 

0.988 

0.494 

0.60 

1.225 

0.613 

1.070 

0.535 

1.070 

0.535 

0.70 

1.292 

0.646 

1.170 

0.585 

1.170 

0.585 

0.80 

1.382 

0.691 

1.298 

0.649 

1.298 

0.649 

0.90 

1.519 

0.760 

1.480 

0.740 

1.480 

0.740 

0.95 

1.635 

0.817 

1.618 

0.809 

1.618 

0.809 

0.98 

1.752 

0.876 

1.746 

0.873 

1.746 

0.873 

0.99 

1.818 

0.909 

1.816 

0.908 

1.816 

0.908 


* Processing-times uniformly distributed on (0, 2). 
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Compared with the shortest-remaining-processing-time discipline, which is known 
to produce minimum flow-time, the other processing-time-dependent rules seem to 
perform quite well in reducing flow-time below the values for FCFS. The effectiveness 
of the two-class nonpreemptive priority discipline, which is the least sophisticated of 
the priority rules, shows that there is a great deal of benefit in merely classifying jobs as 
long or short. This suggests that some kind of processing-time-related discipline 
would be worthwhile in situations in which low flow-times are desirable, even when 
accurate estimates of processing-times are not available. 

Comparing the nonpreemptive and the preemptive resume priority disciplines, or 
the shortest-processing-time and the shortest-remaining-processing-time discipline, 
indicates that preemption, which might be difficult to administer, does not bring about 
much improvement. It is interesting to note that in both examples there is a cross¬ 
over between the two-class preemptive resume priority discipline and the shortest- 
processing-time rule. At higher utilization, when there are often many jobs competing 
to get on the machine, the ability to discriminate well between waiting jobs is impor¬ 
tant. But at low utilization, when there are usually few jobs from which to choose at 
the moment of a processing completion, fine discrimination is much less important 
than the ability to preempt a long job when a shorter one arrives. 

The two-class preemptive resume discipline may not always be better than the 
two-class nonpreemptive priority discipline. Given fixed classes, the increase in mean 
residence-time for class 2 jobs in going from nonpreemptive to preemptive resume 
priorities is piE(P 2 )/(l ~ Pi), while the decrease in mean waiting-time enjoyed by 
the class 1 jobs would be A 2 £(P|)/(1 - Pi)- For preemptive resume to be better, 
it would have to be true that 


A 2 pi£(i> 2 ) _ AiA 2 F(Pl) q 

1 - 2(1 - pi) 


which implies that the preemptive resume priority discipline is better than the non¬ 
preemptive priority discipline if and only if 


E{P i) < 


E(Pl) 
2 E(P 2 ) 


The right-hand side of this inequality is the mean of the random modification of a 
class 2 processing-time and represents the expected remaining processing-time of a 
class 2 job as seen by an arriving high-priority job that finds a low-priority job on 

the machine. . . 

Consider a similar comparison between the two-class semipreemptive and the 
two-class preemptive resume priority discipline for which jobs with processing-times 
less than d are assigned to the high-priority class. Compared to the semipreemptive 
priority discipline, the mean residence-time of class 2 jobs under preemptive resume is 
greater by pid/(l - pi), while the expected waiting-time of class 1 jobs is less by 
\ 2 d 2 /2(l - pi). For the semipreemptive priority discipline to result in lower overall 
mean flow-time, it would have to be true that 


XiX 2 d 2 \ 2 Pid_ ^ p 
2(1 - Pi) 1 - Pi 


or 


EKPi) > \ 
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This condition is equivalent to 

/ G(t) dt < • 

Jo 2 

The left-hand side of the inequality is the area under the distribution function up to 
the point d, while the right-hand side is the area of the triangle under the line from the 
origin to the point (d, G(d)). With this interpretation, we may see that since the 
distribution function for the exponential distribution is convex (second derivative 
negative), a two-class semipreemptive priority discipline can never be better than a 
two-class nonpreemptive priority rule when the underlying processing-time distribu¬ 
tion is exponential. This conclusion agrees with the data in Table 8-4. When 
processing-times are uniformly distributed on the interval (0, 2E(P)\ the condition 
is satisfied as an identity for any choice of tfin (0, 2E(P)), and both disciplines produce 
the same mean flow-time. If processing-times are uniformly distributed over (0 X , 6 2 ) 
with 6 1 > 0, the semipreemptive priority discipline will be better. 

Many other typical processing-time distributions, such as those belonging to the 
Erlang family, have distribution functions that are concave for small values of p and 
become convex for large values of p. Hence there is some dividing point, p*, such that 
for d < p*, the two-class semipreemptive priority discipline is better than the 
two-class preemptive resume priority discipline, but for d > p*, the situation is 
reversed. Since the optimal value of d for any of these rules is an increasing function 
of the arrival rate, in such cases the choice of discipline would depend on X as well as 
G(p). 

In two-class situations, when the preemptive resume priority rule is better, it would 
be so because the semipreemptive priority rule does not allow enough preemptions. 
As soon as a class 2 job has its remaining processing-time worked down to d, it is no 
longer eligible for preemption. But d is larger than the expected processing-time of a 
class 1 job that may arrive. Therefore it would be better to allow preemption of class 2 
jobs until their remaining processing-times are reduced to some smaller value, d'. 
But then class 1 jobs with remaining processing-times between d' and d should also 
be subject to preemption. Thus it would seem that the remedy is to increase the 
number of classes. The addition of more classes brings us closer to the shortest- 
remaining-processing-time discipline. 

A comparison between two-class nonpreemptive and semipreemptive priority 
disciplines, both with dividing point d , shows that the semipreemptive rule will be 
better if 


W? 0 < 


E(Pj) - d 2 
2{E(P 2 ) - d) ’ 


In the special case of exponentially distributed processing-times, it is found that 
the expected waiting-time under the shortest-processing-time rule is equal to the 
expected flow-time for the shortest-remaining-processing-time rule multiplied by p. 
That is, 


^spt(JE) — P^srptCE). 
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Table 8-8 


Effect of Variance of Processing-Time Distribution 
Under Shortest-Processing-Time Rule* 


Phases 

k 

Variance 
of processing 
times 

Mean flow-time 

FCFS 

SPT 

GO 

0.000 

5.500 

5.500 

10 

0.100 

5.590 

4.197 

5 

0.200 

6.400 

4.089 

3 

0.333 

7.000 

4.115 

2 

0.500 

7.750 

4.160 

1 

1.000 

10.000 

4.197 


* Processing-times sampled from /c-phase Erlang with 
mean 1.0 utilization equal to 0.9. 


Even though the two processing-time distributions assumed in the computations 
of Tables 8-4 to 8-7 have the same means, the greater variance of the exponential 
distribution results in higher levels of congestion under FCFS at all levels of utilization. 
In the comparison of the two examples under the shortest-remaining-processing-time 
rule, the opposite relationship holds. For all of the other disciplines, there is a cross¬ 
over point in the neighborhood of 80% to 90% utilization such that at low values of 
X the uniform distribution displays less congestion and at the higher values it displays 
more. 

While the mean flow-time resulting from the use of a processing-time-independent 
discipline varies linearly with the variance of the processing-time distribution (with 
E(P) held constant), this is not true for the processing-time-independent disciplines. 
This is illustrated in Table 8-8. These data are based on an arrival rate of 0.9 and an 
Erlang processing-time distribution with mean equal to 1.0 and k phases. 

The mean flow-time as a function of the variance for the shortest-processing-time 
rule is surprisingly constant. Note especially that the value corresponding to k — 1, 
the exponential distribution, is less than that for the degenerate distribution (k = cc). 
It appears that a discipline which takes advantage of varying processing-time require¬ 
ments requires a certain amount of variability in the processing-time distribution in 
order to be effective. If there are several jobs in the system and there is some variability 
in processing-times, the rule has a chance to make a good selection. On the other hand, 
too much variability permits an occasional long job to create a high degree of con¬ 
gestion. .... 

With respect to the minimization of variance of flow-time one would intuitively 
expect FCFS to be preferable to SPT, but this is not uniformly correct. 

Equations (14a) and (14b) are used to get the variance of flow-time under the 
FCFS rule. The second moment of flow-time under the SPT rule is derived in a 
manner similar to the development of Eq. (32), and the details are omitted. Table 8-9 
(based on [184]) gives the variance of flow-time under these two rules for both expo¬ 
nential and 2-phase Erlang processing-time distributions. 
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Table 8-9 


Variance of Flow-Time Under FCFS and SPT* 


p 

Exponential 

2-Phase Erlang 

FCFS 

SPT 

FCFS 

SPT 

0.10 

1.2345 

1.179 

0.6180 

0.6156 

0.20 

1.5625 

1.482 

0.7856 

0.7773 

0.30 

2.0408 

1.896 

1.031 

1.020 

0.40 

2.666 

2.563 

1.467 

1.420 

0.50 

4.000 

3.601 

2.062 

2.158 

0.60 

6.250 

5.713 

3.265 

3.747 

0.70 

11.111 

12.297 

5.895 

8.042 

0.80 

25.000 

32.316 

13.50 

25.08 

0.90 

100.00 

222.20 

55.06 

186.20 

0.95 

400.00 

1596.5 

227 

1514 

0.98 

2500.0 

22096 

1400 

19826 

0.99 

10000 

161874 

5612 

147239 


* Mean processing-time = 1.0. 

At low utilizations, the SPT rule achieves a slightly lower variance of flow-time 
than that for the FCFS rule. At higher and more interesting levels of utilization, the 
FCFS rule is substantially better than SPT. The crossover point between the two rules 
apparently decreases as the variance of the processing-times decreases. 

8-10 HISTORICAL NOTES 

The body of literature relating to queuing theory is enormous. Saaty [178] gives a 
bibliography of over 900 items published up to 1961. In his introductory chapter, 
Saaty also presents an excellent short history of the development of the field. This 
section contains collected historical notes concerning the topics covered in Chapter 8. 

The earliest work, pioneered by A. K. Erlang in the first three decades of this 
century, was produced by engineers concerned with the design of telephone switching 
networks. The technique of differential-difference equations, illustrated in Section 8-1 
and in Chapter 10, was the dominant method of analysis. 

Section 8-4, treating the distribution of flow-times under the first-come, first- 
served discipline, is based on a particular decomposition of the length of the busy 
period into a sequence of dependent random variables. This way of viewing busy 
periods was suggested by Cobham [28] in his study of the nonpreemptive priority 
discipline.* It was then used by Avi-Itzhak and Naor [8] to derive the first two mo¬ 
ments of the busy period, and then by Avi-Itzhak, Maxwell, and Miller [7] in the 
derivation given in Section 8-4. Equation (8-14a), giving the mean flow-time resulting 
from the use of a processing-time-independent discipline in a system with Poisson 


* A similar notion was employed by Tanner [192]. He in turn attributes the procedure to 
E. Borel, C. R. Acad. Sci ., Paris, 214, 1942. 
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arrivals and arbitrary processing-time distribution is the well-known Khintchine- 
Pollaczek formula. 

The ideas of Section 8-5.1 regarding the number of jobs remaining in the system 
at moments of job completions form the basis of the “method of the imbedded Markov 
chain,” introduced by Kendall [107]. This technique has played a dominant role in the 
analysis of queues with Poisson arrivals and general processing-times. However, the 
derivation of Section 8-4 is used in this book to provide equivalent fundamental 
results. 

The last-come, first-served rule of Section 8-5.2 has been studied by Wishart [202], 
while the Random discipline of Section 8-5.3 has had a somewhat frustrating history. 
Several references are given in the text and others are indicated in Saaty ([178], 
page 23). 

The original paper on priority disciplines was by Cobham [28] in which Eq. (29a') 
was derived for the mean waiting-time under the nonpreemptive priority discipline. 
The extension to the shortest-processing-time discipline was made by Phipps [163]. 
Equation (29), giving the Laplace transform for the distribution of waiting-time, was 
first derived by Kesten and Runnenberg [109]. The derivation given here is more 
elementary, and is a culmination of the preceding material in Chapter 8. 

There have been several important papers dealing with preemptive priority 
disciplines. White and Christie [201] examined the case of two classes, Poisson arrivals 
and exponential processing-times under the resume regime. Heathcote [74] studied 
the time-dependent distribution of numbers of jobs in the system under similar 
conditions. R. G. Miller [138] gave important results for the preemptive resume rule 
with general processing-times. Although a distinction between the resume and repeat 
modes of preemption was recognized in the White and Christie paper, it appears that 
the difference between the two types of preemptive repeat disciplines was not recog¬ 
nized, at least in the formulation of analytic models, until the papers of Gaver [59] 
and Avi-Itzhak [5]. Some of the terminology used in Section 8-7.1 is borrowed from 
the latter. 

The shortest-remaining-processing-time discipline (Section 8-7.2) was first studied 
by Schrage [183], and the paper by Miller and Schrage [137] is an expanded version 
of the material presented here. 

The work on the due-date rule is attributable to Jackson. He provided the funda¬ 
mental results [94, 97, 99] and stimulated the work of others [71, 112]. 




















CHAPTER 9 


SINGLE-SERVER QUEUING 
SYSTEMS WITH SETUP CLASSES 


One significant limitation to the queuing models of Chapter 8 is the exclusion of 
setup considerations. The processing-times could, of course, be defined to represent 
both setup and actual processing, but this is effective only if the setup is entirely 
dependent on the particular job and unaffected by the presence of other jobs and 
their position in sequence. It also excludes the rather realistic model in which the 
setup portion of the machine-time must be repeated if preempted, but the processing 
portion of machine-time can be resumed from the point of preemption. It is the 
purpose of this chapter to explicitly separate setup and processing-times and study 
the very different and interesting behavior of queuing systems under these circum¬ 
stances. The analysis becomes much more difficult and the results are very modest, 
but they afford some useful and practical insight and certainly suggest areas in which 
further work could be done. 

The central concept of the chapter is that of a setup class. Each job arriving at a 
system is a member of one such class. The machine is set up to perform work on a 
particular class of jobs; that is, setup-time is required between jobs of different classes, 
but not between jobs of the same class. Chapter 8 could be considered as representing 
either of the limiting cases: each job has a unique setup class, or all jobs belong to the 
same setup class. Except for Section 9-1, Chapter 9 assumes that the number of 
classes is less than the number of jobs, but greater than one. (In fact the results are 
largely limited to the case of two classes.) In general one could allow the setup-time 
to depend on the class which preceded on the machine as well as the class intended to 
go on the machine, in a manner analogous to the traveling-salesman problem of 
Section 4-1, but the algebra is tedious and the work just has not been done. Clearly, 
for the case with only two classes, sequence-dependent class setup-times are not 
relevant. 

The first section of the chapter is a more general treatment of the preemption 
question than was provided in Chapter 8: setup-time is preempt repeat, processing¬ 
time is preempt resume. The results of Chapter 8 are simply special cases of this 
analysis. 

The other three sections are concerned with selection disciplines. The first is 
the familiar first-come, first-served, in which the occurrence of setup-time is entirely 
determined by the arrival process. The second is a discipline in which one processes 
jobs of a single class as long as possible before shifting to another class. 
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9-1 


The notation of Chapter 8 is retained, with the .addition of the symbols S for 
setup-times, K(s ) for the distribution function of setup-time, and k(z) for the Laplace 
transform of K(s). 

9-1 PREEMPTIVE RESUME PRIORITIES WITH 

PREEMPTIVE REPEAT SETUP-TIMES FOR EACH JOB 

Assume that there are r classes of jobs, with class k having preemptive priority over 
all classes with indexes less than k. Each time a job is started on the machine, whether 
initially or after having been preempted, setup must take place. (The setup is also 
subject to preemption.) The residence-time of a job of class k consists of a complete 
setup, S ck , followed by some processing, possible breakdown-times, resetup, further 
processing, etc., until the total required processing of the job is completed. A typical 
residence-time of a job of class k , together with the definition of the random variables 
of concern, is given in Fig. 9-1. A complete setup consists of wasted setup-times, 
S w Jc, followed by breakdown-times, T bk , and is terminated by a successful setup¬ 
time, S sk . The gross setup-time, S gk , is the sum of the complete setup-times 
required. 
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Complete setup-time, S ck - 

Figure 9-1 


After the first complete setup-time has elapsed, the system behaves in the same 
manner as a preemptive resume system with a breakdown interval of T bk + S ck . 
Using Eq. (8-33, pr) for the preemptive resume rule, we obtain 

7 rk(z) = K ck (z)7 k (z + A a — \ a Vbk(z)K ck (z)). (1) 

Effectively, a complete setup-time in this situation is analogous to residence-time 
under the preemptive repeat system of Section 8-7.1. With appropriate substitution 
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we can use Eq. (8-33, rs) for the resample case and Eq. (8-33, rw) for the nonresample 
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Equations (8-37a), (8-37b), and (8-36a'), which recursively define the moments 
of waiting-time and breakdown-time, still apply. These equations, together with the 
other equations for moments required to solve for the first moments of waiting- and 
now-time, are listed below: 

E(F k ) = E(W k ) + E(P rk ), (4) 

F(T- i . ) — ^ aE(T bk ) + \j<E(P rk ) 

( M+l) "(UW(Uw)’ ( 5a > 

E(T bk+1 ) = ~ V E(P rk )) + \ k E{P 2 k ){ 1 + Xq E(T bk )) 

(K + X*)(l - \ k E(P rk )) 3 ’ (5b) 

£(E ri ) = £<$*) + E(P k )( 1 + X 0 (E(5 rt ) + £<r M ))X (la) 

E(P r 2 ,) = £(5? t ) + 2E(S ck )E(P k )(l + \ a (E(S ck ) + E{T bk ))) 

+ E{Pt){\ + X a {E(S ck ) + E{T bk ))) 2 
+ \ a E(P k )(E(S 2 k ) + 2 E(S ck )E(T bk ) + E{T 2 bk )l (lb) 

E(W k+1 ) = Xt-f iE(P rk+1 ) _ E(W k ) 

2(1 - X k+1 E(P r , k+1 )) ^ 1 _ \ k E{P rk ) ' 


( 6 ) 
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For class 1, = 0 and T bk = 0, so that Eq. (6) gives E(W i) directly, and E(F i) = 
E{W X ) + E(S X ) + E{P i), since S c i = Si. Then, recursively, given E(T bk ), E(T bk ), 
E(P rk ), and E(P? k ), Eqs. (5a) and (5b) give E(T btk+1 ) and £(7£ ft+1 ). These m turn 
allow E(S ck+1 ) and E(S? k+1 ) to be determined. From these, one can find E(P r ,k+ 1 ) 
and E(Pf ik+1 ), and then one can compute E(W k+ 0 and E(F k+1 ). 

9-2 ALTERNATING-PRIORITY DISCIPLINE WITHOUT SETUP-TIME 

Consider a two-class priority discipline in which sequence within each class is on a 
first-come, first-served basis. Suppose that the class priorities alternate so that the 
higher priority is assigned to that class which includes the job currently being processed. 
The operation of this discipline is simply to continue to process jobs of a particular 
class—in arrival order—until no further jobs of that class are waiting and available 
for assignment. Assuming that there are one or more jobs of the other class waiting 
at that point, the earliest of these is selected for processing and the high-priority 
status is shifted to the class now being processed. The effect is to alternate between 
the two classes, processing a run of jobs of one class, then a run of the other. The 
length of run is a random variable depending on the overall utilization of the machine 

and the balance between the two classes. 

In general, one could consider such a discipline with k classes, but the discipline 
must then include a rule to determine which of the k — 1 classes is to be processed 
next when the queue for the incumbent class is exhausted. With only two classes 
there is obviously no such choice, and the analysis here is limited to this simpler 
situation. 

In order to investigate the steady-state flow-time for this discipline, consider two 
types of busy periods depending on the class affiliation of the initiating job. A busy 
period is further subdivided into phases which are unbroken time-intervals during 
which only one class of job is processed. The length of a phase is denoted by T ikj , 
where the subscripts have the following interpretations: 

z-class receiving service during the phase (/ = 1,2); 

k-serial numbers of the type / phases in the busy period (k = 1, 2, . . .); 

y-class of job initiating the busy period (j = 1, 2). 

Figure 9-2 illustrates the sequence of phases in each type of busy period. 
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Figure 9-2 
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t . fl eC T e of _ the 1 obviou8 symmetry in the problem, it is necessary to analyze only 

r' -"» fo ' *“ 2 i* •» •«"«< i i 

The central idea of the analysis is to consider a busy period as beine com nosed of n 
sequence of delay cycles. The busy-period portion o/such 

which class 1 jobs are processed, and the delay portion, except for the first wcle of a 

LetV b S th Pe r° d tE 1S f h u preceding phase during which class 2 jobs are processed 
et T kj be the length of the k\h cycle in a type j busy period. Then 

Tn = r m , 

T kl = T — i)i + T xku k — 2,3, ... 9 
Tk2 ~ T 2 h2 + T lk2 , k = 1, 2, ... . 

The length of a busy period initiated by a classy job will be denoted by 7), where 


Tj = E“=1 T } 


kj- 


We shall define both singly and doubly subscripted system states by considering 
the system to be in state 0, 1, or 2 according to whether it is idle 

Z fs fnmo g ress Pe if°fh ^ that the SySt6m is in State ^ if a cycle indexed by 

Ay is in progress. If the system is in state kj, it is also in state j. For each state / 

whethei singly or doubly subscripted, let x „m„ and /. have the usual meanings of 

steady-state probability mean persistence-time, and mean recurrence-time 

L ( !- ' <M) and let T{e~ zF i \ S) be the conditional Laplace transform 

~e ,;t; of 1 ^ »« «*»»«*» 

E(e-‘ F i | 0) = 7j(r), 

and by substitution into Eq. (8-18), we have 
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The state probabilities, x w , required to weight these conditional Laplace trans- 
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Given that the system is in state;, the conditional probability that it is in state kj is 
so that 

X *i = ^ IT,' = xoAiWfcj = 0 - p)kjm ki . (Id) 

Iflj 

The unconditional Laplace transform for the distribution of class 1 flow-times is then 

0l(z) = E(e-^) = » 0 E{e- lF ' I 0) + £ £ T kj E(e- 1 I 

j= 1 V 

= + Xl £ (1 - U2M(z)) + X2 £ (1 - 11^))) • 

XiTjfz) - Xi + A *Ti k=l 7 


The first moment of the mean flow-time is obtained by differentiation as 

/__ 2(1 - o,WPi) + 

EiFt) = (1 - P) ( E(Pd + 2 (! - Pi) 2 
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The sum of the means of type 2 phases in a type 1 cycle required in Eq. (1 la) is 
the total expected amount of time spent serving class 2 jobs in a type 1 cycle, so tha 
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™ _ P2 E ( p i) . 

y; E (T 2 ki) — P 2 ^i 1 — p 
&=1 

__ . (1 — Pl)Eif > 2) . 

£) £(r 2fc2 ) = ^2) + Pzm = — 


fc=i 

To evaluate the sums of second moments, we use Eqs. (8-7a), (8-7b), (8-8a), and 
(8-8b). Since Tm is really a simple busy period, 


EOi 11 ) = 


E(P\) 


(1 _ pi) 3 

while Tm for fc > 1 is the busy-period portion of a delay cycle for which the delay 
is T 2 {k — 1 ) 1 ? so that 

E(T 2 m ) = £(r 2 ( ,_m) + (T^£) 2 for * = 2, 3,... • 

Summing the last equation over the indicated range of k, adding the previous 
equation, and then substituting Eq. (12) results m 

V FIT 2 ) = + £ E(Tiki)- 

£(T m) (1 - n,)2(l — p) (1 — Pi) 2 
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A second equation is produced from the relationship 
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These two simultaneous linear equations in the sums of the second moments are 
solved to produce 

V E(T 2 1 = (1 - P2?E(Pj) + (X 2 /X x )p!g(f|) 

4=1 (1 — p) 2 (0 — Pl)(l — P 2 ) + PlP 2 ) 
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By interchanging subscripts in Eq. (14), we have 
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h E(T 2 ) (1 ~ P^ E(P 'b + (Xi/X 2 )p|E(P?) 
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(16) 


To obtain £(Fi) now is a matter of substituting Eqs. (12), (13), (15), and (16) into 
(11a). Thus 

E(F ) = E(P)+ XlE(p2l) + kiplE(Pt) + X 2 (l - Pl fE(Pl) 

2(1 - pi) ^ 2(1 - Pl )(l - p)((l - Pl )(l - p 2 ) + p lP2 ) ’ 

(17) 

and, by symmetry, 

E(F.) = E(Ph ) 4 - 4 - Xx(l - p 2 ) 2 E(Pj) + XgpffiPf) 

2(1 - p 2 ) ^ 2(1 - p 2 )(l - p)(( 1 - Pl )(l - p 2 ) + Pl p 2 ) 

(18) 

One can conclude from these results that such a system has some rather curious 
properties. If both classes have the same processing-time distribution, then the 
sequencing mechanism is entirely independent of processing-time and the overall 
mean flow-time is the same as that obtained under simple FCFS (Section 8-4). 
If both classes also have the same distribution of interarrival-times, then the model is 
completely symmetric with respect to class, and each class has the same mean flow¬ 
time. However, as one introduces asymmetry into the model, the results are not what 
might be expected. While maintaining the same overall arrival rate, if arrivals to 
class a are more frequent than arrivals to class (3, this discipline tends to favor a in 
the sense that the mean flow-time for jobs in a is less than the overall mean flow-time 
and, of course, less than the mean for jobs in /3. Moreover, if jobs of a and /3 are 
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9-2 


equally frequent and class a is favored by its jobs having processing-times with a 
smaller mean than those for jobs of 0, the result is just the opposite: the mean flow¬ 
time is less for (3 than for a. The jobs of class a clear the machine rapidly once they 
attain access, but must wait for long periods while jobs of class (3 are served. A 
nonstochastic analogy might help one to understand this phenomenon. Suppose that 
two identical water tanks are being continuously filled at the same rate. Each has an 
outlet with a shutoff valve. The two tanks empty into a common drain and the rule is 
that one or the other, but not both, of the tanks is to be draining at any instant. The 
procedure is to leave the outlet open on one tank until that tank is empty, then switch 
to the other until it is empty, etc. It is interesting to discover that if the outlet capacities 
of the two tanks are different, the average water level will be higher in the tank with 
the greater outlet capacity. 

The overall mean flow-time in an asymmetric case can be either better or worse 
than that for simple FCFS sequencing. When processing-times are exponentially 
distributed with means \/\x a and l/jup, respectively, with fx a > up, the alternating- 
priorities discipline gives smaller overall mean flow-time than FCFS if and only if 

> » or {jXa _ M ) > Xa _ X(J . 

1 — P/3 ga 

The alternating-priority discipline is in one respect optimal, in that for two classes 
of jobs this discipline results in fewer phases than any other discipline that does not 
permit inserted idle-time. This means that the frequency of changeover from one class 
to another is minimized and this becomes most important when setup-times are 
introduced in Section 9-4. 

Start of busy End of busy 

period period 


Phase 1 

Phase 2 j 

Phase 3[ ; 

a jobs 

tfjobs I 



/o /i t 2 /;i tb 


Fig. 9-3. Phases of a type a busy period for alternating-priority discipline. 


This property is easily shown. Suppose that the alternating-priority rule is applied 
in a two-class system. Consider a busy period that begins with the arrival of an a job 
at t o, as shown in Fig. 9-3. Phase 1, consisting of the processing of a jobs, ends at t \; 
phase 2, the processing of j3 jobs, ends at t 2 , etc., until the busy period ends at tj c with 
the termination of the kth phase. Now suppose that another discipline, R, different 
from alternating priority, was used during this busy period. Under R, phase 1 ends 
at t[, phase 2 ends at t' 2 , etc., until the finalyth phase ends at Observe that 4 = tj, 
since the length of a busy period is independent of discipline so long as the discipline 
does not permit the insertion of idle-time. In general, there would be a different 
number of phases under the two rules, so that k ^ j. What must be shown is that, 
in fact, k ^ j. 

Note that either rule starts with the a job that initiates the busy period and that 
under either rule all the odd-numbered phases consist of a jobs and the even-numbered 
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Under the alternatii^ pbase 1 under the two rules, 
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This probability includes the event \T 9(h , , = m T u^ u 

exactly k type 1 phases in a type 1 busy period is probablllty that ‘here are 

Prob (At u = k) = Prob (r 1(S+1)1 = 0) - Prob (T lkl = 0) 

= V2kl(^l) ~ J] 2(k —1) l(X i). 
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A similar derivation shows that the mean number of type 2 phases in a type 1 busy 
period is 

E(N 2 i) = X) 0 - ^ 

e*=? , ?i?3£®3S«S t 

cases by computing ?m(X 2 ), ’mi(Xi), ,|121 ^1, choose {he 

When (here „« more than^”"3 would W- 
next class to receive service at P ^ ^ ^ initiates the busy period. 

fixed cyclic sequence starting w t n r that class were 

A class" would simply be passed over in a f”,g °' p *“ *„,Bug 

9-3 FIRST-COME, FIRST-SERVED WITH SETUP CLASSES 

TEe FCFS rule operating with setup-time requirements and setup classes was first 

witS in his mode, setup is 

busy period is of the same class as the terminal job of the P reV1 °" y ^ ss of a tw0 . 

utilisation for the special case of a completely symn ^Up CFS o rder regardless of 
Let there be , *tup classes‘" %ZZ?Z - <W 

job, P m , are given by 

| p with probability l/r, 

P m ~ jg p with probability (r — 1)A- 

The random variable plays the role of a processing-time in the analysis of the 
FCFS rule in Section 8-4. The system utilization is XE(P„), or 

U = p + (- =-) ^(S). 

The Laplace transform and first moment of waiting-time are obtained from 
Eqs. (8-15) and (8-15a): 

, . „ -nlTx. _ , (2D 

a(z) = t(e ) - , 7 _m _ x - 


X7„(z) - X + z 


E{W) = 


' “ 2(1 - V) \ ' 

The expected flow-time is E{W) + U/\. 


(E(P 2 ) + (2 E(P)E(S) + £(S 2 ))) ■ (21a) 
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The solution to the nonsymmetric problem is complicated by the necessity of 
e ermming the r joint probabilities: Prob (machine is idle and the last job was class k) 
These joint probabilities sum to 1 - V, which is easily found, but the individual 

ckssef fhemmza“ ‘° ^ ^ "° nSymmetric Case in which there are two 


u = P + ~ (E(S0 + E(S 2 )). 


( 22 ) 


9-4 ALTERNATING-PRIORITY DISCIPLINES WITH SETUP-TIMES 

The introduction of setup-times lengthens the phases but does not change the char¬ 
acter or properties of the alternating-priority discipline. It remains true that this rule 
minimizes the number of phases (assuming inserted idle-time is not permitted) It also 
mimmizes the total setup-time and has a rather remarkable automatic compensattn 
for setup-times that makes it essentially impervious to setup saturation. 
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Figure 9-4 

The analysis of flow-time distribution is similar to that in Section 9-2 It will be 
assumed that every phase, including the first phase of a busy period, starts with a 
setup-time, the distribution of which depends on the class of jobs to be processed 
withm the phase The first phase of a type 1 busy period is a delay cycle for which the 
delay portion is the sum of a type 1 setup-time and a class 1 processing-time. These 
two random variables are independent, and the analog of Eq. (7) is 

E(e~ zFl | 11) = 7 i( g )0 ~ «iOQTi (z)) 

^nOiTi(z) - A, + z)’ 

The counterparts of Eqs. (8) and (9), which describe the flow-times of class 1 jobs 

(8-lOlTnd 0t t h h er PhaSeS ’ are ° btained by retra cing the derivations of Eqs. 

, ... ^ w*th appropriate modifications to account for setup-times With 

shZ^Fif 9 4 rfTT of “terval number 1, Fig. 8-5 is changed to the situation 
u u u g ' 9 “ 4 '- The UP Wl11 change the distribution of T, and the flow-time of 
jobs which arrive in interval 0 and are processed in interval 1. 

The Laplace transform associated with the distribution of flow-time for jobs that 
rnve during interval 0 is obtained in a manner similar to that for Eq. (8-12): 


E(e- zF I j 


0) = k ( z ) 7 ( z )(’?o(^ ~ kY(z)) — r) 0 (z)) 
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The analog of Eq. (8-12) is written in this form since it is not true that r/i(z) = 
Vo (\ - \7 § (z)) for this situation. To obtain Vl (z) in terms of ijo(z), we retrace the 

steps leading to Eq. (8-10) for; = 1: 

( 1 for n = 0, 

E(e~ zTl | To = t, No = n) = | k ( z )(t(z))”' for n > 0. 

Integrating to eliminate the conditioning distributions, we obtain 

Vi( z ) = 0 — K ( z ))^o( z ) + K(z)rio(\ — XY(z)). 

For; > 1, Eqs. (8-10) and (8-12) still hold, as well as the rest of Section 8-4. There- 
fore 

E(e ~ zF) = i§v) E(e ~* F lJ = 0) + 

= _ M -r («(z)(no(X - *>(*)) - >»o(z)) + 1 - llW)- 

E(T c )(\y(z) - x + z) 

Substituting m(z), given above, into this equation gives the analog of Eq. (8-18) as 


E{e~ zFl | *1) = — 


E(e -* Fl \ k2) = l^l 


g ( z \ _ --- (l — i)o(X) + K(z)(r/ o(A) Vo ( z )))• 

’ E(T c )(\ 7 (z) - X + z) 

This equation gives the equations comparable to Eqs. (8) and (9) as 

7i(z)(l - r/ 2 dt-i>i(Ai) + «i(z)(q 2 <fc-mOi) ~ ^ fcmjX))), 

E ( e ‘ I = muix^iiz) - Xi + z) 

P 7i(z)(l — r)at it(Xl) + «l(z)(^ 2 >; 2 (Xl) — i)2fc2(z))) . 

E ( e 1 I ) = m fc2 (Xi7i(z) - Xi + z) 

The flow-time of a class l job that arrives during an idle period is the sum of a type l 
setup interval and its own processing-time, so that 

E{e - zF ' | 0) = ki(z)7i(z). 

The unconditional Laplace transform associated with the distribution of flow-times 
for class 1 jobs is again found by using the state probabilities to weight the c 0 ^ 11011 ^ 1 
transforms. It can be shown that Eq. (10), ir*,■ - holds in e se up 

This gives 

g (Z ) = _-(xj - X lKl (z) + z«i(z) + A x £) (1 - ’mi(Ai)) 

Pl{ ’ Xi7!(z) - Xi + Z V fc=i 


+ XlKl(z) ^2 (l?2fcl(Xl) - l/2fcl(z)) 

fc=l 

00 

+ A2 23 0 _ V2k20^l)) 

k=l 

+ A2 k i( z ) 23 (^2fc2(A2) — ^?2fc2( z ))^ * 
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Whe" we use the factors E(N ti) to represent the sums which defined them in 
Section 9-2, the mean flow-time for class 1 jobs is 

E(F i} = irJE(P{) + E(SO + 20_~ Pi)g(Pi) + ^E(Pf) 

\ 2(1 - Pl )2 


( °° oo 

Px + X: £ E(T 2kl ) + X 2 £ E(T 2k2 ) 

k =1 

)E(S 1 ) + \ 2 E(N ] 2)E(S ] )^ 
(\iE(Pf) + 2 p 1 E(S 1 ) 


+ XiECN^ 


+ _!_ 

2(1 - Pl ) 

+ X ! Z EiElki) + X 2 f] E(Tt k2 ) 

k=l k =l 

+ 2X,E(S I ) J E(T 2>a ) + 2\ 2 E( Sl ) f' E(T 2k2 ) 

k==1 fc= 1 

+ X, £(/V ,,)£■(.Sf) + ^2E(N 12 )E(Sf)j\ . 


(24) 


To complete the solution for E( Fl ), one must determine the values of x ft 
the expected number of class 1 setups in each type of busy period, and the sums of the 
moments of the type 2 phase lengths. The first step is to calculate numerically the 
values of the £(%)’s from Eqs. (19) and (20) derived in Section 9-2. Counterparts of 

required ^ ^ ^ (8 ' 83) ’ ^ (8 ' 8b) with ad J L,stmcnts for setup intervals are 

pv ,. Th f e firSt ° f ' a , bus >' P eriod inid ated by the arrival of a classy job is a delay 

cycle for which the delay portion is the sum of a type; setup interval and a class 

of P t r h°T ln f,;' Tu « f ° ll0WS that the LaplaCe transform describing the disfributtn 
of the length of the first phase of a type j busy period is 

E(e -?id) — y]jij{z) = r]j(z)icj(z + Ay — A yi?y(z)), 
where *?y(z) is the solution of 

7]j(z) = 7 y(z + Ay — Ay? 7 y(z)). 

For subsequent phases, consider again the problem of the delay cycle with setup¬ 
time which was formulated to obtain Eq. (23). Let „.(z) be the Laplace transform 
describing the distribution of the length of the busy-period portion of a cycle includ 
mg he setup-time if a setup is required. The probably that there are n ^Sn qu eue 

length ^Xltr^ro, ^ ^ ° f * *** ^ ° f ** ^ a » d 


Prob (N = n I r 0 = t, S = s) = y (M! 

H x! ( n ~ x )- e 




= (ML±*r_g«r\ Ml ^ 

\ n\ n \ ) e 






204 SINGLE-SERVER QUEUING SYSTEMS WITH SETUP CLASSES 

On the other hand, the conditional probability that T b is zero is e~ u . Therefore 


E{e~ zTi | r 0 = t, S = s) = e 


(XtjCz)) 1 


(ft + sT - s n )e~*° + 


_ _ e ^n{z)^ e -z8 e -\t. 

Integration with respect to the conditioning distributions gives 

Vb (z) = VO (z) + k(z + X - Xu(z)X»!o(* - X X Z )) “ Vo ^- (25) 

The subscripts 0 and b represent the two phases in a cycle, so that, for example, 

»mi( z ) = >J2(fc-i)i( z ) _ , .s 

+ Kl (z + X x - XjiulzlXuzci-Di^i - ~ VM-m&OJ- 

Differentiation of Eq. (25) yields the moments of a phase length as a faction of the 
moments of the length of the previous phase. The sums appearing m Eq. ( ) y 

"p»«l b, them.thod Jed to tot,. E,s. (12), (13). (15), trnd (16). The sums 

of first moments of the type 2 phases are 

£ e(t m ) = t— f*—r (to + £0Vll)£(Sl,) + t^t^ 7 2 e(N2i)E(S2) ’ 

*Ti l ~ Pl P2 (26) 

£ e{Tm) = r W + E{N^E{S 2 )) + r -n- Fa w»m). 
fc =1 (27) 

The sums of second moments of type 1 and type 2 phases in a type 1 cycle are obtain¬ 
able as the solutions to the pair of equations 

(1 - p 2 )E(P\) , 2(1 - p 2 )E(P i)E(S i ) 2piP2(£(6'i))!_ v £(iVl ,) 

- + a - PiXi - p) a - p i)2(1 - p) 

+ mu) + (W») + E(N 21 )E( Si )) 

+ ?r 1 ^r^) £(jV2l) ’ 

(1 - Pi)(l - P) 


£ EOi* i) - (TT^)2 £ E( - T?kl) 

X 2 E(Pl)£(Pi) , 2p 2 E(P 1 )E(S 2 ) _2piP2(E(S2)f __ E(N ^ 

- (1 _ p 2 )2(l _ p) + (1 - p 2 )(l - P) (1 - P2) 2 0 - P> 

+ JML, m ,„ + (| «'"»« + «»>■».)) 

2ps£(S,)E(Ss) ^ ]} 

(1 - P2)(l ~ P) 
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Th e expected length of a busy period can be found from Eqs. (26) and (27) so that 

the probability of the idle state can be determined from ( ’ 

1/(^1 + X 2 ) 


7T0 


!/(Ai + X 2 ) + ^(length of busy period) 

1 — Pi — 92 


1 + (X 1 E(N 11 ) + X 2 E(.N 12 ))E(S 1 ) + (x 1 E(N 21 ) + \ 2 E(N 22 ))E(S 2 ) ' 

timers Zftifrf ing Pr ° Perty ° f the alteraat «iority discipline with setup- 
times is that the system remains unsaturated and the expected waiting-time is finite 

as long as the setup-times are finite and p < 1. It is sufficient to Show Aat und 

The expected length of the first phase in a type 1 busy period is 
E(Tm) = £(^ 1 ) + E(S,) 

1 - px 


(ffi) , m (, aVi 
1 - o + 1 - 0 V ~ ’oOO)- 


and from Eq. (25) we have 
-~d7] b (z) 

i z=o i — p 1 — p 

te U find 8 that h ^ ^ ° f ^ eqUations and the second one recursively, 

mi+icsi) + *y? r < (l 

1 — Pi “ ^ 


E(Tik i) 


+ 


1 ~ Pi 
PiE(S 2 ) 

o~ zr 7i)(i - p 2 ) 


tf2(k — i —l)l(Xj)) 

A 2 D r (l VUk-i-Dii^)), 


fc—2 


where 


_P1P2 


(1 - pi)(l - p 2 ) 

Siincethe^Ov) terms are Laplace transforms, their values are all between zero and one 

ze”ro Fof r <f to* T * mad6 SmaUer * they Were a1110 be re P laced W 
zero. For r < 1, the modified expression would still be finite, and in particular 


0 ~ P2 ) 


EiSO + 


Pi 


E(S 2 ). 


itai ( r,„)< - i f 

o* " de • b0 “ E(TmX “• «* if -i 

fln J“ ble 9 ~\ 8ives a numerical example of the effect of setup-times on overall mean 

as a function oTffi 6 ” 1 “ “ mterestin S t0 ob serve that the mean flow-time 

as a function of the mean setup-time, m the range of the data, is very nearly linear 

eve^ tho U u e rfor ySt TlTh 1Zat,0nS Sh ° W h ° W quickly the utilization approaches 1.0, 
even though for p < 1 the system is not saturated. For FCFS, Eq. (21) shows that 

or most of these conditions the system would be saturated. 

avei [59] has determined the Laplace transform and the first two moments of the 

S»ta'r''f b ‘ r 1 " ,he pre4“ 

setup-times. An arriving class 1 job may interrupt a class 2 processing-time 
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Table 9-1 


Mean Flow-Time and Utilization for Alternating-Priority Discipline with Setup-Times* 


Mean of setup 
distribution 

Mean steady-state flow-times averaged 
over jobs of both classes 

X - 0.5 

0.7 

0.8 

0.9 

0.95 

0 0 

2.000 

3.333 

5.000 

10.000 

20.000 

1 0 

3.739 

5.826 

8.369 

15.915 

30.943 

2.0 

5.706 

8.522 

11.912 

21.960 

41.981 

3.0 

7.732 

11.228 

15.446 

27.981 

53.0 

4.0 

9.768 

13.925 

18.967 

33.991 

64.0 

5.0 

11.803 

16.612 

22.479 

40.0 


6.0 

13.833 

19.293 

25.987 

46.0 


7.0 

15.857 

21.970 

29.491 



8.0 

17.878 

24.644 

33.0 



9.0 

19.894 

27.316 

36.5 




Mean of setup 
distribution 

U, utilization 

o 

II 

<< 

0.7 

0.8 

0.9 

0.95 

0 0 

0.5000 

0.7000 

0.8000 

0.9000 

0.9500 

1 0 

0.7390 

0.8954 

0.8954 

0.9476 

0.9943 

2.0 

0.8531 

0.9565 

0.9824 

0.9960 

0.9990 

3.0 

0.9106 

0.9790 

0.9928 

0.9988 

0.9998 

4.0 

0.9421 

0.9888 

0.9967 

0.9996 

0.9999 

5.0 

0.9606 

0.9935 

0.9983 

0.9998 


6.0 

0.9721 

0.9960 

0.9991 

0.9999 


7.0 

0.9796 

0.9974 

0.9995 



8.0 

0.9847 

0.9983 

0.9997 



9.0 

0.9883 

0.9988 

0.9998 


J- 


* Symmetric problem with two classes of jobs: (1) Exponential processing-time Mct 
^ = 1.0. ( 2 ) Exponentially distributed setup-time, common for both classes. 

( 3 ) Poisson arrivals, ~ = x / 2 . 


or setup interval. The processing already accomplished for an interrupted jot- isi not 
lost but interrupted setups must be started again from the beginning, 
interruption, a class 2 setup must be successfully completed before the machine may 
again process class 2 jobs, but repeated setups for the same low-priority job are n 
resampled. Gaver’s expression for the system utilization is 

- 1 — Pi . 

u = i + p 2 — AjEcsoM-xO 
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The Effect of Unequal Arrival Rate on the Alternating-Priority 
Discipline with Setup-Times* 


Mean flow-time 


A* 

Overall 

a jobs 

(3 jobs 

0.00 

11.354 


11.354 

0.10 

16.327 

52.071 

11.859 

0.20 

19.123 

1 36.964 

14.025 

0.30 

20.944 

29.233 

16.799 

0.40 

21.847 

24.055 

20.080 

0.45 

21.960 

21.960 

21.960 


* Tv/o classes of jobs: (1) 
processing-time, n a = M/3 = i.o, 
nentially distributed setup-time, 
both classes, mean = 2.0. 
arrivals, X a + x^ = x = o 9 


Exponential 
• (2) Expo- 

common for 
( 3 ) Poisson 


For the special case of exponentially distributed setup-times, 

* 2 ( -X i) = E i eX = (l - A 1 E(S 2 ))~ 1 . 

condition of Table 9-1 TTsi™ w? F 1 Can be lllustrated by the 

»»“ Eq, (22) for FCFS »i,h f L^ 2 “eT.yT.i «mT”f" TT 
setup-time for which saturation occurs; E(S*) = 2(1^ 

The values of F( S .) ccvespnnding t0 c„S, b °“' 

X °- 5 0.7 0.8 0.9 
-fits*) 2.000 0.875 0.500 0.222 

«. the imbalance in arrival Me , increase. (>ince ,i e £ “ 0 ' r ™ a 1„ £ 

wmmmm 


0.95, 

0.105. 



CHAPTER 10 


MULTIPLE-SERVER QUEUING MODELS 


Job-shops and flow-shops can be visualized as queuing networks in which there we 
arrangements of multiple-servers with customers visiting more than one serve before 
dLS from the system. Unfortunately there are not extensive theoretical resu 
for such systems. The results are principally concerned with identifying the special 
conditions under which the individual machines are essentially independent and the a 
individual queues can be analyzed separately by methods such as those of Chapter « 
and 9. In general, these conditions are very demanding and restrictive. They q 

that: 

1) The input process be Poisson. 

21 The routing of a job-the determination of which machines are to be visited and 
in what order—be entirely independent of the state of the system. 

3) The processing-times be exponentially distributed. (Some slight generalization 

is permitted.) . A - 

4) The order in which jobs are sequenced on a particularmachinebe ^ependent of 
(a) the processing-times, (b) the subsequent routing of the jobs, and (c) the know 
edge of specific future job arrivals to the machine. 

From our point of view, the fourth of these is the most limiting, since it means that 

results Conditions have been identified under which the individual machines do not 
“tare a, a" elatrf network and hence can he analyzed a. 

“in, However, an, toe the machine, behave in a mil, mterrel.red m.nne, there 

general-network case in which each customer visits a P ar ^, t o the fob-shop of 
an order that may be peculiar to that customer, corresponds to the J ob ^°P ° 
Chapter 6. The most important results for these cases are summarized in Se 

‘^hSS £5323; Which alio, the input ..reams to machine groups 
,1 eoCS IX or Entirely of the output storms from Cher machine group, 

208 
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depends on three key results concerning properties of the Poisson-exponential 
queuing process. The first two of these are the preservation of the Poisson properties 
of Poisson streams subject to aggregation and probabilistic branching. These were 
discussed in Section 8-1. The third property, to be examined in Section 10-2, is that 
the output of a machine group is Poisson in nature if (1) the input is Poisson, (2) the 
processing-time is exponential, and (3) the sequencing discipline is independent of the 
processing-times of the jobs. 


10-1 STATE-DEPENDENT COMPLETION 

RATES; MULTIPLE-CHANNEL QUEUES 


Suppose that the input to a machine group is a Poisson stream with rate X, but that 
the job-completion rate is dependent on the number of jobs at the group. The queuing 
process is a generalized birth-death process with Poisson input. For this process, if 
N(t) represents the number of jobs at the machine group at time t } then 

Prob (N(t + At) = n + 1\ N(t) = n) = X At, n = 0, 1, ..., 

Prob ( N(t + At) = n — 1 | N(t) = n) = p n At, n = 1,2,_ 

Let p n be the steady-state probability of n jobs in the system. The steady-state versions 
of the differential-difference equations that represent the process are equivalent to 
the equations 

\Ptt = Vn+iPn+i, n = 0, 1, ... . (1) 

Applying Eq. (1) recursively shows that 

Pn = P ° TT*~ ‘ (2) 

1jU=i Vi 

In this expression, p 0 is determined from the requirement that J2i=o Pi = 1, and, for 
nonsaturation, p 0 must be greater than zero. 

Multiple-channel queuing systems are an important special case of this model. 
Here we assume Poisson input, m identical machines which draw jobs from a common 
queue, and exponentially distributed processing-time at each machine with mean 1 /p. 
The sequencing procedure must be independent of the jobs’ processing-times (say, 
FCFS). To analyze this case, we specialize the results from the generalized birth-death 
process by taking p n — np for n < m and p n = mp for n > m. Equation (2) becomes 

1 /x\ w 

Pn = ( - ) Po , n = 0, 1, . . ., m, 

J 7 i m ( X \ n 

Pn = \mji) Po ’ n = m+l,m + 2,..., 


(X/m)” ' 

m!(l — \/mp), 


The machine group utilization is p = \/mp, which is the amount of processing¬ 
time arriving per unit time, ( \/p ), divided by the processing capability per unit time. 
This can also be established by showing that p is the average number of machines 
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Table 10-1 


Expected Flow-Time for Multiple-Channel Queues* 


\p 

m \ 

0.30 

0.40 

0.50 

0.60 

0.70 

0.80 

0.90 

0.95 

0.98 

1 

0.429 

0.667 

1.000 

1.500 

2.333 

4.000 

9.000 

19.000 

49.000 

2 

0.659 

0.952 

1.333 

1.875 

2.745 

4.444 

9.474 

19.487 

49.495 

3 

0.930 

1.294 

1.737 

2.332 

3.249 

4.989 

10.054 

20.083 

50.100 

4 

1.216 

1.660 

2.174 

2.831 

3.800 

5.586 

10.690 

20.737 

50.764 

5 

1.509 

2.040 

2.630 

3.354 

4.382 

6.216 

11.362 

21.428 

51.466 

6 

1.805 

2.427 

3.099 

3.895 

4.984 

6.871 

12.061 

22.146 

52.194 

7 

2.103 

2.818 

3.576 

4.448 

5.602 

7.544 

12.780 

22.885 

52.944 

8 

2.402 

3.212 

4.059 

5.009 

6.231 

8.231 

13.514 

23.639 

53.710 

9 

2.701 

3.608 

4.546 

5.578 

6.781 

8.929 

14.261 

24.407 

54.489 

10 

3.001 

4.006 

5.036 

6.152 

7.517 

9.637 

15.019 

25.186 

55.280 

15 

4.500 

6.001 

7.511 

9.072 

10.829 

13.277 

18.924 

29.202 

59.356 

20 

6.000 

8.000 

10.004 

12.036 

14.218 

17.024 

22.857 

33.353 

63.570 


* Fixed arrival rate, X = 1 . 


being used per unit time, divided by m. This is 


j / oo^ \ 

-\L n Pn + m E />») 

\i=0 n=m+ 1 ' 


The expected flow-time of a job, E(F), is given by 


X 

mjx 


nn 1 V- p(X/p) m , 1 

F(F) * E n P » („ - - X) 2 Po + ix 


n=0 


Values of E(F ) are tabulated in Tables 10-1 and 10-2 for various values of p and m. 
Table 10-1 is based on a fixed arrival rate of X = 1, so that for each entry jx is set 
equal to (mp) -1 . In Table 10-2, the processing rate of each machine is taken to be 1.0, 
and X is made equal to mp. 

There are no convenient analytic results for one machine group with more than 
one machine under any weaker set of assumptions regarding dispatching, although 
results under weaker distribution assumptions do exist [38]. 

An interesting variation of the multiple-server queue occurs when waiting lines 
develop before each of the machines, due to the choice of machines by arriving jobs. 
Queuing at supermarket checkout stands and bank tellers’ counters are examples in 
which the machine to process a particular job is selected by the job at the time of 
arrival at the shop. 

In actual situations, jobs may switch back and forth between individual queues, a 
phenomenon called jockeying . If an arriving job selects its machine randomly (and 
independently of the status of the several machines) and jockeying is not allowed, each 
queue-machine behaves as if it were a single-machine system. If the machine selection 
is based on more rational grounds, such as the number in queue before each machine 
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Table 10-2 


Expected Flow-Time for Multiple-Channel Queues* 



or the expected total processing-time of the jobs in the queues, then the analysis of 
the system becomes very difficult. 

Koenigsberg [113] has studied the case of two dissimilar exponential servers in 
which a newly arriving job goes to the machine with the shorter queue. A second 
version of the model allows jockeying when the difference in queue lengths is greater 
than one. Other investigations of such systems known to the authors are the experi¬ 
mental work of Evans [49] and the analytic development of Kingman [110]. 

10-2 THE OUTPUT OF A POISSON-EXPONENTIAL QUEUING SYSTEM 

In this section we shall establish that the output stream of jobs emerging from a 
Poisson-exponential queuing system is a Poisson process. This is done first for the 
single-machine queue and then for the generalized birth-death process, proving the 
statement for the case of multimachine queues. 

Let the time interval elapsing between two successive job completions be denoted 
by the random variable U having distribution function D(u ) and Laplace transform 
5(z), while the random variable V with distribution function Zip) and Laplace trans¬ 
form £(z) is associated with the interarrival intervals. The notation relating to 
processing-times (P, G(p ), and Y(z)) is retained from Chapters 8 and 9 

Theorem 10-1 Assume that E(P) = 1/u and E(V) = 1/A and that the P’s and F’s 
are independent in every sense. For a nonsaturated, single-machine queuing 
system operating in the steady state, the departure intervals are independently 
distributed with the distribution function 


D(u) = 1 — e Xw , 


u > 0, 
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1) if and only if Z(v) = 1 — e~' Kv , v > 0, 

2) if and only if G(p ) = 1 — p > 0, 

3) if and only if the dispatching procedure is independent of the set of processing- 
times of the jobs waiting for selection. 

Proof. Since only a single-machine system is being considered, the probability is 
p = X/p that a departing job does not leave the system in the idle state, in which case 
U = P. If a departing job leaves no other jobs behind, the next interdeparture 
interval is the sum of an interarrival interval and a processing-time, so that with 
probability 1 — p, U = V + P. Then 

D(u) = pG(u) + (1 — p) j ^ G(u — v) dZ(v). 

In terms of Laplace transforms this is 

S(z) = pY(z) + (1 - p)Y(z)rO). 0) 


The hypothesis that P and V are exponentially distributed with parameters p and X, 
respectively, implies that Y (z) = p/(p + z) and £(z) = X/(X + z), so that 


S(z) = 


PP , (1 - p)pX 

p -f - z (p + z)(X + z) 


X 

X + z 


which shows that U is exponentially distributed with mean 1/X. 

When we again substitute into Eq. (3), the assumptions that S(z) = X/(X + z) 
and that Y (z) = p/(p + z) imply that r(z) = X/(X + z); when r(z) = S(z) = 
X/(X + z), then y(z) must necessarily be p/(p + z). 

On the other hand, pY(z) + (1 — p)Y(z)^(z) ^ X/(X + z), if Y(z) and J(z) are 
not both Laplace transforms of exponential distributions. This proof is tedious and 
is omitted (it involves a detailed comparison of the coefficients of the power series 
expansion of X/(X + z)). 

That the lengths of successive departure intervals are independent follows from 
the Markovian nature of the Poisson-exponential queuing process and from the 
independence of successive processing-times as selected by the dispatching procedure 
when there is more than one job in queue. Consider the (n — l)th and nth departure 
intervals, separated by the departure of the nth job. The length of the nth depar¬ 
ture interval can depend on the previous history of the system only by being dependent 
on the number of jobs present at the moment of the nth job completion. But it will 
be shown below that the length of the (n - l)th departure interval and the number 
of jobs present when the nth departure occurs are independent. 

Finally, if the dispatching procedure is not independent of processing-times, the 
time elapsing between two successive job completions occurring within a busy period 
will not be exponentially distributed. It will be governed by some other distribution 
which is dependent on the number of jobs present at the earlier completion. 

The following theorem shows that the output from the generalized birth-death 
process, hence the efflux from a multiple-channel machine center, is Poisson and 
supplies the proof of independence missing from Theorem 10-1. The proof follows 
a procedure due to Burke [24], omitting some of the finer details. In proving the 
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theorem, we shall employ the following notation: 

U = length of a randomly selected departure interval. 

J0) = co U mpletion j ° bS * ** maCMne & ° UP * ti “ C UnitS after the most rec ent job 
J(U) = ° f j0bs rern aining at the machine group immediately after a job com- 

F n (t) = Prob ( J(t ) = n and U > t ). 

m = £ction n of u. Pr ° b (U > 4 ^ COmplement of the marginal distribution 
The symbols p n , X, and ^ are as defined in Section 10-1. 

Theorem 10-2 For the generalized birth-death process operating in the steady 

t * pm °" *" “ d 

Pwqf. If the process is operating in the steady state, it can be argued (Section 8-5.1) 

F n(0) = p n . 

Using the technique of differential-difference equations, we have 
F 0 (t + AO = (1 — x At)F Q (t\ 

F n (t + At) = (1 — X At)(l - p n A t)F n (t) + X A «*-„_,(*), 1,2,.... 

These yield the differential equations 
d F n (t) 


A. ~ A/'o(0, 


At + Mn)F n (t) + \F n _ 1 (/) > 


1 , 2 , ... . 


to sduS ° f eqUati ° nS ’ al ° ng Wkh the b ° Undary C ° nditi0n at ' = 0, U satisfied by 

F n(t ) = p n e~ u , n = 0,1,_ 

Since then’s sum to one, it follows that F(t) = e~ u s or 

Prob (U < t) = 1 — e ~ u . 

Of 7m i " de >'" d ““ »W>"• 

prob urn <, + a() , „ <+i a , Fm(() _ fc+ifk+ie _ u i( 

Substituting Eq. (1) for p n+1 gives 
Prob (7(10 =n,t<U<t + At) = p,M~ u A t 

= Prob (J(U) = n) Prob (t < U < t + At). 

i ”'' r,al ‘ lbe ” f0 "°" fr " 
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10-3 QUEUES IN SERIES 

As defined in Chapter 5, a flow-shop is one in which the machine groups may be 
numbered so thatoery job routing specifies an increasing sequence of machine- 
group identifiers. The input to a machine group consists of ln P uts fr °” ^ 
source or from machine groups with lower indexes. It is also possible for a j t ^ 
from the shop after being processed on any machine §™ U P' hich 

input rate to the fcth machine group from outside the shop, t k is the rate at whic 

the iob exits from the shop for the fcth machine group, and A» - A 

£‘4 e . is the rate a t which the job enters the fcth machine group, we have the situation 

shown in Fig. 10-1. 


Machine 
group 1 



Machine 
group m 


Figure 10-1 

Assuming that in this type of flow-shop a job’s routing is probabilistically deter¬ 
mined whe/an operation is completed at a machine group (with some probabih y, 
Z h k that it exits from the shop after it is processed at machme group k) and 
assuming that the m input streams are Poisson m nature and that the processing une 
are e^ponenfelly distributed (not necessarily with the same distribution over machme 
groups), then this series of machine groups can be analyzed as though each were an 

each of the m machine group., p(D be Ihe probability of ‘ hc “ “J 

Pk (l k ) be the probability that the number of jobs at machine group k is 4- The result 

is that 

p(l) = It PkOk), ^ 

k =1 

where p k (h) is obtained from the generalized birth-death process with constant 

Pa Thl^su f h follows immediately from the results of Sections 8-1 and 10-2. The 
innut to the kth machine group consists of the aggregation of Poisson arrivals from the 
ouSe omened with a random selection of jobs emerging from machine groups 
withtowertadexes If the outputs from the preceding machine groups are Poisson 
to tootal input to the 4th machine group is also Poisson. By the conclusions of 
Section 10-2 we^now that the assumptions of exponentially distributed processing- 
times and processing-time-independent dispatching at the fcth machine group will 
also be Poisson. This reasoning applied to each machine group in sequence proves 
Eq. (4). A rigorous development of this result has been given by Reich [167]. 
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Figure 10-2 


Flow-shops with constant processing-time at a machine group and with every 

“ g r ry mach ‘ ne group have been studied by Avi-Itzhak [6] and by Friedman 
[55], The situation is shown in Fig. 10-2, where s k is the number of servers in machine 
group k and p k is the known and constant processing-time at group k. 

arriving fobs hT^’ 6 gr ° Up mUSt have a ducue size which will accommodate all 
living jobs but the allowable queue sizes in front of the other machine groups may 

• f , Ifaj0b “ finlshed at machine group k and the queue before group k + 1 

is full then the machine on which it was processed cannot be used until the job can 
be put into the queue of group k + 1. J 

tha n ,f 3 0 Fr F t c le ( , nUni I 3er the SyStem is of int erest, there is no need to consider other 
tw 1 FCFS dlsc 'P llne ’ ( s,nce Processing-times are constant. However, it is possible 
that the arrangement of machine groups could affect the waiting-time of a job 
especially the time that could be spent at a machine group when the queue of the 
following machine group is full. Interest has centered on conditions under which the 
ordering of the machine groups will not affect the flow-time of a job. The conditions 

arrangement Ire: W " 3 J ° b ’ S fl ° W ' time * independent of the machine group 

1) Arbitrary input of jobs to the first machine group. 

2) (a) Same number of machines per machine group and arbitrary allowable inter- 

med,m ,«„« «*. <A.i-teh,k (b) An „ bitr „ y nonlbe / of ^ 

chine group and unlimited intermediate queue sizes (Friedman [55]). 

Conditions which are intermediate to extremes of 2(a) and 2(b) exist in great 
numbers. The proofs used by Avi-Itzhak and Friedman are quite dissimilar, so that 
there appears to be no immediate hope of extending the conditions under which 
ow-tmie order independence holds for intermediate conditions, yet attempts by the 
authors at simple counterexamples have been fruitless. 

10-4 GENERAL QUEUE NETWORKS 

n^t?n ly il! he m ° S i inlpor T ta " t ana 'y tic result in th e analysis of job shops is the decom¬ 
position theorem due to Jackson [100], This gives sufficient conditions under which a 

general network of queues may be treated as an aggregation of independent queues. 
In essence the Jackson result is that (1) if the input to the shop is Poisson, (2) ,/the 
routing of jobs is determined by a probability transition matrix, (3) ,/the processing 
[ P ° SSlb ! y dependin 8 on the number of jobs at the machine group), 
d (4) f he dls P atchln g rule is independent of a job’s routing and processing-times, 

aroun of IT ? 1116 gr0up behaves > a probabilistic sense, as an independent machine 
group of the type covered in Section 10-1. 
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Input from 
outside 1 


Machine group 
2 



Output to 
outside 


Figure 10-3 


It should be noted that this result gives only a sufficient condition for decomposi¬ 
tion' the corresponding necessary condition is not known. Moreover, most of the 
interesting dispatching procedures do not satisfy the conditions for decomposition. 

Our proof of the decomposition theorem is similar to that given in Jackson [100]. 
For a given machine group, say k, the general model is as shown in Fig. 10-3. The 
parameters indicated on the diagram and used in the proof are the following. 


X = input rate to shop, 

\ k = input rate to kth machine group, k = 1, 2,. . ., m, 
k) = element of routing transition matrix. 


These elements are as follows: 


r ( 0 } k) = Prob (group k is required for first operation), 
r (k } m + l) = Prob (if machine k appears on routing at operation J, it is last 
operation of the routing), 

r (j t k) = Prob (if operation J requires group j, operation J + 1 requires 
group k), and 


r(k , k) = 0. 

TO 

The \k s must satisfy X fc = kr(0, k) + X/(y, k). 

3=1 

Let 


/ = (/ 15 ^ 2 > • • • > ^rn) 

KK 4) 

P0 ) 
PkOh) 


be the state vector indicating that there are 4 jobs at machine 
group k (k = 1 , 2, , m), 

be the completion rate at group k when there are 4 jobs at 
group k, 

be the steady-state probability of the state vector /, 
be the steady-state marginal probability of the state 4 
machine group k. 
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Theorem 10-3 (Jackson, 1963 [100]) If the conditions above are satisfied, then 

TO 

p 0 ) = n mu (5) 


where 


k=l 


Pk( h) 


pm n 


A k 


( 6 ) 


7~i i ) 

'' eSUlt “ eStablishcd b >' usc of the technique of differential-difference 
equations. In a small increment of time, the system state 7 may: 

1) remain the same, 

2) have an arrival from the outside to group k, 

3) have a departure to the outside from group k, or 

4) have a completion at group) which then goes to group k. 

To facilitate writing down the steady-state equations, let 

\k~) = (4, la,..., &_i, /* - 1, 4+i, • 

) — (7i, / 2 s • • •, 4-i, h + 1, 4+i, • 

7 (j . 4 ) = (4, l 2 ,..., lj + 1,... t 4 _ i ; 

The steady-state equations are 


3 4?? ) 3 

3 

* 3 4n)* 


( x + Z 4)) j>(7) = x £ r(0, k)p(I(k~-)) 


m 

+ Y 4 + l>(k, m + i)p(l(k + )) 

k=l 

TO TO 

+ E E /*(/> h + 1H/, fc)p(7c/+, 4-)). (7) 

i^r l f'' ha ? d Slde ° f Ec| - ^ is the steady-state probability of being in state 7 
mu '‘P ,,ed b y thc total rate at whi ch the system tends to move out of state 7. The 
right-hand side contains one term for every state from which state 7 can be reached 

midtilS 7T° n ; E r Ch ° f th6Se termS C0nsists 0f the appropriate state probability 
multiplied by the rate of transition from the given state to state 7. 

a t T ' 1C r Ua \ Pr °° f COnS ' StS ° f showin 8 that Eq. (5), written in terms of Eq. (6) 
satisfies Eq. (7). This can be verified by direct substitution. When the substitution is 
made each term on both sides contains the factor n? =l ft(0), and this cancels. 
H is interesting to note the manner in which the terms of the right-hand side match 

roeffid 6 ft™ *?* £' hand Side - T ° d ° * iS ’ 6ach te ™ 0n the ri « ht is adjusted to a 
coefficient times p(J). For example, from Eq. (6), we have 


PkQk - 1) = p k ( 0) JJ 


_A&_ p(k, 4) 


Li tik,i) 


A* 


/>(&), 
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SO 


that substitution into Eq. (5) gives 


pQ(k-)) = ^^pO). 


Then 


KK h) . 


X X K 0 , k)p(l(k )) = /)(/)X X '■(°> ^ \ k 

k= 1 k=1 

and similarly, 

m 

Y M (fc, 4 + 1 )r(k, m + l)^(/(fc + )) = P( 0 X Xkr(k ’ 

El k=1 

X X /*c/. l i + ‘K/> fc )^(U' + . *“)) = /* 7 ) £ X ; *>v. fc )- 

El El i=1 k=1 

Canceling p(l) we have 

- K 0 , k)p(k,h) 

X + p(k, Ik) X 2_J 


k= 1 


/c=l 

m 


^ , n , Xj/x(fe> h)r(j, fe) . 

+ 2£ ™ + 0 + 2-/ 2-# x* 

i=l fc=l 


fc=l 


Cancellation of terms arises from the following: 

1) No input to the shop but an output from the shop, 


/ m \ m m m 

^ X fc r(/c, m+ 1) = ^X^l ~ E r ( k > Jy = S ~ S S 

it=i fc==1 J==1 


X fc r(/c, j) 


fc =i 


= £**-£ (v - xr(0 > />) = x £ K0, fe) = x - 

fc=i i=l 

2) No completion in the shop but no exit from the shop, 
r( 0, k)n(k, 4) i V' V' 4M4 fc) 

x x-x& + X X X, 


fc=l- 


J=1 fc-l 


= X (x^O, 4) + £ X/(4 fc) 

El x * V j-x 







CHAPTER 11 


EXPERIMENTAL INVESTIGATION OF 
THE CONTINUOUS JOB-SHOP PROCESS 


An alternative to the algebraic and probabilistic methods of the previous chapters 
a means of studying questions of sequencing, would simply be to try various 
procedures in a real shop and compare actual performances. In principle, one could 
in this way avoid the simplifying assumptions necessary for the abstract methods and 
obtain results that were unquestionably realistic. However, the price paid for this 
realism would be a loss of generality. Furthermore, one could not be sure that results 
obtained in this way would be generally useful even in the particular shop in which the 
experiments were performed. Moreover, the difficulties involved in adequately 

meS Ttr eXpe ” ment ’ and the costs that would be incurred, have effectively 
precluded the conduct of any significant amount of research by this method 

However the advent of the digital computer made it possible to conduct an 
experimental investigation by simulating the action of jobs, machines, and scheduling 
procedures with a computer program. Indicators, counters, lists, and files withffi 
computer storage can effectively represent the state of a job-shop process and a 

anartM I 03 ” *° T SC ^ State *° chan S c over time under the action of 

particukr scheduhng procedure. This possibility apparently occurred to a number 

r| Cn InVe f gat ° rS at ab ° Ut the Same time (1952-1954), although, since some of 
order of S tV e ^ K . neveT Published, it is difficult to establish the chronological 
T , " f mvcstigutions. However, a group at General Electric (EvandaleV 
Jackson, Nelson, and Rowe at UCLA [93, 101]; and Baker and Dzielinski at IBM [101 
we^ among the earliest. The UCLA and IBM work greatly Muenced'iaIJSS 

anH^fi! TlT 1° b ' shop simulators" were programmed in absolute machine language, 

mffiJ Zk thVm'Tf aSSemWy l3 f gUage - SinCe tWs WaS a n0ntrivial P r °g ram - 

mmg task the models were necessarily simple. By the early 1960’s several pro- 
gramming languages intended specifically for this type of simulation had appeared 

becamrnracticir e Tf tl0n ° f m ° re C ° mp ' eX m ° delS and scheduIin 8 Procedures 
becanK practical. These programs are also very demanding in both storage and 

execution-time requirements; very large-scale scientific machines are required to 

30o1o C 7nn Sn lf C3nt reSUltS ‘ (F ° r exam P le ’ in one stud y an IBM 7090 processed only 

Ta SmSCRi?T^ n T% Pending °" the C ° mpIeXity ° f the Schedulin § proce dure, 
in a MM SCRIPT model of a nme-machme shop [32]) 

The scheduling problem has actually been approached from two sides by simulated 

experimentation. On one side are the investigators who have attempted to^xtend the 

219 
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theoretical results described in the preceding chapters. On the other side are those 
people faced with actual problems in real shops who have attempted to pretest 
procedures before installing them in the shop. There has been at least modest success 
in both cases. On the theoretical side some interesting extensions in dimension and 
measure of performance have been explored and some comparatively complex pro¬ 
cedures have been tested. Of course, one cannot prove theorems experimentally; one 
can only reject or fail to reject hypotheses. One cannot establish the optimality of a 
particular procedure, but one can use experimentation to develop progressively 

more powerful procedures. ,. , A •*; 

Because very few of the simulation studies of real shops have been published, it is 

difficult to summarize accomplishment in this area. One published repoit [ ] an 

several others with which we have had contact have produced no great surprises. 
Results are, in general, consistent with the more abstract experimental work. There is 
no evidence to suggest that the use of actual shop data and dimensions significantly 
alters the comparative performance of key procedures. The greatest difficulty in work 
of this sort is the collection and disciplining of data to describe a sequence of jobs 
and the characteristics of the shop. In the future, as computer-based production 
control systems become more common, this handling of data will become less onerous. 
It is likely that the simulation of actual shops for scheduling purposes will become a 
routine technique. In fact, such simulation will probably become an integral part^of 
an on-line computer-based production control system. The computing system that 
already contains a current-status description of the shop will be asked to project 
ahead by what is essentially the simulation of the shop operation, so that one can 
evaluate the effect of a scheduling decision. During periods when the shop is not m 
actual operation (e.g., third shift or weekend), this system can be used for less imme¬ 
diate and more systematic explorations. ... , ^ . , .• 

The results presented in this chapter are derived entirely from abstract simulation 
studies; no real shops or actual data were involved. All these results have been 
extracted from our own recent investigations. The factors that led to this selection 
were familiarity, accessibility, and comparable experimental conditions; there is no 
intent to depreciate the significance of other studies.* 


11-1 EXPERIMENTAL CONDITIONS AND PROCEDURES 

All the results of the following sections were attempts to measure equilibrium or 
steady-state performance of a dynamic, randomly routed job-shop process. Except 
for the models described in Section 11-4, each was a simple one-resource job-shop 
process. Recall from Section 1-2 that this means that: 

1) Each machine is continuously available for assignment, without partition into 
shifts or days, and without intermittent unavailability (breakdown). 

2) Jobs are simple sequences of operations; no assembly. 

* In particular, the investigations of Bakker [12], Carroll [25], LeGrande [119], Nanot [147], 
and Nelson [154] are recommended for consideration. 
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3, 4) Only one machine capable of performing a given operation. 

5) No preemption. 

1«P IwlT Pr ““ ! “ “ *' -y no O»o,. 

7) Each machine can handle at most one operation at a time. 

Additional restrictions are: 

8) No setup time for operations. 

compOr «.=) H» .n oper.„„, has b „„ 

hws*§s 

priority value. Runs differed in that dur S . . . 1UCUe ’ he J ob Wltl1 minimum 

substituted Identical sets of ioh« a • • pnonty assl S n ™ent subroutines were 

additional jobs required for the “run-in” and“&5 * P ° rted ^ the 

App P endk y c rU Thi Sel rf 0n Pr0Cedures > are d ^d and results are tabulated in 
ppendix C. These data are summarized and discussed in the following sections. 

11-2 REDUCTION OF MEAN QUEUE 

LENGTH AND WORK-IN-PROCESS INVENTORY 

- y* ,h ' re *"• - •»» 

° r *“ «-*-« - 
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2) p, total work content. The sum of the processing-times of all operations of all jobs 

in the shop. t „ 

^ n work completed. The sum of the processing-times of all completed operations 

of S'il inTfSop. Work O0,n r „,ei U «,.•! « «■<«< ,o,k »»« »»<• 

remaining. . ~ u 

4) p q , imminent operation work content. The sum of the processing-times of 
particular operations for which jobs are waiting in queue. 

investment that it tepresented, o, one might be " ,he ““ 

be generalized in a network of quenes. Fo, example, the shottest-ptoeessing.t.me 
concept could be implemented in several ways: 

S PT Shortest-processing-time. Job priority equals processing-time of the 

imminent operation. 

LWKR Least work remaining. Job priority equals the sum of the processing- 
times for all operations not yet performed. 

XWORK Total work. Job priority equals the sum of the processing-times of all 
operations of the job. 

Since in these experiments all processing-times were obtained from a common 
distribution the total processing-time and the number of operations of a job 
“ ted attributes. The following rule would have the same intent as LWKR, 

and would certainly be easier to implement: 

FOPNR Fewest operations remaining. Job priority equals the number o p 
ations remaining to be performed on the job. 

The rule antithetical to each of these procedures (Section 3-5) was also tested, in one 
case with surprising results: 

MWKR Most work remaining. Job priority equals minus the sum of the p 
cessing-times for all operations not yet performed. 
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when that operation is completed, that job will move on to a machine that already has 
a large queue of work. Instead one could select for immediate assignment the job 
which would subsequently move on to the machine with the least backlog of work. 
One such procedure is: 

WINQ Work in next queue. Job priority equals the sum of the imminent operation 
processing-times of the other jobs in the queue that this job will next enter. 
A job waiting for its last operation has priority of zero. 

The measure of “downstream congestion” used in WINQ is, of course, only 
approximate, since this congestion is determined at the moment the immediate selec¬ 
tion is to be made; by the time the job actually arrives at the next queue the situation 
may have changed. In fact, it is quite likely to have changed, because a short queue 
will, in effect, attract work from every other machine in the shop, each such decision 
being made in ignorance of the other decisions. A potential improvement would be to 
include in the work-content of the downstream queue any job that is now being pro¬ 
cessed on another machine but which will arrive in queue before the subject job 
arrives. Thus a queue would be credited with work that is committed to it, and this 
would tend to reduce overreaction of the system. This rule is: 

XWINQ Expected work in next queue . Job priority equals the sum of the imminent 

operation processing-times of the other jobs in the queue that this job 
will next enter. Queue is considered to include jobs now on other 
machines that will arrive before the subject job. A job waiting for its 
last operation has priority of zero. 

Two standard disciplines, for purposes of comparison, are: 

RANDOM Random. Job priority is a random number, determined at time of entry 
to a particular queue. 

FCFS First-come, first-served. Jobs are removed from a particular queue in the 
same order as they enter. 

The performance of each of these rules is shown in Part I of Table 11-1 * 
RANDOM and FCFS are, of course, equivalent rules, since both are entirely inde¬ 
pendent of processing-time, and the model is “Jackson-decomposable” under these 
rules (Section 10-4). The simple SPT rule performs very impressively. This is not 
surprising for the jobs in queue, but it is interesting that SPT appears better than 
LWKR with respect to average work remaining, and better than TWORK with 
respect to average total work. The contrast between LWKR and MWKR is interest¬ 
ing: LWKR has less than half as many jobs in queue, but these represent more than 
three times the uncompleted work content as compared with MWKR. Imminent- 
operation work content is interesting only in that there clearly are differences between 
the rules. Recall that, for a single-server queue, this measure is entirely independent 
of queue discipline (Section 8-3). 


* This study was conducted at the RAND Corporation [32]. 







Comparison of Inventory Rules in a Simple, Symmetric, 
Random-Routed Job-Shop of 9 Machines* 
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Sample size = 8700 jobs; actual utilization = 88.4%; mean operation time = 1.0 (from Appendix C-3). 
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Certainly the most interesting result is the performance of WINQ and XWINO 
In a single-server system any selection discipline that is independent of processing¬ 
time is equivalent to FCFS (Section 8-5). Since WINQ and XWINO are both 

th 'vwfi” 1 of P r °cessing-time, and cIearl y are not equivalent to FCFS they indicate 
the identification of an additional type of information, available in a network that is 

andXWINO Cln8 « ^gth-Status information, such as that used by WINQ 
and XWINQ, is comparatively difficult to provide, either for a simulation model or 

usmrSNo'iorT’ To?' SyStem - During the RAND stud >'. a simulation run 
Apt g i • ) N< ^ t k almost three times as long as a comparable run under SPT 

Actual implementation of such a procedure would require a real-time status-reporting 

nSm’ fheoth 3 ^ ° ther fUleS are COmp ' Ctely local in their information require 
ments. The other rules require only certain attributes of the particular job-whkh in 

fact are constant and can be precomputed and printed on a route sheet—and the onlv 

SZ“ “ “* ,ine ° f “““ is «f tl« job with 

abomhnT 1 ° f ‘ he RAND S ‘ Udy WaS t0 devise a Procure that used information 
out both processing-time and status in an attempt to reduce queue length below 

what could be accomplished using information about either separately I ineaT 
combinations of the basic rules were tested, with different runs made for different 

length t Wei8 o g COefficient The r uns that resulted in minimum average queue 
length are shown Part II of Table 11-1. The weighting coefficient alTo selves as a 

:::s £:v7:2\? st term in the priority is a singie 

tv ^ n f processing-times, so that a coefficient of 0.96 represents 

I ‘ ^ J‘ n8 , C . l0Ser t0 a hve-to-one emphasis on SPT than the apparent twenty to one 
In effect, this composite procedure usually makes the same selection as would SPT 
p r icu ar y w en the differences between the processing-times of the jobs in the queue 

”'Z «.-■ to rule 

in fn g th ^ eave the current machine and favors those that will either move 
on to an uncongested machine or leave the shop. The improvement in performance 
under the composite procedure—approximately 2|% as compared with SPT—is 
addftio^ | 0t S,gnlficant from any practical point of view, particularly in light of the 

a ™r Wh‘I! 0 ™ 3110 " r ,? qUired and the c °nsequent difficulty of implementing such 
. hether or not the difference in performance between SPT and the combined 

ru e is statistically significant is a difficult and interesting question, which is discussed 
at some length in the original report [32], discussed 

Another method of combining the basic rules is by means of ratios This proved 

“ ,hc wo,t -“ n “ M .2E 

or a given job, the ratio of imminent-operation processing-time to the sum of all 
operation processing-times exhibited the lowest values of average total work and aver 
age work completed of all rules tested (Part III, Table 11-1). The ratio of imminent 

ssrzr 1 ”';° ,he sub of re “™ ! p**»***£ 

lmmized the average work remaining. The relative importance of numerator and 
denominator m these rules could be altered by raising the denominator to a power 
Different runs were made with different values of this exponent, with the results^hown 



226 


INVESTIGATION OF CONTINUOUS JOB-SHOP PROCESS 


11-2 



Fig . u-l. Performance of SPT/(WKR)“ priority in a simple, symmetric, 
job-shop of 9 machines. Sample size = 8700 jobs; actual utilization . 7o , 

i n ffrnm Annendix C-3). 


random-routed 
mean operation 


in Fig 11-1. At one extreme-with an exponent of ^ro-this rule is equ.valen to 
SPT 8 At the other extreme it approaches the performance of MWKR. It is interest¬ 
ing to note that the various measures react differently to changes in weighting. 

11-2.1 Truncation of the Shortest-Processing-Time Rule 

An immediate practical objection to any suggestion of actual use of procedures based 
on SPT lies in the long holding times experienced by jobs with large processing-time . 
Th^ general'belief that SPT has a high variance of flow-time is, in fact, erroneous. 
Sr example, the mean and variance of the flow-time of the 8700 jobs in this test was 

asf0ll0WS: Mean Variance 


SPT 

RANDOM 

FCFS 


2,318 

10,822 

5,739 


The only rule that exhibited lower variance (1565) than SPT was a variation o 
in which priority was determined by the order in which the jobs arrived at the sho P> 
rather than by their arrival at individual queues. This result has been indepen en y 

job. do experience —nb-.ime. «* . ■»«* 
prohibitively long, modifications of SPT that would prevent these long waiting-times 
were considered One method of truncating SPT is simply to place a limit on the 
waiting-thne of each job in a given queue. When the waiting-time equals or exceeds 
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this limit, the job is selected next, regardless of processing-time. The results for runs 
with different limiting values were the following (from Appendix C-3). 

Limit on wait _ 

in each queue N q 


0 

58.87 

(equivalent to FCFS) 

4 

55.67 


8 

53.50 


16 

44.20 


32 

32.85 


00 

23.25 

(equivalent to SPT) 


To evaluate these results, recall that the average processing-time is 1.0 time units. 
The average waiting-time for a job in an individual queue is 2.78 time units under SPT 
and 7.27 time units under FCFS. Thus it appears that SPT is quite sensitive to this 
type of truncation. For example, 32 time units is approximately 12 times the average 
waiting-time, yet setting a limit at this level results in the loss of 41% of SPT’s advan¬ 
tage over FCFS. 

A second method of modifying SPT is to use it intermittently to relieve overloaded 
queues. Consider FCFS to be the normal procedure, which is used until the number 
of jobs in queue reaches a certain limit. At that point SPT selection is used for that one 
queue until the number of jobs falls back below the given limit. When this method was 
used, the results were the following (from Appendix C-3). 

Number of jobs in queue __ 

that causes switch to SPT N q 

1 23.25 (equivalent to SPT) 

5 29.49 

9 38.67 

oo 58.87 (equivalent to FCFS) 

This seems like a promising possibility. Considering that the average individual queue 
length under FCFS is 6.54, invoking SPT when the queue reaches 9 seems reasonable, 
and yields 57% of the advantage that might be obtained from pure SPT. 

11-2.2 SPT Sequencing with Multiple Classes 

A series of tests were made in which a certain fraction of the jobs were considered 
preferred . The priority rule selected the preferred job with shortest processing-time, 
if any preferred jobs were present in queue; otherwise the straightforward SPT was 
used. The performance for different fractions of preferred jobs is illustrated in 
Fig. 11-2. 

Similar multi-class procedures were considered for the n/l case in Section 3-8 
and for a single-server queuing system in Section 8-6.3. The present results are similar 
to those for the single-server case, both in the lack of symmetry with respect to the 
class partition and in the degree of degradation of SPT performance. 
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Conditions 

Reference 

Least-favorable 

partition 

Maximum loss of 
SPT advantage 

n/l 

Single-server 

Figure 3-9 

Table 8-2 

50% preferred 

50% 

queue 

Nine-machine 

90% utilization 

80% preferred 

36% 

job-shop 

Figure 11-2 

90% preferred 

26% 


In the last two cases the least-favorable partition is not exact; it is simply the par¬ 
tition with the poorest performance of those observed. These results suggest that one 
can single out a small fraction of jobs in the shop for preferential treatment without 
serious penalty, but to designate a similar fraction as filler jobs—to be processed only 
if nothing else is waiting—results in a significant increase in the mean number of 
jobs in the shop. 



Fig. 11-2. Two-class SPT sequencing in a simple, symmetric, random-routed job-shop of 
9 machines. Sample size = 8700 jobs; actual utilization = 88.4% (from Appendix C-3). 

11-2.3 SPT Sequencing with Incomplete Information 

SPT procedures obviously require some a priori information about processing-times, 
and in actual practice exact knowledge of processing-times is rarely available until 
after the operation has been scheduled and performed. The effect on sequencing 
performance of basing decisions on imperfect information was explored for the n/l 
case in Section 3-6 and corresponding tests were conducted for the nine-machine 
network. 

These tests used exactly the same set of jobs and processing-times as the runs 
previously described but the selection of jobs from queue was based on estimates of 
the processing-times rather than actual times. The estimates were obtained by multi¬ 
plying a scaled random number by the actual processing-time. This meant that in one 
run the estimates of a given operation were equally likely to be any value between 
90% and 110% of the actual value; in a second run each value between 0 and 200% 
of the actual was equally likely. 

The effect on shortest-processing-time performance can be tabulated in the follow¬ 
ing manner. 
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Type of estimate M q 


Perfect 

23.25 

(equivalent to 

SPT) 

90-110% of actual 

23.23 


0-200% of actual 

27.13 



Independent of actual 

59.42 

(equivalent to 

RANDOM) 


These results are very encouraging. When the errors of estimate were less than 10% 
there was no apparent degradation of performance. When errors were as much as 
100%, SPT still retained 90% of its advantage relative to RANDOM sequencing. 
(The claim is sometimes made by industrial engineers that a precision Of estimate of 
plus or minus 10% is within the capability of good, experienced time-study men 
Whether or not this is true, plus or minus 100% should be possible in many situations.) 

A further test assumed that one could classify operations as short or long depend¬ 
ing only on whether the processing-time was less than or greater than the mean of all 
operation processing-times, and that even then there was a chance of misclassification. 
The priority rule was to select short operations in preference to long, with FCFS 
ordering within each of these classes. The results were as follows: 

Procedure ]\r 

- - - ----—— «T,„ i —- _ j) 

Perfect short-long classification 35.29 

Short-long with 25% of operations 
misclassified 44.99 

All operations considered short 58.87 (equivalent to FCFS) 

Even this crude two-way classification, with 25% of the operations misclassified, still 
retained 40% of the advantage of perfect-information SPT* 

To date there is no evidence to suggest that SPT sequencing is highly sensitive to 
quality of processing-time estimates and hence no reason to avoid its use on that basis 


11-3 SEQUENCING AGAINST DUE-DATES 

Of the various measures of performance that have been considered in research on 
sequencing, certainly the measure that arouses the most interest in those who face 
practical problems of sequencing is the satisfaction of preassigned job due-dates. 
Equipment utilization, work-in-process inventory, and job flow-time are all interesting 
and more or less important, but the ability to fulfill delivery promises on time un¬ 
doubtedly dominates these other considerations. However, the lateness or tardiness of 
a job depends on both its completion-time and its due-date, so that an investigation 
of these measures of performance must consider the manner in which due-dates are 
determined as well as the efficacy of procedures intended to enforce those dates. 


The analysis of a similar two-class procedure (without misclassification) for single-server 
queuing systems (Tables 8-4 and 8-5) shows that for 90% utilization it would be optimal 
o partition the jobs so that 87.8% were “short’’ rather than to use the mean as the dividing 

/ S1 l lgle " Server " ystem the optimal short-long procedure sacrifices only 19% of 
the SPT advantage over FCFS sequencing. 
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11-3.1 Assignment of Due-Dates 

Scheduling procedures of sufficient power to enforce a completely arbitrary set of 
due-dates do not yet exist. If they did, then it would not be necessary to worry about 
the manner in which the due-dates are determined and one could proceed as m the 
earlier chapters. However, it will soon become apparent that the procedures currently 
known are not this powerful and it is necessary to consider the reasonableness of the 
due-dates as an important condition of the problem. ^ 

In some situations due-dates are exogenous to the scheduling organization; they 
are set by some independent external agency and announced upon arrival of the job. 
They are a fixed and given attribute of a job, not unlike processing-times or routing. 
On the other hand, even when a due-date represents a contract with an external agency, 
those situations in which the due-date is arbitrarily set without some participation 
by the organization responsible for satisfying the date are relatively infrequent. A 
more typical situation is: the producing agency proposes a date, which is adjusted 
according to the consumer’s need and competitive forces, and then the producer and 
consumer agree on a final due-date. In many situations the consumer is actually 
another unit of the same organization as the producing agency. In these cases due- 
dates provide a means of coordinating the activities of many different units of the 
same organization, and are no less important simply because they are, in a sense, 
internal. For example, due-dates may be assigned to jobs in several fabrication shops 
by a central production-planning department whose task is to synchronize the arrival 
of these jobs on an erection floor where they will be assembled into a single machine. 
This could be the most demanding sort of due-date, with extreme penalties associated 

with tardiness. . , 

The point of the external-versus-internal discussion is its effect on the inherent 

reasonableness or attainability of due-dates. Presumably an internal agency has some 
knowledge of the capability of the shop and of the scheduling procedure that will be 
employed, and has some interest in establishing due-dates that can be met. The 
question is closely related to the prediction of individual job flow-times. If one could 
exactly predict the flow-time of various jobs under a certain priority procedure one 
could, if due-dates were under internal control, assign an allowance equal to the flow¬ 
time so that the completion-time of each job would be exactly equal to its due-date. 
However since flow-time depends not only on characteristics of the individual jo 
and the particular priority rule in use, but also on the nature and status of the other 
jobs coexistent in the shop during the time that the given job is present, perfect 
prediction is, for all practical purposes, not attainable. The problem becomes one of 
finding a combination of due-date assignment procedure and priority sequencing 
procedure such that: 

a) the natural flow-time of a particular job can be estimated with some precision, 

b) one can set a due-date based on both this natural passage time and exogenous 
considerations of relative urgency, 

c) the priority procedure can react to this due-date to accelerate or retard a job with 
respect to its natural rate of progress. 
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Four different methods of assigning due-date were considered in the RAND 
study.* In each case exactly the same set of jobs was used, with the same arrival times. 
The individual job allowances, and hence the due-dates, varied from one run to the 
next. However, in each different run the average allowance remained the same so that, 
on the average, the different types of due-dates were equally difficult to attain. All 
that differed was the job-to-job variation. The allowances were determined in the 
following ways: 

TWK Total-work due-dates . The allowance for flow-time (the difference between 
due-dates and arrival time) was 9 times the sum of the processing-times. 
That is, a job could spend a total of 8 times its total processing-time waiting 
in queue before it became tardy. 

NOP Number-of-operation due-dates . The allowance for flow-time was propor¬ 
tional to the number of operations. 

CON Constant-allowance due-dates. Each job received exactly the same allow¬ 
ance (78.8 time units). 

RDM Random-allowance due-dates. Each job was assigned an allowance at 
random. (Allowances were uniformly distributed between 0 and 157.6 
time units.) 

The TWK and NOP methods were intended to represent two different ways of assign¬ 
ing reasonable and attainable due-dates, providing a greater allowance for a job with 
more processing time or a larger number of operations. The CON due-dates are 
representative of common practice, in which a standard lead-time is quoted,, The 
RDM due-dates were intended to represent completely arbitrary deadlines assigned 
by an external agency. 

The scheduling procedures tested against these different due-dates were suggested 
by procedures that are actually employed in industry. The basic rules were: 

DDATE Due-date. Job priority equals its due-date. 

OPNDD Operation due-date. The initial allowance is divided equally among the 
several operations of the job and due-dates are assigned to each oper¬ 
ation. The job priority in a given queue equals the due-date of the 
imminent operation. 

SLACK Slack-time. Job priority equals the time remaining before the job due- 
date minus all remaining processing time for the job. 

S/OPN Slack per operation. Job priority equals the ratio of job slack-time to the 
number of operations remaining. 

The SPT and FCFS procedures were used for controls. 

The performance of these procedures is described in Appendix C-3 and sum¬ 
marized in Table ll-2.f It was apparent that employing the rules using due-date 

* For additional work on this topic see Bakker [12]. 

f These data are selected from the complete results. For more detail see [32] or [31]. 
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Comparison of Due-Date Rules in a Simple, 
Symmetric, Random-Routed Job-Shop of 9 Machines* 


Priority rule 

TWK 

Type of due-datef 

NOP CON 

RDM 

FCFS (a) 

74.4 

74.4 

74.4 

74.4 

(b) 

-4.5 

-3.9 

-4.4 

-4.9 

(C) 

41.1 

33.5 

75.7 

87.9 

(d) 

0.448 

0.399 

0.337 

0.412 

DDATE (a) 

63.7 

70.6 

72.5 

72.9 

(b) 

-15.5 

-7.7 

-6.3 

-6.4 

(C) 

20.8 

23.0 

39.6 

45.8 

(d) 

0.177 

0.267 

0.439 

0.487 

OPNDD (a) 

69.0 




(b) 

-9.9 




(c) 

120.0 




(d) 

0.104 




SLACK (a) 

65.8 




(b) 

-13.1 




(c) 

20.8 




(d) 

0.220 




S/OPN (a) 

66.1 

72.9 

73.7 

74.0 

(b) 

-12.8 

-5.4 

-5.1 

-5.3 

(c) 

15.0 

15.0 

33.4 

41.5 

(d) 

0.037 

0.216 

0.481 

0.525 

SPT (a) 

34.0 

34.0 

34.0 

34.0 

(b) 

-44.9 

-44.3 

-44.8 

-45.3 

(c) 

53.7 

54.1 

48.2 

66.5 

(d) 

0.050 

0.062 

0.110 

0.198 


* Sample size = 8700 jobs; actual utilization = 88.4%; mean operation 
time = 1.0 (from Appendix C-3). 

t Table entries: (a) F, average job flow-time, (b) L, average job lateness, 

(c) standard deviation of lateness distribution, (d) f t , fraction of jobs tardy. 

information provided a substantial improvement over FCFS in the reduction of the 
proportion of jobs that did not meet the due-date in this test. This was due in part to 
a decrease in the mean lateness, but largely to a reduction in the variance of the distri¬ 
bution. The S/OPN rule, which selects the job with the least slack per operation 
remaining, is the most complicated of these due-date rules; however, it appeared to 
give somewhat better performance. When this rule was used, the jobs exhibited the 
smallest value of lateness variance, which is probably the key measure, and also the 
proportion of jobs with positive lateness under this rule was smaller than under 
any of the other basic due-date rules. 

It is interesting to note that under the SPT rule there is almost as small a proportion 
of jobs tardy, and yet SPT accomplishes this by an entirely different strategy and 
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without ever looking at a due-date. SPT depends entirely on a reduction of the mean 
lateness to offset an increase in lateness variance and still reduce the area of the 
positive tail of the distribution. 

The effect of the difference in approach between SPT and S/OPN was clearly illus¬ 
trated by tests using a second and third set of jobs that had slightly higher utilization 
The percentage of jobs tardy when TWK due-dates were used was as follows: 


FCFS 

S/OPN 

SPT 


Job set 1: Job set 2: Job set 3: 

utilization = 88.4% utilization = 90.4% utilization = 91.9% 

44 * 8 % 57.7% 67.5% 

3.7% 30.9% 54.8% 

5 *°% 6 . 1 % 7 . 3 % 


Although the allowances under TWK due-dates were slightly greater, in propor¬ 
tion to the increased processing-times in the second and third job sets, the congestion 
m the shop increased more rapidly than the allowances. The result was that the due- 
dates for the second set of jobs were more difficult to achieve than for the first set, 
and those for the third set were even harder. In each case S/OPN exhibited the most 
compact (low-variance) distribution, but increasing fractions of this distribution had 
positive values. The high-variance, highly skewed distribution under SPT was not as 
greatly affected by this displacement of the mean, and the proportion of jobs tardy 
remained small. One might conclude on the one hand that SPT performance is much 
less sensitive to variations in shop load than the other procedures, and on the other 
and that TWK due-dates adjust for differences in job length, but do not adequately 
compensate for differences in shop load. 

Detailed examination of the test results indicates another important difference 
between the SPT and S/OPN approaches to due-date satisfaction. Even under 
conditions for which the two procedures were similar in aggregate number of jobs 
tardy (job set 1, TWK due-dates), there were entirely different patterns of which jobs 
were tardy and when. Under the S/OPN rule, virtually all the tardy jobs occurred in 
several short periods when, by chance, the utilization and congestion were higher than 
average for the test. There were long intervals under S/OPN during which all jobs 
were completed before their due-date. Under SPT the tardy jobs occurred more 
uniformly throughout the test run. It would seem that a composite procedure that 
employed an sp T strategy during periods of relatively high congestion and shifted 
to b/OPN when the peaks were passed would perform very well; such a procedure is 
described in Section 11-3.2. 

A linear combination of SPT and S/OPN was tested with different relative weights 
Equal weighting (0.5 SPT + 0.5 S/OPN) produced the best overall performance,’ 

7 resulted in a mean lateness of -21.3, a standard deviation of 22.8, and only 
1.52% of the jobs tardy. 

It is interesting to compare the different methods of assigning due-dates for the 
different rules, remembering that in each case the same set of jobs was involved, and 
that on the average each kind of due-date was equally easy to achieve. Under FCFS it 
did not really matter how the due-dates were assigned; the performance was mediocre 
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in any event. Under DDATE, SPT, or S/OPN, the sequence TWK, NOP, CON, and 
RDM represented progressively poorer ways of assigning due-dates. The SPT rule, 
which did not consider the due-date in its selections, was clearly less sensitive to the 
method of assigning due-date than the other procedures, but still behaved best with 
the reasonable TWK and NOP due-dates. The procedures that used due-date infor- 

ma tion_DDATE and S/OPN—were strongest when the due-dates were reasonable 

and bore some relationship to the job characteristics. They did not exhibit impressive 
ability to enforce an arbitrary set of due-dates. In fact, when either CON or RD 
due-dates were used, FCFS provided better performance than either DDATE or 
S/OPN. It should be noted, however, that the lateness variance was still substantially 
smaller with DDATE and S/OPN, regardless of which type of due-date was em¬ 
ployed— and this is an important characteristic. An increase in the mean allowance 
would presumably benefit these rules with compact distributions much more than 
FCFS or SPT, and the proportion of jobs with positive lateness could be made 

satisfactorily small. 

11-3.2 A State-Dependent Due-Date Procedure 

The RAND study described in the previous section began consideration of composite 
rules in which several different factors were considered in determining the priority of 
jobs, but in which the relative weighting of these factors was constant throughout a 
given run. A later study [158] considered a dynamic composite rule in which the 
relative weight of several factors was varied, depending on conditions at the time a 
decision was to be made. In effect, this permitted different priority rules to be m 
operation for different machines at a given point in time, and different rules to be 
employed for a given machine at different points in time. In fact, the entire investiga¬ 
tion concerned a single such rule, with different runs to explore the effect of changing 
values of several control parameters. 

The previous work suggested that three factors were important in meeting due- 
dates: 

1) Some function of job due-date, to pace the progress of individual jobs and reduce 
the variance of the lateness distribution. 

2) Consideration of processing-time, to reduce congestion and to get jobs through 
the shop as quickly as possible. 

3) Some foresight , to avoid selecting a job from queue which, when the imminent 
operation is completed, will move on into a queue which is already congested. 

The problem was to determine how to mix these considerations, depending on the 
conditions that exist in the particular queue and throughout the shop at the moment 
that a selection must be made. It was arbitrarily decided to base the priority on a 
due-date term that would always be present, and then add varying weights of the other 

two considerations, depending on conditions. 

After preliminary tests, the particular due-date function that was chosen was what 
might be called “operation-slack.” When the job arrived at the shop, operation due- 
dates were assigned to each individual operation in the same way that the due-date 
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was assigned to the job. For example, if in a particular run each job were allowed four 
times the sum of its processing-times for queuing in the assignment of its due-date 
then each individual operation would be assigned an operation due-date that allowed 
four times the processing-time of that particular operation for queuing at that one 
machine. The tardiness of the job was determined only by the job due-date (which 
was equivalent to the operation due-date for the last operation) but these interim 
operation due-dates provided a means for assessing the job’s progress through the 
shop. Given that 

°U represents the operation due-date of the ./th operation of job i and that 
Pi.i represents the processing-time of the y'th operation of job i, 
then the operation-slack at time t would be equal to o u - PiJ - t. However, since 
the value of t is the same for each operation in the queue from which the selection is 
to be made, and since the selection will depend only on relative values of priority 
t can be omitted and operation-slack defined as: Si , = 0i ,■ - p- ■ 

The second term in the priority was of the form': B ■ p,[„ and the weighting coeffi¬ 
cient B was defined as 


where b and r are constants for a particular run and the summation is over all the 
operations in the queue from which selection is to be made. When r is set equal to 0 
the summation is, of course, inoperative and there is a simple weighting, depending on 
the value of b between the processing-time and the operation-slack, similar to rules 
hat were explored in the RAND study. When r > 0, then the processing-time of 

the operation is more heavily weighted in a congested queue than in a relatively 
empty one. J 

The third term was of the form h ■ W nq , where h is a weighting coefficient, constant 
roug ou a run, and W nq is the ratio of the sum of the processing times in the next 
queue this job will visit to the sum of the processing times in all the other queues in 
e shop. For a job that will move on to an empty queue, W nq = 0, or for the last 
operation on a job W n3 is defined to be zero. 

In aggregate the priority of they'th operation of job i at time t was given by: 


ZiAt) 

where: 


-I - B- PiJ + h-W r 


PiJ + b ■ [T.Pi, } ] r ■ PiJ + h-W r 


b, r, h, are constants assigned for a particular run that select one particular 
rule out of a parametric family of rules; 

processing time, is a characteristic of the individual operation, 
assumed known in advance; 

° iJ thc 0 P era tion due-date, is a characteristic of the individual opera¬ 

tion, determined by the job due-date and p i)3 -; 

T.Pij, W nq are variables that describe the status of the shop at time t. 


fnH^ y n by i° rkln [ .' 59] indicated that this proportional distribution of the job allowance 
dividual operations was preferable to the equal division used in the RAND study. 
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Each time a machine completed an operation and two or more jobs were waiting for 
assignment to this machine, then a priority value was computed each of the 
competing jobs and the job with minimum value was selected. This method favored 
selection of jobs which were running out of a slack time and/or had short processing¬ 
time and/or would move on to a relatively empty queue. AMn 

The tests were performed under conditions very similar to those of the RAN 
study. There were eight machines instead of nine; the sample size was 6000 jobs; 
processing-times were small integers with a geometric distribution instead of expo¬ 
nentially distributed random variables; and the actual average utilization turne ou 
to be 86% instead of 88%. But these are all minor points. It was quickly apparent 
that the performance of this composite rule was better than the RAND rules to a 
degree that meant that a more taxing set of due-dates would be required if interesting 
comparisons were to be made. TWK due-dates were used, with an allowance for 
queuing of four times the sum of the processing-times as compared with eight times 
for the RAND study. The average congestion in the shop was slightly reduced, due 
to the lower average utilization, but the due-dates were nevertheless substantially 
more difficult to achieve. In order to compare conditions and the effect of the tighter 
due-dates, several of the RAND rules were tested again. The comparison in per- 
centage of jobs tardy is shown below. 

Queue-time allowance/processing-time 

Rule 8/1 (RAND) | 4/1 


DDATE 

OPNDD (equally spaced 
operation due-dates) 
S/OPN 
SPT 


10.4% 
3.7 % 
5.0% 


49.8% 

61.7% 

54.3% 

10 . 8 % 


Again it was apparent that SPT, with only the tail of a highly skewed lateness distri¬ 
bution having positive value, is least affected by the tightening of due-dates 

This study concentrated on tardiness rather than lateness as a measure of per or- 
mance. The mean tardiness T, the fraction of jobs tardy/,, and the conditional mean 
of those jobs with nonzero tardiness (T c = T/fd were reported, along with the mean 
and standard deviation of lateness and flow-time. A portion of the performance data 

is reproduced in Appendix C-4. t x . uu 

In general, the results showed the composite due-date procedure to be remarkab y 
powerful and relatively insensitive to the setting of the control parameters. For 
reasonably wide ranges of values of the control parameters (b, r , h), this rule yielded. 

a) Mean lateness and fraction tardy approaching that of SPT. 

b) Variance of lateness less than any of the simple rules. 

c) Variance of flow-time comparable to that of SPT, and better than the simple 
due-date-based rules. 

d) Conditional mean tardiness slightly better than the simple due-date-based rules 
and approximately one-third that of SPT. 
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T 

/* 

T c 

L 

Std. dev., L 

F 

Std. dev., F 

12.1 

0.108 

112.1 

-49.0 

106 

107.8 

147 

21.9 

0.422 

51.9 

-1.2 

60.5 

155.6 

160 

6.11 

0.118 

51.9 

-37.3 

56.2 

119.5 

148 
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e) Mean tardiness approximately one-half that of SPT. 

For example, compare the performance of the composite rule with the SPT and 
operation-slack rules from which it is constructed: 


SPT 

Operation-slack, 
b = 0, r = 0, h = 0 
Composite, 

b = 0.30, r = \,h = 0 

,he le cn^ r > eS T rejU M 8 °, d r the basis of terdi "^s, experimenters found that use of 
e composite ride enabled them to maintain almost the same small fraction of tardy 

J h ° b * aS USe ° f S ^ T ’ but Wlth much less tardiness for those jobs that did not complete 
by their due-date. The composite rule was as satisfactory in this respect as pure 

SO^tett " 81 !?' 5? Pr ° dUCt ° fthese two measures gives a value of mean tardiness 
50% better than either contributing rule. When the rules were judged on the basis 

of lateness expenmenters found that use of the composite rule enabled them to reduce 
the mean of the distribution almost as much as the use of SPT, while at the same time 
giving a variance less than that obtained by using the operation-slack rule alone. 

confidence ’Sit?" ^ “ a | ter , native to sim P le d ^-date rules with considerable 

confidence that it would reduce the fraction of jobs that were tardy, the mean lateness 

and even the mean tardiness. However, under very general conditions one could not 
deny the price that would be exacted in terms of lateness variance and conditional 
mean tardiness. The type of composite rule described here appears to offer these 
same improvements without obvious ill effects. In these tests the composite rule was 
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uniformly more powerful than any of the simple due-date rules for any measure of 
performance, and for all practical purposes more powerful than SPT as well. 

Figure 11-3 shows the performance of the composite rule as a function of the 
relative balance of the first two factors-the operation-slack and the operation 
processing-time. Beginning at the left, one has a pure operation-slack rule. A 
increase in the abscissa represents increased weight on processing time de ^™ in “® 
priority. The fraction of jobs that are tardy decreases monotomcally from one 
extreme to the other, while the conditional mean tardiness finds a minimum that is 
significantly less than the value at either extreme. The mean tardiness, being the 
product of these two, has a minimum value that is less than that for either extreme ru e. 
tw are six rules whose performance summarizes the results of these tests. 



T 

ft 

T c 

L 

(1) SPT 

(2) DDATE 

12.1 

35.2 

0.108 

0.498 

112.1 

70.7 

-49.0 

18.2 

(3) Operation-slack, 

6 = 0,r = 0,A = 0 

21.9 

0.422 

51.9 

-1.2 

(4) Composite, 

b = 15, r = 0, h = 0 

6.52 

0.152 

42.8 

-38.7 

(5) Composite, 

b = 0.3, r=l,h = 0 

6.11 

0.118 

51.9 

-37.3 

(6) Composite 

b = 0.3, r = 1, h = 160 

5.43 

0.120 

45.3 

-39.4 


The SPT rule is an illogical but necessary standard, since, although it ignores due-da e 
information completely, it has smaller mean lateness and fraction tardy than any other 
rule tested. DDATE represents the simplest possible way of using due-date informa¬ 
tion Operation-slack is a more sophisticated way of using due-date information and 
in this study represented the best of the simple due-date rules. Although operation- 
Ick is based on the same idea as the OPNDD rule of the RAND study, two minor 
changes greatly improved its performance: 

1) Allocating queuing allowance among operations in proportion to processing-time 
rather than equally. 

2) Considering operation-slack rather than operation due-date directly. 

Rule (4) is an unusually successful composite of (1) and (3), somehow preserving! the 
best features of both. Rule (5) uses shop-status information to control the relative 
weight given due-date and processing-time considerations, and rule (6) uses additiona 
status information to avoid moving jobs into already congested queues. 

The first four of these rules can have the priority value for each individual oper¬ 
ation precomputed before the job arrives at the shop. None of these priorities depends 
on shop status, and none changes with elapsed time. Rules (5) and (6)i would^requue 
a real-time communication-computing system for implementation, and the improve¬ 
ment in performance would be too modest to justify the cost of such a system. 
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11-4 INVESTIGATIONS OF MORE COMPLEX JOB-SHOP MODELS 

In each of the investigations described previously, a model of a simple job-shop process 
was employed in order to concentrate attention on a comparison of scheduling pro- 
cedures With this as a background, several studies have been performed to explore 
the effect of relaxing various of the restrictions of the simple job-shop model. Two of 
these have been concerned with types of flexibility that are present in real shops In 
actual practice there is often some latitude in the order in which the operations of a 
job have to be performed, and some choice as to which machine in the shop can be 
used to perform a given operation. Both these types of flexibility tend to reduce 
congestion and queue lengths; neither was permitted in the previous studies. A third 
study considered a shop in which some of the operations were assembly operations 
equiring the combining of several jobs. In this case, rather than restricting all jobs to 
simple linear strings of operations, the experimenters used a tree-structured job- 
routing. The existence of assembly operations appeared to have marked effect on the 
relati ve performance of the simple sequencing rules and required the development of 
new types of sequencing procedures. 

Each of these investigations was based directly on the previous RAND study and 
was conducted in such a manner that direct comparison of results is possible. 

11-4.1 Flexibility in Machine Selection 

In many actual job-shops, the scheduler has some freedom to bypass congested 
machines by assigning operations to an alternate machine which is less heavily loaded. 

is may be advantageous, even when the alternate machine is somewhat less efficient 
in performing the operation. Lacking this and other kinds of flexibility, the simple 
job-shop models have tended to overstate the queuing that would occur for given 

schaluhn^rules ^ COnSeqUently have P robabl >' overstated the differences between 

Wayson [198] conducted a study of the effect of flexibility in machine selection; 
is study was carried out under the same conditions as the RAND study, but with 
s lghtly higher machine utilization. The various choices that were available for 
machine specifications were described by a square matrix whose number of rows was 

r ‘° he n T lber of Afferent types of machine. An element x tj gives the probability 
that an operation nominally assigned to a machine of type / could also be done on a 
machine of type/ (In practice, of course, a particular operation either can or cannot 
be performed on a given machine, but this probability model provided a mechanism in 
the simulation to allow machine./ to serve as an alternate for some, but not all of the 
operations on machine /.) The element x u is obviously 1 for all /. Given that L = 0 

f r ' %l' th f ° ne haS the Stri0t machine assignment that has been used in previous 
studies. The value Xij - 1 for i ^ j means that any operation nominally assigned to a 
machine of type i could be processed on a machine of type / The value x = 0 5 
would mean that in the long run one-half of the /-operations could be processed on / 

In the simulation a random number was drawn for each /-operation to determine 

matrNf 01 T ^ ^ ° n 1 F ° r exarapIe ’ each of the following might be a 

matrix for a five-machine shop. 
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1H 


A: 


C : 


1 0 0 0 0 
0 10 0 0 

0 0 10 0 

0 0 0 1 0 

0 0 0 0 1 . 

' 1 0.5 0.2 0 0" 

0 1 0.5 0.2 0 

0 0 1 0.5 0.2 

0.2 0 0 1 0.5 

0.5 0.2 0 0 1. 


B: 


10 0 0 
110 0 
0 110 
0 0 11 
0 0 0 1 


D: 


1 0 0 0 0 

0 1 0.5 0 0 

0 0.5 1 0.3 0 

0.1 0.1 0.1 1 0.1 

11111 


The matrix A is the matrix for strict assignment; B provides a single fixed alternative 
for each machine; C provides a major and minor alternative for each machine; and D 
has a different alternative pattern for each machine; in particular, operations nom- 
nally assigned to machine 5 can always be done on any other machine in the shop. 

Wayson considered only matrices with two symmetries: 


m 

for all i, X) x '> = K for a11 


3 = 1 


where K is a constant between 1 and m. Examples A, B, and C possess this symmetry; 
D does not. The value K — 1 is a measure of the number of alternate machines 
available for each nominal machine. 

During Wayson’s study, each time a nonterminal operation was completed, a list 
of machines acceptable for the next operation of the job was prepared. (This list was 
made by examining the row of the matrix for the nominal machine, placing all ma- 
chines with entry 1 on the list, and drawing random numbers to determine whether 
machines with fractional entries should be placed on the list.) Machines were selecte 
from this list according to one of the following three disciplines. 


1) Select at random. 

2) Select the machine with the least amount of work in queue before it. 

3) Select the machine with the least number of jobs in queue before it. 

Ties which involved the nominal machine were always resolved in favor of the nominal 
machine. The job was placed in the queue selected in this way, and remained there 
until processed by the corresponding machine. It could not subsequently move to 
another queue; an irrevocable selection from among alternates was made at the time 
the preceding operation was completed. When a machine became available, jobs were 
selected from the queue for processing in the normal priority manner Wayson s 
study was principally concerned with a comparison of FCFS and SPT under type (3) 

queue selection. Part of his results are given in Appendix C-5. 

Figure 11-4 is a plot of the average number of jobs in queue under FCFS and S 
as a function of the degree of machine flexibility permitted. The SPT rule appears to 
be uniformly more powerful than FCFS, but the advantage diminishes with increasing 
flexibility. The actual frequency of alternate selection is also shown in Fig. 11 4. 
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Fig. 11-4. Flexibility in machine selection in a symmetric random-routed job-shop of 9 
machines. Sample size = 8880 jobs; utilization = 91.2% (from Appendix C-5). 

The method of resolving ties in queue length in favor of the nominal machine causes 
the actual frequency to be less than the (K - 1 )/K that might be expected. For exam¬ 
ple, under FCFS with one alternate for each machine (.K = 2), the alternate is selected 
39% rather than 50% of the time. With two alternates per machine^ the selection 
is 48% rather than 67%. 

The sensitivity of the system to flexibility of machine selection is very striking. 
Even a small amount of flexibility drastically reduces overall congestion. With 
alternate selection 20% of the time, FCFS yields the same number of jobs in queue 
as SPT without alternate selection. In terms of practical implementation of scheduling 
procedures, this effect is too important to be neglected. A sophisticated scheduling 
procedure (perhaps employing an expensive communication-computing system) that 
did not take advantage of this type of flexibility would risk being outperformed by a 
knowledgeable human scheduler. 

11-4.2 Flexibility in Operation Sequence 

Another type of flexibility present in real shops but excluded from most of the experi¬ 
mental work to date is the flexibility which enables one to depart from the strict 
ordering of operations as given on the routing. There are some precedence constraints 
that must be observed—for example, a hole has to be drilled before it can be tapped— 
but often these constraints do not impose a strict ordering on all the operations of a 
job. 
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Neimeier [148] undertook a preliminary exploration of this question, using 
Wayson’s model and job set. (The control runs with FCFS and SPT, when flexibility 
was forbidden in both machine specification and operation sequence, are identical in 
these two studies.) Each of the jobs was partitioned into groups of operations such 
that the operations within a group could be performed in any order, but all the oper¬ 
ations of a given group had to be completed before any operation of the following 
group could be performed. For example, a job of nine operations might be partitioned 
as follows. 



Processing could begin with either operation 1 or operation 2, but both 1 and 2 must 
be completed before 3, etc. The partitioning was accomplished in the experiment by 
specifying a probability, P, that an operation begins a new group. Neimeier took the 
operations in numbered order, and observed a random variable for each operation 
that either initiated a new group or added the operation to the preceding group. 

He measured the degree of sequence flexibility by computing for each job the ratio 
of the number of permissible sequences to the number that would be possible if there 
were no precedence constraints. The result is the product of the factorials of the group 
sizes divided by the factorial of the total number of operations. In the example above, 
this would be 

(2!)(1!)(3!)(2!)(1!) _ 24 

9! 36,288 

A job set is characterized by the average of these ratios for the individual jobs. By 
varying P from one run to the next, Neimeier could systematically alter the group 
sizes and the routing ratio. 

The problem of determining which of the operations of a group should be done 
next is comparable to Wayson’s problem of determining which machine to use for a 
given operation. The same strategy was employed: perform next the operation that 
faces the queue containing the smallest number of jobs. Operations were selected 
from queue under either FCFS or SPT disciplines. 

Partial results are given in Appendix C-6 and plotted in Fig. 11-5. The effect was 
similar to that of flexibility in machine specification (Fig. 11-4), although less pro¬ 
nounced. This would be expected, since the use of an alternate machine permits a job 
to avoid a congested queue altogether, whereas the use of an alternate sequence 
simply postpones the job’s entry into a congested queue. During the interim the 
bypassed queue may become more rather than less congested, but the performance 
improvement clearly indicated that there is a tendency toward the latter. 

Russo [177] carried out an investigation under very similar conditions, but con¬ 
centrated on tardiness as a measure of performance. With some sequence flexibility 




11-4 


INVESTIGATIONS OF MORE COMPLEX JOB-SHOP MODELS 



Fig 11-5. Flexibility in operation sequence in a symmetric random-routed job-shop of 9 
machines’. Sample size = 4440 jobs; utilization = 91.2% (from Appendix C-6). 

and well-designed priority rules he achieved extremely low levels of tardiness. He also 
demonstrated the value of postponing the decision as to what sequence to select to 
the point at which one of the possible operations would actually go onto a machine. 
Mechanically this involves placing the job in several queues simultaneously and re¬ 
quires a considerable increase in the complexity of the simulation program, but the 
performance is significantly improved. 

11-4.3 Sequencing in an Assembly Shop 

Assembly shop is a name for a job-shop in which tree-structured job routings are 
permitted. This is a generalization of the precedence constraints between operations, 
so that the following type of routing might be encountered: 



Such shops were considered explicitly in Section 4-3 and 7-1. They also provide the 
motivation for much of the concern with due-dates, since an assembly shop can be 
partitioned into simple job-shops and a system of due-dates used to coordinate these 
“independent” shops. However, this is at best a suboptimal procedure, and one should 
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consider the entire shop and attempt to develop effective procedures. Work on this 
type of model has been much less extensive than for the simple job-shop, but a number 
of exploratory studies have been conducted. One such study took place at the RAND 
Corporation [130] under experimental conditions almost identical to the previous 
RAND job-shop study. 

This study considered only a special case of tree-routings in which there was just 
a single level of branching, and this took place at the final operation of the job. 
Actually, this final operation was a dummy operation with zero processing-time. 
Typical routings would look like the following: 




Each job consisted of a number of branches, each branch being equivalent to a job of 
the previous RAND study. The number of branches per job was a program parameter. 
With this equal to one, the simple job-shop process was obtained; values greater than 
one produced an assembly shop where all jobs had the same number of branches per 
job. The interarrival interval between jobs was exponentially distributed; its mean was 
set to yield a nominal shop utilization of 90%. The assembly time was assumed to be 

zero, so that the assembly operation consisted entirely of marshaling the branches 
of the job. 

Due-dates for jobs were set by a variation of the NOP procedure. The due-date of 
a job was the time of arrival at the shop plus the maximum total amount of work on 
any branch of a job plus a due-date multiplier times the maximum total number of 
operations on any branch. The due-date multiplier was set so that approximately 50% 
of the jobs were late under FASFS sequencing. 

FCFS, FASFS, SPT, DDATE, SLACK and S/OPN from the previous study were 
tested. Five additional rules were designed to use status information concerning the 
several branches of a job: 

MAXRWD-NR Maximum remaining work difference; no re-evaluation. The 
priority of an operation in queue equals the difference between 
the maximum remaining work over the branches of the job and 
the remaining work on the branch for this operation. This 
difference is computed at the time the operation enters queue and 
is not re-evaluated if work is completed on operations of other 
branches of the job. 



MAXNRD-SPT 


NUB-SPT 
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MAXNRD-NR Maximum remaining number of operations difference; no re-evalua- 

l 'Z, " pn0rity 0f an °P eration in q^ue equals the difference 
between the maximum number of remaining operations over the 

the branch r “ d ^ nUmber of °P^ations remaining on 

L b t ranCh f0, ' th ' S ° peratlon - ™s difference is computed at the 
time the operation enters queue and is not re-evaluated if work is 
completed on operations of other branches of the job. 

] b, T ber 0 , f unc0 ’ 11 P le ted branches. The priority of an operation 
the total number of branches of the job for which not all the 

comn at t°H S f 0f ^E ranCh haVe be6n com P leted - This number is 
• ' P , ed , f ° r ® a ® h operation m queue every time an operation 
is to be selected from queue. 

MAXNRD-SPT The priority of an operation in queue equals the difference 
between the maximum number of remaining operations over the 

tkebrin'h ^ nUmber of operations remaining on 

the branch on the operation. This difference is computed for each 

ZZ rV^ 11 ™ ?, V ? ry u time “ ° peration is t0 be selected from 

queue. (SPT is used to break ties.) 

NUB-SPT The pnority of an operation is the total number of branches of 

comnletS" Th "“l operations of the branch have been 
completed. This number is computed for each operation in queue 

every ime an operation is to be selected from queue (SPT is 
used to break ties.) ' ls 

-I - - ~ r iss 

Branch flow-time mean, B the mean flow-time of all branches of the jobs. If the 

branches were m fact independent jobs in a job-shop 
process of the RAND study variety, then this would be 
_ die mean flow-time of these independent jobs, 
ssembly wait-mean, A the mean time which is spent by the branches'in waiting 

for the other branches of their job to be completed 

The mean job flow-time is related to these measures by the relation T - 7} 4 - A 

irTqueue * 8p “* *** workeTonl'd batting 

°“* r h, '" ches of ,,! ' ob “ “ 

Of p^rfema R n?e~ th It T tested - did not perform well for any measure 

perfoTmance^o'^ 6 ” ^^^^^^^OTSTesuited^hi improved 

performance. One was re-evaluation of priority as an operation waited in q Se 


Assembly wait-mean, A 




246 INVESTIGATION OF CONTINUOUS JOB-SHOP PROCESS 


11-4 


Table 11-3 

Comparison of Priority Rules in an Assembly Shop with 
Two Branches for each Job* 


Rule 

Mean 

flow-time, 

F 

Mean 

branch 

flow-time, 

B 

Mean 

assembly 

wait-time, 

A 

Conditional 

mean 

tardiness, 

Tc 

Fraction 

tardy, 

f 

FCFS 

SPT 

FASFS 

DDATE 

SLACK 

S/OPN 

MAXNRD-SPT 

NUB-SPT 

149.28 

73.80 

121.13 

116.91 

114.40 

108.90 

69.67 

72.31 

100.71 

45.01 

98.66 
95.59 
96.11 
95.34 

62.67 
61.99 

48.57 

28.79 

22.47 

21.02 

18.29 

12.75 

7.00 

10.32 

64.46 

139.65 

50.66 

40.71 

35.79 

12.55 

127.63 

92.82 

0.5789 

0.1109 

0.5162 

0.3446 

0.3324 

0.0993 

0.0957 

0.1150 


* Sample size = 4500 jobs; nominal utilization 
as jobs (from Appendix C-7). 


90%; RAND study conditions for branches 


whenever work on other branches of the same job was completed. The secondl was the 
use of SPT rather than FCFS to break the frequent ties that occurred underThis • 

The first series of runs, with two branches for eachjob, is summarized inTable • 
The results for the branch flow-time means are consistent with the results of the 
p™»SrAND“U (Section 1 1-2). The perform™ of SPT »» w good with 
resDect^to both flow-time and fraction of jobs tardy. However except for FCFS 
SPT had the worst performance in getting the two branches of a job assembled withou 
delay The SPT performance was simply a consequence of its ability to keep jobs 
SwL quickly through the processing operations. The two rules which used status 
information, MAXNRD-SPT and NUB-SPT, achieved low va U f^ M ra ^h 
time only by relying heavily on the superior performanc^rf SPT on the^bm 
flow-times. By contrast, the reduction m A from 12.75 for S/OPNfc) zerow 
it „, f Up insufficient to make S/OPN performance comparable to SPT performance. 

The MAXNRD-SPT and NUB-SPT rules performed well for most measures, as 
compared whh the due-date-related rules, the only exception being their Performance 
in relation to conditional mean tardiness. It appears that these rules ave e 
characteristics as SPT: a lateness distribution with a small™f le . 
to the right. These two new rules require much more information!^ ilb must be 
mentation and operation. Status information on the branches of a job must 
cross-referenced and updated on a real-time basis. . , . T it t *__a 

The effect of different levels of number of branches per job is shown m • 

The ner mmance of Spx deteriorated as the number of branches per job increased. 

roughly comparable to selecting an appropriate number of ° b “i°ns 

flow time distribution of a simple job-shop and using the maximum of the sampled 
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Table 11-4 

Interaction Between Rules and Number of Branches per Job 
in an Assembly Shop* 


Rulef 


Number 
2 (4500 jobs) 


SPT (a) 

(b) 

(c) 

(d) 

FASFS (a) 

(b) 

(c) 

(d) 

S/OPN (a) 

(b) 

(c) 

(d) 

MAXNRD-SPT (a) 

(b) 

(c) 

(d) 

(a) 

(b) 

(c) 

(d) 


NUB-SPT 


of branches per job 
5 (1800 jobs) 10 (900 jobs) 


73.80 

28.79 

64.46 
0.1109 

121.13 

22.47 

50.66 
0.5162 

108.09 

12.75 

12.55 

0.0993 

69.67 
7.00 

127.63 

0.0957 

72.31 

10.32 
92.82 

0.1150 


112.01 

70.60 

129.90 

0.1438 

122.12 

38.34 

33.39 

0.2167 

135.43 

33.31 

4.35 

0.0044 

91.22 

16.37 

108.14 

0.0776 

96.86 

27.48 

73.99 

0.0968 


264.36 

198.26 
279.43 

0.3761 

171.69 

54.42 

58.14 
0.2622 

198.27 

39.49 

51.15 
0.1193 

164.47 

27.46 

182.37 

0.1128 

144.90 

42.28 

129.60 

0.1479 


' 90%: RAND •“» 

22KSS SJ <“ EsftS&r 

values. Since the flow-time distribution under SPT is highly skewed to the rkht as 

iVoMT/OPN 63868 .’* 41 !? ° bSerVed maXimum of the sam P le will increase rapidly. 
In contrast, S/OPN results do not increase as rapidly, since the branches are counted 

tTe^tam m T n U ‘ >Clate ' 1 ? 16 Same is true of MAXNRD-SPT and NUB-SPT, sLe 
the status information couples the branches for these rules. 

IS c rev , ersal in the comparison between MAXNRD-SPT and NUB-SPT 
With two or five branches per job, MAXNRD-SPT was superior to NUB SPT wM, 
respect to flow-time, but became substantially worse with ten branches per job It 

may wefl be that wlth a larger number of branches NUB . SPT js more dis c rim J inating 

on the primary priority classification and relies less on SPT than does MAXNRD-SPT^ 
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APPENDIX A 


THE LAPLACE-STIELTJES TRANSFORM 
OF A DISTRIBUTION FUNCTION 


Given that 0(1) is the distribution function of the random variable, T, defined by 

G(t) = Prob (T < t), 

the corresponding Laplace-Stieltjes transform is 

y (z) = E(e^ T ) = r e~°‘ d G(t). (A-l) 

Jo 

The use of the Stieltjes integral allows this definition to be applied to distribution functions 
that are continuous, discrete, or a mixture of the two types. For example, given that G(t ) 
has a derivative, g(t), everywhere except for a jump representing a concentration of probabil¬ 
ity mass at some point x, then 


Y(z) = [* e~“g(Odt + e"“(GW - G( X -)) + P e^ 1 g(t) dt. 

Jo Jx 

The properties of Laplace transforms associated with distributions which are used in this 
book are stated below without proof: 

a) For z > 0 (or the real part of z > 0 if z is complex), 7(z) exists, that is, 7(z) is finite. 

b) There is a one-to-one correspondence between a distribution function and its associ¬ 
ated Laplace transform so that one uniquely determines the other. It is often possible to 
invert a Laplace transform to recover its associated distribution function by means of tables 
or inversion formulas. 

c) If the &th moment of T, denoted by E(T k ), exists, it is given by 


£(r*) = (-1) 


k dMz) 

dz h 


2=0 


This is the “moment-generating” property. 

d) If T\ and T 2 are independently distributed random variables and T = T\ + T 2 , 
the distribution of T is given by 


G(0 = Prob {Ti + T 2 < t) = C Gi(t - x) dGzW, 

Jx =0 

and 

7 (z) = 7 i(z)7 2 (z). 


This is the “convolution theorem” for Laplace transforms. It may be applied recursively so 
that the Laplace transform associated with the sum of n independently and identically distrib¬ 
uted random variables, with Laplace transform 7(z), would be (7(z))”. The integral above, 
known as a convolution, is sometimes abbreviated by the symbol: G\ * C? 2 (/)• 
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When the distribution is discrete, with all probability mass concentrated at nonnegative 
integer points, it is convenient to define the probability-generating function, II(£), by letting 
£ = e -3 in Eq. (A-l). Then if p n = Prob (T — n), the probability-generating function would 
be defined by 

n«) = £ tPn, 

n —0 

from which the factorial moments may be obtained by the formula 

h I 

E(T(T - 1 XT - 2) • • • (r - k + 1» = . 

and the individual probabilities are recoverable from the relation 
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Table B-l Mean Flow-Time 

Problem 

number n rn 

Routing 

Replication 

Type 

schedule 

random 

12 10 4 

Random 

1 

Active 

Nondelay 

29,0 

13 


2 

Active 

Nondelay 

29.1 

14 


3 

Active 

Nondelay 

59.2 

15 


4 

Active 

Nondelay 

46.2 

16 


5 

Active 

Nondelay 

68.5 

17 


6 

Active 

Nondelay 

68.2 

18 


7 

Active 

Nondelay 

48.4 

19 


8 

Active 

Nondelay 

53.5 

20 


9 

Active 

Nondelay 

54.7 

21 


10 

Active 

Nondelay 

43.2 

22 10 4 

Random 

11 

Active 

Nondelay 

28.5 

23 


12 

Active 

Nondelay 

40.4 

24 


13 

Active 

Nondelay 

68.1 

25 


14 

Active 

Nondelay 

40.8 

26 20 4 

Random 

1 

Active 

54.3 

27 


2 

Active 

53.5 

28 


3 

Active 

91.0 
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MWKR 

MWKR 






MOPNR 

-P 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 

32.0 

33.0 

33.0 

29.9 

32.4 







16.3 

26.2 

17.4 

11.6 

15.2 

33.7 

33.8 

33.8 

29.7 

33.4 







22.3 

29.3 

18.9 

21.5 

22.0 

72.0 

78.6 

71.6 

61.6 

75.4 



- — 




47.2 

42.7 

42.8 

54.0 

46.1 

54.8 

53.4 

50.0 

49.0 

52.7 




.-—_ 



36.9 

44.8 

35.9 

42.5 

40.5 

94.5 

88.8 

86.1 

70.4 

85.6 







44.0 

61.4 

39.1 

59.6 

50.4 

89.2 

85.4 

82.5 

68.7 

84.0 



--- 




53.7 

73.1 

53.8 

65.8 

67.5 

64.9 

62.5 

59.2 

52.2 

61.7 







37.4 

44.9 

37.0 

48.6 

40.2 

69.0 

64.9 

69.0 

57.9 

66.6 







39.0 

42.4 

35.1 

48.0 

46.7 

70.4 

72.2 

72.2 

59.8 

72.6 



-- 




37.1 

52.5 

37.3 

43.7 

38.1 

51.7 

58.0 

57.5 

43.1 

57.6 







37.9 

46.7 

32.7 

39.5 

39.1 

29.8 

31.0 

30.1 

25.7 

34.2 







24.1 

33.2 

18.7 

28.9 

26.1 

42.9 

43.5 

46.4 

36.9 

42.2 







24.8 

36.7 

25.0 

31.6 

30.4 

91.5 

94.1 

102.7 

75.9 

96.2 




- 



43.9 

70.6 

49.0 

63.8 

46.4 

48.0 

44.4 

50.3 

43.8 

49.8 



-- 




31.0 

47.5 

39.0 

48.0 

31.7 

64.9 

70.6 

64.3 

47.5 

74.2 




75.8 

77.8 

73.2 

54.3 

74.5 



— — 

128.4 

126.3 

129.0 

89.4 

131.0 
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Table B-l ( continued ) 


Problem 

number 

n 

m 

Routing 

Replication 

Type 

schedule 

RANDOM 

29 




4 

Active 

71.4 

30 




5 

Active 

74.7 

31 




6 

Active 

67.4 

32 




7 

Active 

87.9 

33 




8 

Active 

51.1 

34 




9 

Active 

109.8 

35 




10 

Active 

44.4 

36 

20 

6 

Random 

1 

Active 

100.0 

37 




2 

Active 

95.5 

38 

20 

6 

Random 

3 

Active 

109.3 

39 




4 

Active 

114.5 

40 




5 

Active 

82.5 

41 




6 

Active 

106.2 

42 




7 

Active 

121.7 

43 




8 

Active 

67.3 

44 




9 

Active 

103.7 

45 




10 

Active 

107.4 

46 

10 

4 

FixR 

1 

Active 


47 




2 

Active 


48 




3 

Active 


49 




4 

Active 


50 




5 

Active 


51 




6 

Active 


52 




7 

Active 


53 

10 

4 

FixR 

8 

Active 


54 




9 

Active 
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MWKR 

MWKR 






MOPNR 

-P 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 

103.2 

101.8 

95.9 

64.3 

103.0 




97.5 

104.1 

97.5 

65.7 

105.5 




92.9 

88.9 

99.5 

68.3 

96.7 




121.6 

119.1 

119.9 

83.9 

124.0 




75.9 

78.6 

82.5 

54.5 

79.0 




146.4 

151.4 

156.7 

102.3 

150.4 




54.7 

52.9 

48.6 

43.9 

54.0 




120.2 

125.1 

118.3 

94.6 

126.8 




118.8 

111.6 

109.8 

88.1 

113.1 




125.3 

132.1 

126.8 

101.2 

126.4 




147.5 

152.7 

148.0 

117.1 

150.5 




90.4 

87.0 

89.7 

74.6 

90.6 




133.5 

139.1 

133.2 

115.1 

136.4 




153.8 

155.2 

157.8 

116.4 

159.2 




94.2 

95.6 

88.9 

71.3 

94.5 




146.7 

148.1 

145.2 

109.3 

148.2 




139.5 

133.8 

137.7 

113.4 

135.5 







133.2 

146.2 

123.5 






146.5 

187.0 

140.1 






158.0 

170.9 

150.5 






131.7 

143.4 

128.9 






123.2 

145.8 

110.2 






121.4 

152.0 

130.7 






148.0 

152.4 

126.3 






150.7 

204.6 

134.7 






159.8 

179.8 

151.3 




0 continued ) 
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Table B-l ( continued ) 


Problem 

number 

n 

m 

Routing 

Replication 

Type 

schedule 

RANDOM 

55 




10 

Active 


56 

20 

6 

FixR 

1 

Active 

138.3 

57 




2 

Active 

165.2 

58 




3 

Active 

163.1 

59 




4 

Active 

149.6 

60 




5 

Active 

174.4 

61 




6 

Active 

207.8 

62 




7 

Active 

162.0 

63 




8 

Active 

148.3 

64 




9 

Active 

163.8 

65 




10 

Active 

117.3 

66 




11 

Active 

176.0 

67 




12 

Active 

213.3 

68 




13 

Active 

180.7 

69 




14 

Active 

131.0 

70 

20 

6 

FixR 

15 

Active 

191.7 

71 




16 

Active 

139.3 

72 




17 

Active 

162.0 

73 




18 

Active 

174.9 

74 




19 

Active 

141.9 

75 




20 

Active 

140.5 

76 

10 

4 

Permutation 

1 

Active 

Nondelay 

113.3 

77 




2 

Active 

Nondelay 

158.1 

78 




3 

Active 

Nondelay 

162.7 
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MOPNR 

MWKR 

~P 

MWKR 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 




150.1 

181.7 

129.4 

' --— 


130.9 

132.0 

142.0 

133.2 

156.0 


—-- 


168.4 

172.8 

176.5 

146.5 

187.8 




161.5 

174.8 

164.9 

160.9 

195.3 




153.5 

152.0 

163.7 

145.2 

157.4 



— 

146.0 

164.7 

170.5 

163.8 

181.9 




203.7 

221.8 

201.3 

168.2 

230.0 




162.0 

150.5 

146.0 

132.7 

171.7 




151.8 

153.5 

153.4 

139.4 

149.1 



--- 

168.2 

161.9 

172.0 

142.2 

176.7 


- —--—_ 

--■ 

126.0 

125.9 

120.3 

113.3 

135.9 




202.0 

193.3 

182.3 

171.7 

202.4 


i---— 

——- 

197.2 

224.9 

214.9 

187.2 

231.9 



—- - 

189.1 

189.6 

173.1 

165.9 

172.7 


- -- 


124.0 

140.1 

129.7 

110.0 

163.2 




211.2 

203.9 

209.4 

192.8 

211.4 



— 

142.3 

147.0 

143.9 

125.5 

137.8 




179.7 

185.2 

154.4 

140.6 

172.6 



—- 

194.5 

182.4 

181.8 

162.4 

177.4 




161.6 

177.9 

164.0 

- -- 





132.0 

171.7 




142.2 

138.2 

138.1 

106.3 

132.8 







130.3 

80.3 

101.8 

101.3 

125.4 

115.3 




157.6 

119.0 

174.6 

123.6 

161.1 

160.0 

. 



151.3 

129.0 

170.0 

121.4 

184.9 

169.2 


0 continued ) 
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Table B-l {continued) 


Problem 

number 

n m Routing 

Replication 

Type 

schedule 

RANDOM 

79 


4 

Active 

Nondelay 

138.1 

80 


5 

Active 

Nondelay 

134.5 

81 


6 

Active 

Nondelay 

165.7 

82 


7 

Active 

Nondelay 

135.6 

83 


8 

Active 

Nondelay 

139.1 

84 

10 4 Permutation 

9 

Active 

Nondelay 

139.4 

85 


10 

Active 

Nondelay 

132.2 

86 


11 

Active 

Nondelay 

141.6 

87 


12 

Active 

Nondelay 

160.9 

88 


13 

Active 

Nondelay 

151.7 

89 


14 

Active 

Nondelay 

101.8 

90 


15 

Active 

Nondelay 

155.4 

174.1 

91 


16 

Active 

Nondelay 

127.7 

92 


17 

Active 

Nondelay 

148.2 

93 


18 

Active 

Nondelay 

145.3 

94 


19 

Active 

Nondelay 

174.1 

95 


20 

Active 

Nondelay 

97.1 
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MOPNR 

MWKR 

-P 

MWKR 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 




136.7 

113.1 

146.8 

131.6 

135.6 

152.2 




145.1 

121.9 

142.1 

129.0 

152.9 

166.8 




154.4 

129.1 

195.3 

109.3 

191.1 

167.6 




127.7 

105.2 

158.9 

99.5 

155.0 

159.6 




137.1 

102.4 

138.4 

103.3 

127.6 

138.4 




167.3 

118.9 

167.5 

120.6 

176.2 

159.9 




116.9 

97.0 

134.3 

102.8 

151.9 

124.3 




162.4 

140.4 

170.9 

129.0 

178.0 

168.6 




156.0 

127.5 

189.8 

135.4 

182.6 

172.5 




156.6 

132.1 

170.6 

159.8 

172.2 

170.8 




103.8 

98.2 

120.6 

103.1 

129.1 

122.7 




137.3 

189.2 

120.5 

179.8 

170.9 




130.3 

113.0 

158.8 

111.9 

158.5 

127.1 




148.6 

112.6 

158.5 

120.4 

164.5 

160.2 




167.3 

113.0 

169.1 

126.8 

169.6 

170.1 




123.4 

121.7 

176.7 

125.6 

171.2 

146.8 




101.6 

96.9 

130.9 

85.8 

136.9 

110.0 


rp 
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Table B-2 Maximum Flow-Time 


Problem 

number 

n 

m 

Routing 

Replication 

Type 

schedule 

RANDOM 

12 

10 

4 

Random 

1 

Active 

Nondelay 

67 

13 




2 

Active 

Nondelay 

92 

14 




3 

Active 

Nondelay 

118 

15 




4 

Active 

Nondelay 

88 

16 




5 

Active 

Nondelay 

156 

17 




6 

Active 

Nondelay 

155 

18 




7 

Active 

Nondelay 

116 

19 




8 

Active 

Nondelay 

190 

20 




9 

Active 

Nondelay 

119 

21 




10 

Active 

Nondelay 

97 

22 

10 

4 

Random 

11 

Active 

Nondelay 

53 

23 




12 

Active 

Nondelay 

78 

24 




13 

Active 

Nondelay 

190 

25 




14 

Active 

Nondelay 

81 

26 

20 

4 

Random 

1 

Active 

120 

27 




2 

Active 

136 

28 




3 

Active 

185 

29 




4 

Active 

162 
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mwkr mwkr LWK r lpt_ fcfs 

mopn r - p _ y ___— 

52 52 54 66 52 59 5g 60 


52 

52 

54 

63 

63 

63 

96 

94 

104 


81 103 77 

84 78 

136 199 156 

186 167 

HI 155 101 

111 99 

123 92 

118 U3_ 

124 180 115 

158 109_ 

110 123 HO 

116 107 


129 154 124 

118 HI 


HI 128 11°__ 

m 126 109 

170 173 163 

170 129 


80 75_75_ 

125 122 123 

91 81 79 

192 173 186 

113 109 H5 

116 120 H9 

150 140 141 

134 135 120 

103 93 100 

64 _58_53_ 

81 74 79 

172 138 128 

91 80 78 


(i continued ) 
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Table B-2 {continued) 


Problem 


number n m 

Routing 

Replication 

Type 

schedule 

random 

30 


5 

Active 

164 

31 


6 

Active 

156 

32 


7 

Active 

225 

33 


8 

Active 

145 

34 


9 

Active 

252 

35 


—--- 

—-- 


10 

Active 

102 

36 20 6 

Random 

1 

Active 

192 

37 


■— 


2 

Active 

184 

38 20 6 

Random 

3 

Active 

226 

39 


4 

Active 

216 

40 


----- 


■—----- 


5 

Active 

267 

41 


6 

Active 

237 

42 


7 

Active 

247 

43 


8 

Active 

168 

44 


9 

Active 

249 

45 

—----- 

— 


10 

Active 

250 

46 10 4 

FixR 

1 

Active 


47 

48 " 

49 


2 

Active 

--- 

—■__ 

3 

Active 



4 

Active 

- —— 

50 

r t ‘ " 


5 

Active 

---. 

51 


6 

Active 

Active 

170 

52 ’ " 


7 

Active 

Active 

191 

53 10 " 

FixR 

8 

Active 


54 


9 

Active 

-__ 
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MWKR MWKR 

~ P _P SPT MWKR LWKR LPT FCFS 


139 I 39 143 205 138 


127 

126 

126 

132 

124 


167 

168 

169 

202 

167 


111 

113 

117 

132 

113 


196 

198 

213 

230 

201 


86 

84 

78 

97 

79 


177 

178 

182 

220 

184 


149 

146 

147 

208 

144 


176 

185 

188 

248 

174 


186 

185 

198 

261 

186 


151 

155 

157 

199 

142 


187 

191 

191 

249 

186 


187 

187 

193 

238 

194 


121 

116 

125 

146 

119 


181 

187 

185 

284 

187 


185 

177 

188 

245 

178 





206 

164 

222 




253 

219 

279 




219 

205 

263 




247 

164 

273 




248 

195 

229 




214 

193 

225 




234 

193 

222 




373 

243 

333 




300 

210 

263 


(i continued ) 
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Table B-2 {continued) 


Problem 

number 

n 

m 

Routing 

Replication 

Type 

schedule 

RANDOM 

55 




10 

Active 


56 

20 

6 

FixR 

1 

Active 

199 

57 




2 

Active 

219 

58 




3 

Active 

247 

59 




4 

Active 

247 

60 




5 

Active 

253 

61 




6 

Active 

339 

62 




7 

Active 

228 

63 




8 

Active 

225 

64 




9 

Active 

251 

65 




10 

Active 

197 

66 




11 

Active 

254 

67 




12 

Active 

310 

68 




13 

Active 

310 

69 




14 

Active 

226 

70 




15 

Active 

324 

71 

20 

6 

FixR 

16 

Active 

219 

72 




17 

Active 

298 

73 




18 

Active 

223 

74 




19 

Active 

209 

75 




20 

Active 

189 

76 

10 

4 

Permutation 

1 

Active 

Nondelay 

189 

77 




2 

Active 

Nondelay 

254 

78 




3 

Active 

Nondelay 

280 
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MWKR 

MWKR 



. 

' 


MOPNR 

-P 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 




258 

248 

239 



218 

183 

233 

206 

249 




204 

205 

217 

253 

219 




214 

229 

231 

280 

241 




189 

177 

186 

305 

180 




242 

253 

248 

270 

247 




259 

258 

264 

352 

292 




207 

194 

198 

299 

200 




162 

177 

172 

210 

167 




198 

195 

233 

259 

201 




163 

168 

167 

245 

171 




235 

255 

246 

327 

241 




279 

315 

287 

334 

298 




251 

271 

247 

292 

236 




214 

236 

220 

214 

225 




255 

251 

268 

277 

251 




178 

182 

175 

255 

165 




219 

212 

231 

331 

194 




227 

204 

241 

266 

196 




201 

212 

218 

278 

205 




165 

169 

187 

194 

154 







198 








161 

168 

219 

238 

162 



223 

228 

231 

226 

255 

238 





251 







270 

251 

270 

274 

251 


0 continued ) 
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Table B-2 (■ continued ) 


Problem 

number 

n 

m Routing 

Replication 

Type 

schedule 

RANDOM 

79 



4 

Active 

Nondelay 

218 

80 



5 

Active 

Nondelay 

206 

81 



6 

Active 

Nondelay 

266 

82 



7 

Active 

Nondelay 

195 

83 



8 

Active 

Nondelay 

216 

84 



9 

Active 

Nondelay 

225 

85 

10 

4 Permutation 

10 

10 

Active 

Nondelay 

192 

86 



11 

Active 

Nondelay 

264 

87 



12 

Active 

Nondelay 

223 

88 



13 

Active 

Nondelay 

238 

89 



14 

Active 

Nondelay 

145 

90 



15 

Active 

Nondelay 

310 

91 



16 

Active 

Nondelay 

171 

92 



17 

Active 

Nondelay 

227 

93 



18 

Active 

Nondelay 

230 

94 



19 

Active 

Nondelay 

287 

95 



20 

Active 

Nondelay 

194 
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MOPNR 

MWKR 

-P 

MWKR 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 


203 


183 

168 

234 

233 

187 




177 

203 

196 

204 

258 

228 




291 

254 

241 

265 

277 

271 


193 


207 

202 

229 

214 

202 

178 



167 

172 

232 

204 

177 




225 

225 

225 

239 

236 

225 


170 


_ 2 °4 178 207 216 170 

245 ~ 


262 241 269 267 264 



236 


223 

248 

225 

241 

237 




206 

214 

214 

275 

251 

214 

135 



148 

139 

158 

182 

132 



257 

241 

268 

267 

293 

290 



171 

186 

199 

213 

199 

197 




209 

221 

202 

310 

240 

221 

217 



231 

226 

272 

230 

216 



235 

232 

235 

255 

254 

244 



171 

144 

150 

188 

181 

167 


.1 
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Table B-3 Mean Machine Finish-Time 


Problem 

number 

n 

m 

Routing 

Replication 

Type 

schedule 

RANDOM 

12 

10 

4 

Random 

1 

Active 

53.8 

13 




2 

Active 

Nondelay 

78.5 

14 




3 

Active 

Nondelay 

109.0 

15 




4 

Active 

Nondelay 

74.5 

16 




5 

Active 

Nondelay 

149.5 

17 




6 

Active 

Nondelay 

145.3 


7 Active 108.8 


Nondelay 


19 




8 

Active 

Nondelay 

174.3 

20 




9 

Active 

Nondelay 

105.0 

21 




10 

Active 

Nondelay 

82.0 

22 

10 

4 

Random 

11 

Active 

Nondelay 

36.5 

23 




12 

Active 

Nondelay 

59.8 

24 




13 

Active 

Nondelay 

181.3 

25 




14 

Active 

Nondelay 

77.8 

26 

20 

4 

Random 

1 

Active 

115.8 

27 




2 

Active 

127.3 

28 




3 

Active 

174.8 
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MOPNR 

MWKR 

-P 

MWKR 

P 

SPT 

MWKR 

LWKR 

LPT 

FCFS 

42.0 

41.8 

41.5 

53.5 

41.5 

43.3 




55.0 

54.3 

54.3 

69.5 

54.3 

57.8 




93.3 

91.3 

94.8 

111.3 

87.8 

88.0 




79.0 

72.3 

71.3 

83.5 

74.0 


72.3 


132.0 

129.5 

129.5 

192.5 

129.5 

160.5 




100.3 

100.3 

100.5 

145.3 

97.3 

91.0 




78.8 

82.0 

88.8 

113.8 

83.0 

103.8 




115.0 

108.0 

119.5 

167.0 

110.5 

114.5 




96.5 

96.8 

98.0 

110.5 

99.5 

96.3 




72.8 

72.5 

78.8 

77.3 

71.0 

69.0 




35.0 

35.7 

33.0 

37.8 

45.8 



38.8 

53.5 

53.5 

58.0 

72.8 

54.0 

56.5 




120.5 

117.5 

122.8 

135.3 

119.3 

107.8 




56.3 

59.8 

59.0 

71.8 

64.8 

62.3 




81.3 

78.5 

80.5 

114.3 

88.5 




95.3 

97.3 

97.5 

116.3 

97.3 




145.0 

141.3 

153.0 

163.5 

149.8 





(i continued ) 
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Table B-3 ( continued ) 


Problem 

number 

n 

m 

Routing 

Replication 

Type 

schedule 

RANDOM 

29 




4 

Active 

149.0 

30 




5 

Active 

153.5 

31 




6 

Active 

143.8 

32 




7 

Active 

205.5 

33 




8 

Active 

126.8 

34 




9 

Active 

240.0 

35 




10 

Active 

89.3 

36 

20 

6 

Random 

1 

Active 

179.3 

37 




2 

Active 

169.2 

38 




3 

Active 

215.0 

39 

20 

6 

Random 

4 

Active 

200.7 

40 




5 

Active 

248.0 

41 




6 

Active 

222.5 

42 




7 

Active 

224.7 

43 




8 

Active 

140.8 

44 




9 

Active 

228.3 


45 


10 


Active 


216.0 
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EXPERIMENTAL RESULTS: 
CONTINUOUS-PROCESS JOB-SHOP PROBLEM 


C-l NOTATION USED IN PRIORITY RULES 

( Time at which a selection for machine assignment is to be made 
Index over the jobs to be processed by the shop 
Index over the sequence of operations on a job 

Specific value ofy; the imminent operation for which a job is in queue 

The total number of operations on job i; 1 j 3$ . , 

The time at which job i became ready for ^ shop 

(j - l)th operation was completed, Ri, 1 - r t , tne ume j 

The due-date of job / 

The processing-time for they'th operation of job i 

An a priori estimate of A 1 

Particular value of a random variable, uniformly distributed between 0 and 1, 

assigned to the jth operation of job i 

preceding operation is being performed) 

Ziit) The priority value of job i at time t 


i 

j 

J 

gi 


ch 

PU 

Pij 

Xi,i 


282 
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C-2 DEFINITION OF PRIORITY RULES FOR THE RAND STUDY 


Symbol 

Definition 

Description 

Zi(t) = 

Job selected which: 

RANDOM 


Has the smallest value of a random 
priority assigned at time of arrival 
at queue 

FCFS 

Ri,J 

Arrived at queue first; first come 
first served 

FASFS 

Ti 

Arrived at shop first; first arrival at 
shop first served 

SPT 

Pi,J 

Has the shortest processing-time 

LPT 

Pi,J 

Has the longest processing-time 

LWKR 

Si 

2 P*’’ 

3=*J 

Has the least work remaining to be 
performed 

MWKR 

Si 

“ pi,3 

3—J 

Has the most work remaining to be 
performed 

FOPNR 

gi-J+ 1 

Has the fewest operations remaining 
to be performed 

TWORK 

Si 

Y. Pi,3 

Has the greatest total work (all 
operations) 

WINQ 

Yi, J+ i(i) 

Will go on for its next operation to 
the queue with the least work 

XWINQ 


Will go on for its next operation to 
the queue with the ieast work, 
both present and expected 

SPT 

(WKR ) u 

Pi,j 

Has the smallest “weighted” ratio of 
processing-time to work remaining 

SPT 

Pi, 3 

Has the smallest ratio of processing¬ 

TWORK 

X'Si 

2^3 = 1 Pi, 3 

time to total work 

(«) SPT 

+ (!-«) WINQ 

u • Pi,j + (1 — u)Yi t j + i{t) 

Has the smallest weighted sum of 
processing-time and work in the 
following queue 


( continued ) 









284 APPENDIX C 


Table 02 (i continued ) 


Symbol 

Definition 

Description 

Zi{t) = 

Job selected which: 

(«) SPT 

+ (1 - u) XWINQ 

w ’ T- (1 - u)Yi, J+ i(t) 

Has the smallest weighted sum of 
processing-time and work (includ¬ 
ing expected work) in the following 
queue 

SPT | Trunc («) 

Pi,j if it — Ri,j) < u ; 

0 otherwise 

Has the shortest processing-time, 
unless a job has been held in this 
queue longer than time u ; a trun¬ 
cated shortest-processing-time rule 

FCFS («) | SPT 

Rij if Nijit) < u; 

Pi,j otherwise 

Arrived at queue earliest, if the queue 
is short; the job with the shortest 
processing-time, if the queue is long 

2-Class SPT («) 

Pi,j if k < u; 
ipi,j + 10.0) if k ^ u, 
where k is low-order digit of 
i , the job number 

Has the shortest processing-time 
among the preferred class of jobs; 
if no preferred jobs in queue, then 
the shortest processing-time among 
other jobs 

Est.-SPT (u) 

Pt,j — 

PiA 1 + 0 M2u(Xij - 0.5)) 

Has the smallest estimated processing¬ 
time (% errors of estimate assumed 
uniformly distributed between ±«) 

2-Class (p) 

Zi(i) = 0 or 1; 

Prob (Z ; (0 = 0 | pi,j < M) 

= p; 

Prob (Z,-(r) = 0 | ^ M) 

= 1-P 

Arrived first among the “short” jobs; 
if no “short” job in queue, then the 
“long” job which arrived first 
(probability that job is correctly 
classified short or long is p); 
M = mean processing-time 

DDATE 

di 

Has the earliest due-date 

OPNDD 

n + - n)(J/g.) 

Has the earliest operation due-date ; 
allowed flow-time divided equally 
among operations 

SLACK 

1 

I 

Has the least slack-time remaining 

S/OPN 

di - t - PiA 

gi — J -\r \ 

Has the smallest ratio of slack-time to 
number of operations remaining 

(«) SPT 

+ (!-«) S/OPN 

u * Pi,j + (1 — ii) 

di — t — 2]/'=/ PiA 
x gi-j+i 

Has the smallest weighted sum of 
processing-time and slack-oper¬ 
ation 
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™“ M f ,TAL INVESTIGATI °N OF PRIORITY ASSIGNMENT IN A 
SIMPLE, SYMMETRIC, RANDOM-ROUTED JOB-SHOP OF 9 MACHINES* 


^ ^ UtiHzation 884 %- Based on measurements 
b periods, each 400 time units long, representing the arrival of approximately 9360 jobs. 


Rule 

Mean number 
of jobs 
in queue, 

AT, 

Variance 

of 

period 

means 

Mean 
total 
work, p 

Mean 
work 
remain¬ 
ing, p r 

Mean 
imminent- 
operation 
work- 
content, p q 

RANDOM 

59.42 

373 

1080 

554 

58.39 

FCFS 

58.87 

336 

1078 

559 

58.29 

SPT 

23.25 

41 

545 

297 

62.54 

LPT 

167.44 

1022 

2709 

1369 

59.08 

LWKR 

47.52 

85 


989 

51.81 

MWKR 

109.97 

3178 


276 

69.07 

FOPNR 

52.23 

96 


1019 

51.83 

TWORK 

82.91 

1445 

587 

323 

65.16 

WINQ 

40.43 

170 

801 

421 :! 

39.16 

XWINQ 

34.03 

105 

709 

379 

41.26 

SPT 






WKR°-°5 

23.48 

42 

539 

290 

63.80 

SPT 






WKR°- 5 ° 

29.63 

94 

540 

235 

70.58 

SPT 

WKR 0 - 25 

24.85 

55 

524 

260 

65.95 

SPT 






WKR 0 - 75 

37.99 

195 

597 

224 

73.77 

SPT 






WKR 

62.94 

879 


220 

73.79 

SPT — 






WKR 1 2 

83.23 

1979 

941 

222 

74.21 

SPT 






WKR 2 0 

90.59 

2226 

1010 

229 

72.95 


* From RAND study [32]. 


{continued) 
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Table 03 (< continued) 


Mean number 
of jobs 
in queue, 

Rule N <? 

Variance 

of 

period 

means 

Mean 
total 
work, p 

Mean 
work 
remain¬ 
ing, Pr 

Mean 
imminent- 
operation 
work- 
content, Pq 

SPT 

TWORK 

42.39 

2999 

435 

244 

68.60 

0.5 (SPT) + 0.5 (WINQ) 

30.14 

103 

649 

346 

43.35 

0.9 (SPT) + 0.1 (WINQ) 

23.76 

49 

552 

303 

55.22 

0.95 (SPT) + 0.05 (WINQ) 

23.00 

42 

545 

299 

58.49 

0.97 (SPT) + 0.03 (WINQ) 

22.83 

40 

539 

294 

59.98 

0.94 (SPT) + 0.06 (XWINQ) 

23.26 

46 

552 

303 

57.89 

0.96 (SPT) + 0.04 (XWINQ) 

22.67 

39 

536 

293 

58.40 

0.98 (SPT) + 0.02 (XWINQ) 

22.74 

38 

541 

295 

59.96 

SPT | Trunc (4) 

55.67 

408 


534 

57.77 

SPT | Trunc (8) 

53.50 

310 


520 

60.32 

SPT | Trunc (16) 

44.20 

334 

863 

452 

60.54 

SPT | Trunc (32) 

32.85 

197 

664 

368 

61.36 

FCFS (5) | SPT 

29.49 

52 


342 

61.59 

FCFS (9) | SPT 

38.67 

90 


407 

59.08 

2-Class SPT (0.1) 

24.46 

45 

561 

306 

62.32 

2-Class SPT (0.3) 

27.29 

52 

602 

326 

62.09 

2 -Class SPT (0.5) 

31.17 

71 

652 

352 

62.12 

2 -Class SPT (0.7) 

34.57 

103 

696 

375 

59.74 

2-Class SPT (0.9) 

36.11 

148 

705 

384 

59.92 

Est.-SPT (10) 

23.23 

41 

546 

297 

62.50 

Est.-SPT (100) 

27.13 

60 

606 

327 

62.40 

2-Class (1.00) 

35.29 

147 

725 

385 

60.95 

2-Class (0.75) 

44.99 

216 

873 

458 

58.98 
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Table C-3 (.continued) ^ set 2> utilizatio n = 90.4; job set 3, 

Xftion = e 91 S 9. 'sampled = £S> jobs.' Lerage allowance for queumg - 

total processing-time. __-_—-—— 

_■___““ " T ^ + 


Job Type of 
set due-date 


Flow-time 
Mean, F Variance 


random 

FCFS 

FCFS 

FCFS 

FCFS 

FCFS 

FCFS 

FASFS 

DDATE 

ddate 

ddate 

ddate 

OPNDD 

SLACK 

S/OPN 

S/OPN 

S/OPN 

S/OPN 

S/OPN 

S/OPN 

0.3 (SPT) 

+ 0.7 (S/OPN) 
0.5 (SPT) 

+ 0.5 (S/OPN) 
0.75 (SPT) 

+ 0.25 (S/OPN) 
SPT 
SPT 
SPT 
SPT 
SPT 
SPT 


1 TWK 
1 TWK 
1 NOP 
1 CON 

1 RDM 

2 TWK 

3 TWK 
1 TWK 
1 TWK 
1 NOP 
1 CON 
1 RDM 
1 TWK 
1 TWK 
1 TWK 
1 NOP 
1 CON 

1 RDM 

2 TWK 

3 TWK 

1 TWK 

1 TWK 

1 TWK 
1 TWK 
1 NOP 
1 CON 

1 RDM 

2 TWK 
7 TWK 


74.7 

74.4 

74.4 

74.4 

74.4 

90.6 
112.9 

72.5 

63.7 

70.6 
72.5 
72.9 
69.0 

65.8 
66.1 

72.9 
73.7 
74.0 
76.2 
93.5 


10822 

5739 

5739 

5739 

5739 

8165 

13259 

1565 

6780 

6838 

1565 

2903 

28820 

6524 

5460 

5548 

1118 

2590 

6274 

9238 


Lateness 

Mean, L Variance 

_4.2 6914 

— 4.5 1686 

— 3.9 1126 

-4.4 5739 

_4 9 7729 

11.27 2122 

31.39 4543 

-6.4 3359 

-15.5 432 

-7.7 529 

-6.3 1565 

-6.4 2101 

_9.9 14560 

-13.1 433 

-12.8 226 

-5 4 226 

-5.1 HI® 

- 5.3 1718 

-3.1 205 

ii q 1029 


Fraction 
tardy, ft 

0.3075 

0.4479 

0.3993 

0.3376 

0.4121 

0.5767 

0.6733 

0.5286 

0.1775 

0.2669 

0.4390 

0.4878 

0.1036 

0.2202 

0.0371 

0.2159 

0.4808 

0.5256 

0.3093 

0.5475 

0.0182 

0.0152 

0.0198 
0.0502 
■ 0.0617 

1 0.1100 

> 0.1984 

) 0.0609 

7 n 077.6 
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C-7 SEQUENCING IN AN ASSEMBLY SHOI 
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INDEX 


Allowance, 10 
Alternating priorities 
with setup-time (single server), 201 
without setup-time (single server), 194 
Antithetical scheduling procedures, 36 
Arrival time, 9 
Assembly-line balancing, 139 
Assembly-shop sequencing, 243, 290 
Assembly wait-time mean, 245 

Blocking time, 161 

Branch-and-bound algorithm, traveling- 
salesman problem, 56 
Branch-and-bound approach to job-shop 
problem, 117 

Branch-and-bound computational 
experience, 
n/2/F/F , 92 
n/3/F/F ma ^ 94 
Branch flow-time mean, 245 
Breakdown-time, 169 
Busy period, length, 149 

Completion time (see also Due-date, 
measures) 
definition, 11 

mean, minimizing (n/ 1), 29 
Critical route analysis, 134 

DDATE (due-date) (see Due-date, rules) 
Decomposition theorem for job shops, 215 
Delay busy period, 151 
Delay cycle, 151 
Dispatching 
active-schedule, 115 
definition, 113 
nondelay, 115 

probabilistic procedures, 124 
Due-date 
assignment, 230 
definition, 9 

experimental results using procedure, 288 
important factors in meeting, 234 


measures (see Earliness, Lateness, 
Tardiness) 

rule and related disciplines, 180 
rules 

CON, 231 
DDATE, 231 
MAXNRD-NR, 245 
MAXNRD-SPT, 245 
MAXRWD-NR, 244 
NOP, 231 
NUB, 245 
NUB-SPT, 245 
OPNDD, 231 
RDM, 231 
SLACK, 231 
S/OPN, 231 
TWK, 231 
sequencing, 30 

Dynamic programming solution, traveling- 
salesman problem, 61 

Earliness 
average, 13 
definition, 12 
Erlang distribution, 38 

FCFS (first come, first served) (see also 
Sequencing procedures) 
flow time, 152 
with setup classes, 200 
Flow equation 
dynamic case, 18 
static case, 16 
steady state, 19 
Flow shop 
definition, 7 
large, 98 
pure, 80 

three-machine, 93 
two-machine, 83, 89 
Flow-time 
average, 13 
definition, 11 


291 
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distribution, 

FCFS, 152 
LCFS, 157 

effect of processing-time-dependent 
disciplines, 183 
expected mean 

Erlang processing-times, 38 
LPT ( 77 /I), 37 
multiple class ( 77 /I), 49 
RANDOM ( 77 /I), 34 
SPT ( 77 /I), 37 

maximum, experimental results n/m 
job shop, 270 

mean (see Mean flow-time, Flow equation) 
minimizing maximum 
n/2/F/F max 5 83 
nfi/F/F max? 96 
relation to inventory, 15 

Gantt chart, 105, 131 
Graph 

definition, 132 
precedence, 4, 133 

Inserted idle-time, 23 
Integer programming 
applied to «/3/F/F max , 95 
model for scheduling problems, 107 
Inventory 
cost of, 21 

rules, experimental results, 224 
Job 

chains of, 72 
definition, 4 
strings of, 70 

Job arrivals (see also Scheduling problem, 
dynamic, static) 
intermittent, 67 
Poisson, 142 
Job shop 
definition, 5 
process, 5, 220 
random-routed, 7 
simulation, 116, 219 
Job shop problem 

branch-and-bound approach, 117 
description of general n/m , 103 
experimental results 
continuous-process, 282 
(n/m), 261 

integer programming formulation, 107 
two-job, 106 
two-machine, 105 


Jobs in system, number of 
average, 14, 15 

distribution under processing-time- 
independent rules, 156 
mean, minimize (n/ 1), 29 

Laplace-Stieltjes transform, 142, 259 
Lateness (L/) 
average, 13 
cost of, 21 
definition, 11 

maximize minimum ( 77 /I), 32 
mean, minimize (n/1), 29 
mean with parallel machines, minimize, 
77 

minimize maximum (n/1), 30 
weighted mean, minimize (77/I), 44 
Left shift, 111 
Limited left shift, 109 

Machine 
definition, 5 

finish time, experimental results n/m 
job shop, 278 
parallel, 74 

selection, flexibility in, 239, 289 
Manufacturing interval, 11 
Mean flow-time (see also Flow equation) 
alternating priorities 
with setup, 206 
without setup, 196 
antithetical procedures (n/1), 36 
effect of imperfect knowledge (n/1), 42 
expected, processing-time-independent 
scheduling, 34, 183 
expected, SPT and LPT (n/1), 37 
with Erlang processing times, 38 
experimental results, n/m job shop, 262 
FCFS with setup classes, 200 
minimizing (n/2/F), 89 
minimum (n/1), 21 
minimum weighted (n/1), 44 
minimum weighted, identical machines, 
79 

multiple channel queues, 210 
of job chains (n/1), 12 
of job strings (n/1), 70 
preemptive-repeat disciplines, 175 
preemptive-repeat processing and 
preemptive-repeat setup, 193 
weighted, antithetical ( 77 /1), 45 
weighted (n/1), 43 

with parallel machines (77/I), minimum, 
77 
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Multiple-level priority system, 167 

Network problems, 132 
Nonpreemptive priority disciplines 
multiple level, 167 
single level, 159 

Operation 
definition, 4 
scheduleable, 111 
sequence, flexibility of, 241, 289 

Poisson exponential queues, 147, 211 
Poisson process 
definition, 142 
memoryless property, 143 
random property, 145 
Precedence 
among jobs, 69 
constraints, 71 
graph,133 
relations, 4 
Preemption 

definition, 23, 67 
semi-preemption, 177 
Preemptive rules 

nonpreemptive-priority discipline, 
159 

priority disciplines, 168 
repeat discipline, 67, 169 
resume discipline, 67, 169 
resume priorities with preemptive- 
repeat setup time, 192 
semi-preemptive priority discipline, 
177 

Priority discipline 

alternating with setup-time, 201 
alternating without setup-time, 194 
dynamic, 180 
nonpreemptive 
multiple level, 167 
single level, 159 
preemptive, 168 
semi-preemptive, 177 
static, 180 

Priority, job or operation, 116 
Priority system, 167 
Processing-time 
definition, 10 

effect of variance on flow-time, 188 
gross, 169 

random modification, 146 
successful, 169 
wasted, 169 


Queues 

jockeying in, 210 
multiple server, 208 
networks of, 215 
reduction of mean length, 221 
series of, 214 
single server, 141 

Ready-time, 9 

Regular measures of performance, 12 
Residence time 

under preemptive priority discipline, 

169 

under preemptive-resume processing and 
preemptive-repeat setup, 192 

Route 

critical, 134 
shortest, 137 
Routing 

fixed random, 123 
permutation, 119 
random, 123 
stringed jobs, 70 

Schedule, classification of 
active, 111 

inserted idle-time, 23 
nondelay (“availability”), H* 
permutation, 25, 80 
preemption, 23 
probabilistic, 124 
random routing, 123 
semi-active, 109 
semi-preemption, 176 
Schedule, equivalence classes of, 12 
Schedule, optimal, 12 
Schedule generation 
description, 112 
examples, 119 
Scheduling 
cost of, 20 
definition, 5 

job shop (see Job shop) 

Scheduling problem 
classification, 6 
defining variables, 9 
definition, 1 
description, 6 
dynamic, 7 

identifying notation, 7 
solution describing variables, 11 
static, 7 

Scheduling procedure, heuristic, 

129 
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Selection discipline 
definition, 141 

processing-time-dependent, 183 
processing-time-independent, 155 
Semipreemptive priority, 177 
Sequencing procedures 
antithetical, 36 
due-date, 30, 180, 231, 244 
FCFS, 123, 152, 184, 200, 223 
FOPNR, 222 
LCFS, 157 
LPT, 29, 123 
LWKR, 121, 222 
MOPNR, 121 
MWKR, 121, 222 
MWKR/P, 121 
MWKR-P, 121 
PR, 184 

RANDOM, 34, 121, 159, 223 
slack-time, 31 
SP, 184 

SPT, 26, 39, 76, 121, 166, 184, 222, 

226, 227, 228 
SRPT, 69, 177, 184 
TWORK, 220 
WINQ, 223 

with multiple classes, 49 
with weighted measure of performance, 
43 

XWINQ, 223 
Setup class, 191 
Setup time, definition, 10 
sequence-dependent, 53 
Shop time, 11 

Shortest-route determination, 137 
Slack-time, 31 

SPT (shortest processing time) (see also 
Sequencing procedures) 
applied to n/l, 26 
applied to parallel machines, 76 
mean flow time, 184 
truncated, 226 

waiting time (single server), 166 


with incomplete information, 39, 228 
with multiple classes, 227 

Tardiness 
average, 13 
definition, 11 

maximize minimum (n/l), 32 
minimize maximum (n/l), 30 
minimize mean weighted (n/l), 46 
Traveling-salesman problem 
branch-and-bound algorithm, 56 
closest-unvisited-city algorithm, 66 
dynamic programming algorithm, 61 
problem definition, 55 

Utilization 
average, 14 
definition, 14 
economic implications, 21 
FCFS with setup classes, 201 
preemptive rules, 175 

Waiting-time 

alternating priorities with setup, 206 
definition, 11 

dynamic priority system, 182 
FCFS, 154 

FCFS with setup classes, 200 
LCFS, 158 

mean, minimize, (n/l), 29 
mean, minimize^ parallel machines, 77 
non-preemptive priority discipline 
multiple level, 167 
single level, 164 

preemptive resume processing and 
preemptive repeat setup, 193 
random, 159 
SPT, 166 

weighted mean, minimize (n/l), 44 
Work 

completed, 222 
content, 15, 222 

content, imminent operation, 222 
in-process inventory, 14, 221 
remaining, 221 
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